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HIGHER-RANK GRAPHS AND THEIR C*-ALGEBRAS

IAIN RAEBURN, AIDAN SIMS, AND TRENT YEEND

ABSTRACT. We consider the higher-rank graphs introduced by Kumjian and
Pask as models for higher-rank Cuntz-Krieger algebras. We describe a variant
of the Cuntz-Krieger relations which applies to graphs with sources, and de-
scribe a local convexity condition which characterises the higher-rank graphs
that admit a nontrivial Cuntz-Krieger family. We then prove versions of the
uniqueness theorems and classifications of ideals for the C*-algebras generated
by Cuntz-Krieger families.

1. INTRODUCTION

The C*-algebras of higher-rank graphs of Kumjian and Pask [[{] generalise the
higher-rank Cuntz-Krieger algebras of Robertson and Steger [[LT], [, [(J] in the same
way that the C*-algebras of infinite graphs generalise the original Cuntz-Krieger
algebras [[I, fj. In [il, Kumjian and Pask analysed higher-rank graph algebras
using a groupoid model like that used in [E] and [E] to analyse graph algebras.
The results in [[J] and [§] were sharpened in [§ using a direct analysis based on
the original arguments used by Cuntz and Krieger in [i] and [{]; the analysis of
3] applies to the algebras of quite general row-finite graphs, and in particular the
graphs can have sinks or sources.

Here we carry out a direct analysis of the C*-algebras of row-finite higher-rank
graphs. One interesting new feature is the difficulty in extending results to higher-
rank graphs with sources: the paths X in higher-rank graphs have degrees d(\) in
N* rather than lengths in N, and vertices may receive edges of some degrees and
not of others. To overcome this difficulty we modify the Cuntz-Krieger relation
to ensure that Cuntz-Krieger algebras have a spanning family of the usual sort,
and identify a local convexity condition under which a higher-rank graph admits
a nontrivial Cuntz-Krieger family. We then prove versions of the gauge-invariant
uniqueness theorem and the Cuntz-Krieger uniqueness theorem for locally convex
higher-rank graphs, extending the results of [ﬁ}, and use them to investigate the
ideal structure.

The Cuntz-Krieger relation of [ﬂ] involves the spaces AP of paths of degree p € N*.
Our key technical innovation is the introduction of path spaces ASP consisting of the
paths A with d(\) < p which cannot be extended to paths Ap with d(An) < p; the
key Lemmas @ and @ say that the spaces ASP have combinatorial properties like
those of the spaces AP, and ensure that the C*-algebras behave like Cuntz-Krieger
algebras (see Proposition @) These new path spaces would also have simplified
the analysis of the core in the C*-algebras of graphs with sinks in [E, 82]. Indeed,

Date: 21 June 2001.
1991 Mathematics Subject Classification. Primary 46L05.
This research was supported by the Australian Research Council.

1



2 IAIN RAEBURN, AIDAN SIMS, AND TRENT YEEND

the A=Y notation works so smoothly that arguments sometimes appear deceptively
easy.

2. HIGHER-RANK GRAPHS

Definitions 2.1. Given k € N, a graph of rank k (or k-graph) (A, d) consists of a
countable category A = (Obj(A), Hom(A),r, s) together with a functor d : A — NF,
called the degree map, which satisfies the factorisation property: for every A € A
and m,n € N¥ with d(\) = m + n, there are unique elements y, € A such that
A = pv, d(u) = m and d(v) = n. Elements A € A are called paths. For m € NF
and v € Obj(A), we define A™ := {X € A : d(A\) = m} and A™(v) := {\ €
A™ : r(A\) = v}. A morphism between two k-graphs (A1,d;) and (Ag,ds) is a
functor f : A1 — Ao which respects the degree maps. (A, d) is row-finite if for each
v € Obj(A) and m € N¥| the set A™(v) is finite; (A, d) has no sources if A™(v) # ()
for all v € Obj(A) and m € Nk,

The factorisation property says that there is a unique path of degree 0 at each
vertex, and hence allows us to identify Obj(A) with A°.

Ezamples 2.2. (i) Let E be a directed graph, and [ : E* — N the length function
on the path space. Then (E*,l) is a 1-graph.

(ii) Let k € N, let m € (NU {oo})¥, and define a partial ordering on N* by
m<n <= m; <n,; forall i. (U m,d) is the k-graph with category Q. defined
by

Obj(Q.m) :={p € NF:p< m},
Hom(Qk,m) := {(p,q) € Obj(Q.m) X Obj(Qkm) 1 p < ¢},

7(p,q) == p, s(p,q) == g, and degree map d(p,q) :=q — p.
When each m; = oo, the resulting k-graph is the main example 2, used in [ﬂ]
When m € NP, the resulting k-graphs are important because every path A
of degree m in a k-graph A determines a graph morphism z) : Q. — A: set
A (p,q) := N’ where A = N X’'X" and d(\') = p, d(N'") = m — q. Indeed, this sets
up a bijection between A™ and the graph morphisms = : Q ,, — A.

To visualise a k-graph, we draw its 1-skeleton, which is the graph with vertex
set A%, edge set Ule A range and source maps inherited from A, and with the
edges of different degrees distinguished using k different colours. (In the pictures
here, we imagine that dashed lines are red and dotted lines are blue.) For example,
the 1-skeleton of g (3 9y is

. . ol o(3,2)

\ Yo fy Yg

| | | |
(2.1) L

Y Y Y \

Because the edges represent morphisms in a category, we write eg for the path in
the 1-skeleton which consists of g followed by e.

The 1-skeleton of a k-graph does not always suffice to determine the k-graph:
we have to say how the edges in A% fit together to give elements of A". We
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interpret elements of A™ as commuting diagrams of shape n in which the morphisms
correspond to edges in the given 1-skeleton. Thus, for example, in a 2-graph with
1-skeleton

-7 e AN
/ \ .
(2.2) uo/,-)\ov I\
Ko e

7

\

~ — —_

where the dashed lines have degree (0,1), the unique example of a (3,1) path A
with r(A) = u and s(\) = v is

u g v ooe u g v
—<—¢ —<—¢ —<—9
| | | |
fy hy vf Yh

ugveag-v

From such a picture we can read off the factorisations of \: A = gegh = gefg =
gheg = fgeg.

When k = 2, it suffices to specify the factorisations of paths ef of length 2 in
the 1-skeleton for which e and f have different colours. Any collection S of squares
which contains each such bi-coloured path exactly once determines a unique 2-
graph A with the given 1-skeleton and A = § (see [, §6]); there may be no
such collection, or there may be many. For the 1-skeleton in (ﬁ), the factorisation
property implies that A1) consists of the two squares

g e
—t
By By Yf
b <
g e

and hence there is exactly one 2-graph with this 1-skeleton. However, if we add
one extra edge to the 1-skeleton in @), we have to make a choice. For example,
in the 1-skeleton

k
TN /’\\
/ \ .
Ia UO/_)e\\ov AR
\ /\_(_/\ /
- _ g N~ _ -

there are four possible bi-coloured paths from u to v, and we have to decide how
to pair these off into paths of degree (1,1): either

I s

Y fY  or By fY

— <t — <o
€ k

is a path of degree (1,1), and once we have decided which, the other pairing is
determined by the factorisation property.

For k > 2, a collection S of squares may not be the set of paths of degree (1,1)
for any k-graph with the given 1-skeleton. However, [, Theorem 2.1] tells us that
it suffices to know that for every tri-coloured path efg in the 1-skeleton, the six
squares on the sides of the cube
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- -
-~ ~ .
& £ .
- ~ .
- - X
0= P Y
_ v . ‘g
v ® ' )
-~ -~
X - V -
el : -4
- C -
- s
€

give a well-defined path of degree (1,1,1). More precisely, we need to know that
the path g2 f2e? with reverse colouring obtained by successively filling in the three
visible squares agrees with the path gs foes obtained by filling in the three invisible
squares:

f2// 62 //: f2 //: €2
/z //( . //_/ . .
- ~ fl -~ X
o= Y [ v
el 9 : 91y -9
e
o N e g2y e 1 —e
g g - . fl P —
® e// f é// =// f
& (&

(In the left-hand diagram, we first use the right hand face to determine g*f!, then
use the front to find g%e', and then the top to find f2e?; in the right-hand diagram,
we use the bottom first.) A family of squares which contains each bi-coloured
path exactly once and which satisfies this condition on cubes determines a unique
k-graph (see Theorem 2.1 and Remark 2.3 in [{]).

3. HIGHER-RANK GRAPHS AND THEIR C*-ALGEBRAS

For a row-finite k-graph A with no sources the authors of [ﬂ] define a Cuntz-
Krieger A-family to be a family of partial isometries {sy : A € A} such that {s, :
v € A%} are mutually orthogonal projections, sxs, = sy, for all \,u € A with
r(p) = s(A), sxsx = ss(n) forall A € A, and

(3.1) Sy = Z sysy  for all v e A® and m € N*.
AEA™ (v)

When A has sources there is trouble with relation (B.1) in the sense that A™(v)
may be nonempty for some values of m and empty for others. If a vertex v € A°
receives no edges we could just impose no relation for that vertex as is done for
directed graphs in [E]7 if v receives edges of some degrees but not others, then we
have to change (EI) in more subtle ways. The obvious strategy is to observe that
when A% (v) # 0 for all i € {1,...,k} and v € A°, (B.1) is equivalent to (B.9), and
then to replace (B.1) with

(3.2) Sy = Z sxsy  forv € A and 1 < i <k with A% (v) # 0.
AeAci(v)
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While this works for a large class of k-graphs (see Proposition ), in general
there are problems. We consider the following key example.

‘s
|
(3.3) fy
|
v e %

In the 2-graph of (B.3), relation (B.d) would say s.s: = s, = sfsp. But then
stsy would be a partial isometry with source projection s,, and range projection
s, and consequently would not be expressible as a sum of partial isometries of
the form sysy; thus the C*-algebra generated by {sy, s, s, } would not look like a
Cuntz-Krieger algebra. This problem does not arise in the 2-graph given by (.1)):
the compositions eg and fh define the same path in A so 5¢8g = S§5p, and
Sisp = 5487.

Our adaptation of (EI) retains relations for each m € N¥_ but involves sums over
paths which extend as far as possible in the direction m. Formally, we introduce:

Definition 3.1. Let (A,d) be a k-graph. For ¢ € N* and v € A® we define
AST:={X € A:d()\) <q, and A% (s(N\)) = 0 when d(\) +e; < g},
and

AS9(v) ;= {N € AST:r(\) = v}

Remarks 3.2. Notice that A<9(v) is never empty: if there are no nontrivial paths of
degree less than or equal to g, then AS9(v) = {v}; in particular, if 7~ (v) = (), then
AS9(v) = {v} for all ¢ € N¥. The sets AS? and A=9(v) are used in arguments where
the A7 and A?(v) may have been used in [[f; when A has no sources, AS¢ = A4

Definition 3.3. Let A be a row-finite k-graph. A Cuntz-Krieger A-family in a
C*-algebra B consists of a family of partial isometries {s) : A € A} satisfying the
Cuntz-Krieger relations:

(1) {5y : v € A%} is a family of mutually orthogonal projections,
(2) sap = sasy for all A\, € A with s(X) = (),
(3) 538x = 8s(\)>
(4) sy, = Z sasy for all v € A® and m € N*.

AEAS™ (v)

Ezxamples 3.4. For the 2-graph given by (@), the relations at v say s, = s.s; for
m = (1,0), s, = sys} for m = (0,1), and s, = segsz, = spnsyy, for m = (1,1). For
any m € N2 with m > (1,1), the relation at v for m reduces to that for (1,1).

In the 2-graph given by (B.J), the relation s, = s.s! + sgsy for m = (1,1)
combines with s.s} = s, = sfs;i to force everything to be zero.

The following proposition shows that our Cuntz-Krieger relations yield the usual
type of spanning family (see Remark B.g (1)).

Proposition 3.5. Let (A,d) be a row-finite k-graph and let {sy : A € A} be a
Cuntz-Krieger A-family. Then for A\, € A and q¢ € N* with d()\), d(n) < q we have

(3.4) S\ = Z Sa8h-
Aa=up
Aa€A=d
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To prove this, we need some properties of AS9,

Lemma 3.6. Let (A,d) be a k-graph, A € AS™, and o € A<"(s(\)). Then Ao €
As™EN,

Proof. We know d(Aa) < m + n. Suppose there exists i such that d(A\a) + e; <
m+n. If d(a) + e; < n, then A%(s(Aa)) = A% (s(a)) = 0, so suppose not. Then
(d(a),e;) = (n,e;), so d(Aa)+e; < m+n implies that d(\)+e; < m. But A € AS™,
so A% (s(X)) = . Now suppose that there exists § € A% (s(Aa)) = A% (s(«)). Then
by the factorisation property there exist pi,pue € A such that pips = af and
d(p1) = e;. But then g € A%(s())), a contradiction. Therefore A% (s(Aa))

= 07
and Aa € ASTHT, O

Lemma 3.7. Let (A,d) be a row-finite k-graph and let {sx : A € A} be a Cuntz-
Krieger A-family. Then for ¢ € N* and A\, u € AS9, s%s, = I uSs(n)-

Proof. The Cuntz-Krieger relations (1) and (4) tell us that the projections {s4s% :
a € A=7} are mutually orthogonal. Cuntz-Krieger relations (2) and (3) then give

*

Sisu = (5§5A>5§5u(5u5u) = SK(SASK)(%SD% = 5>\-,u55(>\)- O
Proof of Proposition @

538y = Ss5(\)SASuSs(y) using Definition B3 (2)

= < Z sasz> SKS#< Z 5ﬁ52>
a€ASI—dN (5(N)) BeA=IAw) (s(u))

using Definition B.3 (4)

( 3 )( > swsz>
a€ASI—d(N) (5(N)) BeEASI=dU) (5(p))

using Definition B.3 (2)

= Z Z Sa8)aSupSH

aeA<a—dN) (s(X)) BeAS<I—d) (s(p))

= Z SaSs(a)S3 by Lemma @ and Lemma @
Aa=ups
Aa€ASI(r(N))
= Z Sasf using Definition B.3 (2) O

Aa=pup
Aa€ASI(r(N))

Remarks 3.8. (1) Proposition B.§ implies that
C*({sx: A € A}) =span{sass : s(B) = s(a)}.

(2) When ¢ = d(\) V d(u), if Aa = pf and da € AS9(r())), then d(\a) =
d(uf) = q. Notice that if we take A = p in Proposition @, then the lemma reduces
to relation (4) of Definition B.d at the vertex s(\). Hence (4) could be replaced
with relation (B.4) from Proposition B.5: this relation would be harder to verify in
examples, but might provide more insight.
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Given a row-finite k-graph (A, d), there is a C*-algebra C*(A) generated by a
universal Cuntz-Krieger A-family {sy : A € A} (see [, §1]); in other words, for
each Cuntz-Krieger A-family {tx : A € A}, there is a homomorphism 7 : C*(A) —
C*({tr}) such that m(sx) = tx for every A € A. Contrary to our experience with
directed graphs and their C*-algebras, it is not straightforward to construct Cuntz-
Krieger A-families {¢)} in which all the partial isometries ¢, are nonzero; in fact,
as we saw in Examples @, the 2-graph of (E) admits no such families. We will
show that the existence of nontrivial Cuntz-Krieger families is characterised by a
local convexity condition on the k-graph.

Definition 3.9. A k-graph (A, d) is locally convez if, for allv € A°, i,j € {1,... k}
with 7 # j, A € A% (v) and p € A% (v), A% (s(\)) and A% (s(p)) are nonempty.

Remark 3.10. The 2-graph of (B.3) is not locally convex since 7~ (u) = r~1(w) = 0.
Every 1-graph is locally convex, as is every higher-rank graph without sources.

Proposition 3.11. Let (A,d) be a locally convex row-finite k-graph. Then the
Cuntz-Krieger relation (4) of Definition [3.3 is equivalent to (B.3).

The crucial idea in the proof of Proposition is that, when the k-graph is
locally convex, the factorisation property of paths extends to elements of AS™(v).
This is not the case for the 2-graph of (B.d): the path f is in AS(L1(v), but does
not factor as M\’ with X' € AS(1:0)(¢).

Lemma 3.12. Let (A,d) be a k-graph, and suppose that (A,d) is locally convez.
Then for allv € A°, m € N*\ {0}, and j € {1,...,k} with (m,e;) > 1, we have

AST () = {NN € A: XN € AS™ % (v) and N € AS% (s(\))}.

Proof. Fix j € {1,...,k} with (m,e;) > 1; there is at least one such j since m # 0.
If VX € A satisfies X' € AS™ ¢ (v) and N/ € AS%(s()')), then by Lemma B.q
NN € AS™(v), so we have the containment
AS™(0) DINN € A XN € AS™ % (v) and N € AS% (s(\))}.

Now suppose A € AS™(v). Since d(\) < m, we must have:

(1) <d()‘)=€j> < <m7€j>7 or

(2) {d(A);ej) = (m, ).
First suppose (1) holds. Then d(A\) < m — ej, and hence A € AS™~%. Also
A% (s(\)) = 0 (since A € AS™(v), and hence A=% (s()\)) = {s()\)}). Taking \' =
Aand N = s()) gives A = XN with X € AS™ % (v) and N € A% (s()\)).
Now suppose (2) holds. Then we can factorise A = AN’ with d(\') = e;, so
N e A=% (s()\)). We claim that A € AS™~% (v). To see this, suppose that ' ¢
A=™7¢ (v). Then there exists i such that d(\') +e; < m —e; and A% (s(\)) # 0,
say o € A%(s(X)). By (2) we know that (d(\),e;) = (m —ej,e;), so i # j.
Since A is locally convex there is a § € A% (s(\”)), but this implies d(A5) < m
a contradiction since A\ € AS™(v). Hence A = N\’ with X' € AS™~% (v) and
N e A= (s(N)). O

Remark 3.13. The k-graphs (A, d) studied in [f] have no sources; that is, \"™(v) # 0
for all v € A® and m € N¥. Then AS™(v) = A™(v), and Lemma just says
that a path A € A™(v) can be factorised into A = X'\ with d(\) = m — e; and
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d(\") = e;. Thus local convexity ensures that AS™(v) has factorisation properties
like those of A™(v).

Proof of Proposition [3.1]. Property (B.3) merely consists of specific cases of Cuntz-
Krieger relation (4), so suppose (B.4) holds. Define a map I : N¥ — N by I(m) =
Zle m;. We prove (4) by induction on I(n).

The n = 0 case is trivial since it amounts to the tautology s, = s,, and then =1
case follows directly from (B.4) since I=1(1) = {ei,...,ex}. Suppose (4) holds for
all m such that [(m) < n. Let m € N¥ satisfy I(m) = n + 1 and choose j such that
m; > 1. Using Lemma we have

* *
E SAS)\ = E E SX N Sx

AEA=™(v) NeEAS™ T (v) A eAS (s(N))
= E S\ < E S)\//SK//>S§/
NeEAS™ ™% (v) N eANS% (s(\))

= Z S)\/SS(X)SK/ by (@)

NeAS™ ™% (v)

= E S)\/SK/

NeAS™ ™% (v)
= s, by inductive hypothesis.

Hence (4) holds whenever I(m) = n + 1. O

Kumjian and Pask use the infinite path space A> of a k-graph A with no sources
to produce a Cuntz-Krieger A-family of nonzero partial isometries (see [ﬂ, Propo-
sition 2.11]). In a k-graph which admits sources, however, not every finite path
is contained in an infinite path of the form defined in [ﬁ], and hence the proof of
[ﬂ, Proposition 2.11] does not carry over. To allow for sources, we replace A™
with a boundary-path space A<>; for locally convex k-graphs, we can achieve this
construction using the k-graphs Qy, ,, of Example E(n)

Definition 3.14. Let A be a locally convex k-graph. A boundary path in A is a
graph morphism x : Q,,, — A for some m € (N U {oo0})* such that, whenever
v € Obj(Q.m) satisfies (Q.m)S¢(v) = {v}, we also have A=¢ (z(v)) = {z(v)}.
We denote the collection of all boundary paths in A by A<>°. The range map of
A extends naturally to A via r(z) := z(0). For v € A°, we write A<°°(v) for
{x € A= : r(x) = v}. We define a degree map do, : AS® — (NU{oo})* by setting
doo(z) :=m when z : Qi — A.

As with the infinite paths of [E], a boundary path x is completely determined by
the set of paths {z(0,p) : p < doo(2)}. In fact, when the k-graph has no sources,
A= is exactly the infinite path space from [E] If a k-graph A is locally convex
then for any vertex v of A, the set AS°°(v) is nonempty: even if v emits no paths
of nonzero degree, we have A< (v) = {v} # ().

Theorem 3.15. Let (A,d) be a row-finite k-graph. Then there is a Cuntz-Krieger
A-family {Syx : A € A} with each Sy nonzero if and only if A is locally convez.

Proof. First suppose that A is not locally convex. Then there exists a vertex v € A°
and p € A% (v) for some i € {1,...,k} such that A% (v) # 0 and A% (s(u)) = 0 for
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some j # i. Considering the partial isometry s, € C*(A), we have

* *
Sy = SySy = E 5,8,,8, = 5 Sy 5 SaSg;

veA®I (v) veA®I (v) va=ps
d(pB)=e;+e;

but since A% (s(p)) = 0, no such 3 exists. Thus s, = 0, and so by the universal
property of C*(A) any Cuntz-Krieger A-family {Sx : A € A} must have S, = 0.

Now suppose that A is locally convex. Let H := ¢2(A=>), and for each A € A
define S\ € B(H) by

(3.5) Sty 1= {u,\w if s(A) =r(x)

0 otherwise,

where {u, : © € AS°°} is the usual basis for H. Each Sy # 0 because AS%°(s(\)) #

(). Cuntz-Krieger relations (1)-(3) follow directly from the definition of the operators

Sx; it remains to show that relation (4) is fulfilled. Since A is locally convex,

by Proposition it suffices to show that for each v € A® and i € {1,...,k},

Sy = Z S\S%. If AS®(v) = {v}, then the relation is trivially true, so
AEAZ<i (v)

suppose A% (v) # {v}. For z € A= we have

Z S)\S;iuz = Z S)\((S)\,ac(o,ei)um(ei,oo))

AEAZ<i (v) AEASCi (v)

Z 6A,w(0,ei)uz

AEASCi (v)

_ Jug if there exists A € A% (v) such that A\ = x(0, e;)
~ 10 otherwise.

Taking A = v in (@), we can see that it suffices to show that r(z) = v if and only
if there exists A € A% (v) such that A = z(0,¢;). If A = z(0, e;) for some A € A% (v),
then r(z) = r(\) = v. If r(z) = v, then z(0,e;) € A% (v) because A% (v) # {v}
and z is a boundary path. (|

4. THE UNIQUENESS THEOREMS

4.1. The gauge-invariant uniqueness theorem. Our gauge-invariant unique-
ness theorem extends [ﬂ, Theorem 3.4] to row-finite k-graphs with sources.

Let (A, d) be a row-finite k-graph. For z € T and n € Z*, let 2" := 2]* - - 27",
Then {24Msy : A € A} is a Cuntz-Krieger A-family which generates C*(A), and the
universal property of C*(A) gives a homomorphism +, : C*(A) — C*(A) such that
7.(sx) = 2%V sy for A € A; v; is an inverse for 7., so 7. is an automorphism. An
¢/3-argument shows that 7 is a strongly continuous action of T* on C*(A), which
is called the gauge action.

Theorem 4.1 (The Gauge-Invariant Uniqueness Theorem). Let (A,d) be a locally
convex row-finite k-graph, let {t\ : X € A} be a Cuntz-Krieger A-family, and let ©
be the representation of C*(A) such that m(sy) = ta. If each t, is nonzero and
there is a strongly continuous action (3 : TF — Aut(C*({tx : A € A})) such that
B.om =mory, for z € TF, then 7 is faithful.
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Remark 4.2. Strictly speaking, it is not necessary to assume that A is locally con-
vex; if there is a Cuntz-Krieger A-family {¢5 : A € A} with each ¢, nonzero, then
Theorem implies that A is locally convex.

The first part of the proof, the analysis of the core C*(A)7, is the same for both
uniqueness theorems. Using ourA<P, and Lemmas E and @, we can follow the
argument of [f], §3]. We consider the map ® : C*(A) — C*(A) defined by

MM:A%@%

which is faithful on positive elements, and has range the fixed point algebra C*(A)”.
To identify the structure of C*(A)Y, we let v € A°, ¢ € N*, and define
Folv) o= Spmm{ss, : A € A9, d(N) = d(), s(\) = s(u) = o}

It follows from Lemma B.7] that F,(v) is the direct sum of the subalgebras

Fop(v) :=5pan{sisy : A, pu € A d(A) = d(p) = p, s(\) = s(u) = v},
that
(4.1) Fup() = K(2({N € AS9: d(N\) = p and s(\) = v})),
and that for fixed ¢, the F,(v)’s are mutually orthogonal. Since the elements s AS),
span C*(A), and since 7, (sxs};) = zd(A)*d(“)sAsZ, the algebras Fy 1= @,ecp0Fy(v)
span C*(A)Y. When p < g, we have F,, C F, by Lemma B.g, so C*(A)" is the direct
limit U,ene Fy of the algebras 7. In particular, C*(A)Y is AF.
Proof of Theorem @ Because each ¢, is nonzero, and ¢, has initial projection
ts(n), €ach ty is nonzero, and hence the representation 7 is nonzero on each F ,(v).
It follows from ([l.1)) that 7 is faithful on F, 4(v), hence on F,(v) and on F,. Since

C*(A)Y = lim F, it follows that 7 is faithful on C*(A)” (see [, Lemma 1.3], for
example). We can now use the argument of [ﬂ, page 11]. [l

4.2. The Cuntz-Krieger uniqueness theorem. Our Cuntz-Krieger uniqueness

theorem extends [ﬂ, Theorem 4.6] to row-finite k-graphs with sources (see Re-
mark .4 below).

Theorem 4.3. Let (A,d) be a locally convex row-finite k-graph, and suppose that:
(B) for each v € A°, there exists x € AS°°(v) such that a # (3 implies ax # (.

Let {tx : A € A} be a Cuntz-Krieger A-family, and let © be the representation of
C*(A) such that w(sy) = tx. If each t, is non-zero, then  is faithful.

Proof. For A € AUAS> and p € N¥, we write (0, p) for the unique path such that
A= A(0,p) XN with d(A0,p)) =pAd(N).

We know from the analysis in §@ that 7 is faithful on the fixed-point algebra
C*(A)7, and hence the standard argument will work once we know that

(4.2) [7(@(a))ll < |Iw(a)]| for a € C(A).
Recalling that span{sysy, : s(\) = s(u)} is dense in C*(A), we consider arbitrary

a= E(/\#)eF Cnu)Sas;, where F' is finite and ((» ) € C. Let [ be the least upper
bound of {d(A) Vd(p) : (A, u) € F}. Then

®(a) = Z Coap)Sr8y, € Fi.
{Np)EF :d(X)=d(p)}
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For (A, ) € F, we define
Fo = {0, uv) 1 v € AST7IN (s(V))},
and E = U\ yerFia - Forv e ASI=AN (5())), we define
§(Au,uu) = Z C()x’,u’)v
{(\V,uw)eF : (Av,pv)=(Nv',pu'v") for some v’/ €A}
and using Cuntz-Krieger relation (4) we then have
a = Z 6(04,{3)5&52;
(a,B)eE

the point is that now o € AS! for all (o, 8) € E.
Since F; decomposes as a direct sum @,,cp0F;(v), so does its image under 7, and
there is a vertex v € A® such that

(43) (@) = ) Eairtath]|
{(a,B)EE : d(a)=d(B) and s(a)=v}

Choose a boundary path x € A< (v) such that ax # Bz for all a # 3 € A; then for
each a # 3 € A, there exists M, g > d(c) vV d(B) such that (ax)(0,m) # (Bz)(0,m)
whenever m > M, g. Let

T={reAS':7=aor7=4for some (a,f) € E,s(r) = v}.

Let M be the least upper bound of {M,; s : 7 € T,(a, ) € E for some a}. In
particular,

(4.4) (Bz)(0, M) # (T2)(0, M)
when [ is the second coordinate of an element of E, 7 € T, and 3 # 7. Write =,
for x(0, M).

For each n <[, we define

Qn = Z tranlrey,

{reT:d(r)=n}
Now we define @ : C*({tx: A€ A}) — C*({tr : A€ A}) by
QD) == QnbQy.
n<l
Since the @, are mutually orthogonal projections, we have
1QW)I = || 3= Qub@n
n<l

We aim to show that |Q(7(®(a)))|| = |[|7(®(a))], and that Q(7(a)) = Q(7(P(a)));
this will give us

(4.5) [7(@(a)l| = [Qm(2(a)[| = [Qm(a))]| < [[x(a)];

and the proof will be complete.

< |1b|| for b € C*({tr}).
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Write My for the matrix algebra spanned by {sxs; : A\,u € T,d(\) = d(u)}.

Notice that My C F(v). For sxsy, € Mz we have A, i € ASl soforT € T, tity =0
unless 7 = A, and ¢;;t; = 0 unless 7 = i, and hence

Q(n(ssy)) = Z ( Z thtixM>tAt;< Z tT/thi/mM>
)=n}

n<l \{r€T:d(r)=n} {r'eT  d(r’
= t)\th;MtitAtZt#tthzmM
= t)\wMt:,wM
£0,

Using Lemma B.7, it follows that {Q(7(srs},)) : sxs;, € M7} is a family of nonzero
matrix units, and from this we deduce that the map b — Q(w (b)) is a faithful
representation of Mp. Since both 7 and @ o 7w are faithful on My and since

> (a.ptaty € Mr,
{(a,B)EE : d(a)=d(B) and s(a)=v}

it follows from ([.3) that ||7(®(a))|| = |Q(7(®(a)))]|.

To establish that Q(m(a)) = Q(7(®(a))), we show that Q(tst;) = 0 whenever
(o, B) € E and d(«a) # d(); this shows that @ kills those terms of 7(a) which are
the images under 7 of terms of a killed by ®. Notice that if (o, ) € E then o € A<,
so for 7 € T, t*t, = 0 unless 7 = «a. Hence, for (o, 3) € E with d(a) # d(3), we
have

Q(tats)

S0y (Y )
)=n}

n<l \{r€T:d(r)=n} {r'eT:d(r

= tanston trrentors,s
{r’eT : d(r")=d(a)}

= taxM< Z tntz> j"mMa
{r'eT:d(r")=d(a)} Brun=7"Tn(

d(Bzyn)=d(Bea)Vd(T'z )
which is nonzero if and only if there exist n,{ € A such that
(4.6) (Bxarn) (0, M) = (7'z21¢) (0, M).

But (Bzamn)(0,M) = (Bxa)(0, M) : if not, then there exists an ¢ such that
d(Bza); < M; and d(n); > 0. But

d(Bran)i < M; = d(zm)i < M; = A% (s(zp)) =0

since z is a boundary path. Likewise, (7/2,¢)(0, M) = (7'2/)(0, M), and so ([L6)
is equivalent to (8za)(0, M) = (7'za7)(0, M), which is impossible by ([L.4). This
proves (@), and the result follows. O

Remark 4.4. The condition ([§) in Theorem is automatic if A has no sources
and satisfies the aperiodicity condition (A) of [[{, Definition 4.3]. To see this, let o
be the shift map on A defined as in [[f] by o?(x) = 2(p,o0). Suppose that A has
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no sources and (E) does not hold. Then there is a vertex v € A? such that for each
x € A®(v), there exist o, # B, such that ayz = Byx. Then for z € A (v),

O_d(az)vd(ﬁz)fd(az)(x) _ Ud(az)vd(ﬁz)(azx)
— O-d(O‘Z)Vd(ﬁI)(ﬂzI) — o—d(ar)\/d(ﬁz)fd(ﬁ:)(x)_

Hence condition (A) of [[, Definition 4.3] does not hold at v.

Thus Theorem is formally stronger than [ﬂ, Theorem 4.6] even when A has
no sources. We have been unable to decide whether it is equivalent: we do not know
whether in graphs without sources, (E) implies (A). For 1-graphs with no sources,
we can prove that B@) implies (A) because it is easy to construct aperiodic paths
(see the proof of [, Lemma 3.4]). In higher-rank graphs, it is hard to produce
aperiodic paths, and we suspect that in practice (E) might be easier to check than

(A).

5. THE IDEAL STRUCTURE

Let (A,d) be a locally convex row-finite k-graph. Define a relation on A° by
setting v > w if there is a path A € A with #(A\) = v and s(\) = w. A subset H of
A is hereditary if v > w and v € H imply w € H; H is saturated if for v € AY,

{s(\): A € A% (v)} C H for somei € {1,...,k} = ve& H.
The saturation of a set H is the smallest saturated subset H of A° containing H.

Lemma 5.1. Suppose A is a locally convex row-finite k-graph, and H is a heredi-
tary subset of A°. Then the saturation H is hereditary.

Proof. We use an inductive construction of H like that used by Szymanski for
l-graphs in [[4). For F C A°, we define
k
S(F) := U{v € AY:s(\) € F for all A € AS%(v)},

i=1
and write X" (F) for the set obtained by repeating the process n times. Notice that
if F is hereditary, then F' C X(F). We will show that |J,—, X"(H) is hereditary
and equal to H.

We begin by showing that if F' is hereditary, then X(F') is hereditary. To see
this, suppose that v € ¥(F) and that v > w. Then there exists A € A such that
r(A) = v and s(\) = w. If d(A\) = 0, then w = v € F, so suppose d(A\); > 0,
and factor A = XA where d(\') = e;. We claim that s(\') € X(F). To see this,
choose i such that {s(u) : p € A= (v)} C F. If AS%(v) = {v} or if i = j, then
s(\) € F C %(F). So suppose that A% (v) # {v} and i # j. Since A is locally
convex, A% (s(N)) # 0, so it suffices to show that v € A% (s()\')) implies s(v) € F.
Let v € A%(s(\)). Then Nv = p/ for some p € A<%(v). But now s(u) € F and
hence s(v') = s(v) € F because F is hereditary. Thus s(\') € X(F) as claimed.
By induction on the length of A, it follows that w € X(F'), and hence X(F) is
hereditary.

We now know that ¥"(H) C ¥"TY(H) for all n, and that X"(H) is hered-
itary for all n; thus J;—, £"(H) is also hereditary. It remains to show that
H = J;_,3"(H). Because applying ¥ can never take us outside of a saturated
set, we have |JX"(H) C H, so it is enough to show that | J77, X" (H) is saturated.
To see this, suppose that v € A and {s(\) : A € AS%(v)} C U, =" (H). Then,
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since A is row finite, we have {s()\) : A € A=¢ (v)} C SN (H) for some N and it
follows that v € SN T1(H). Thus |J,—, E"(H) is saturated. O

Theorem 5.2. Let (A, d) be a locally convex row-finite k-graph. For each subset
H of A%, let Iy be the closed ideal in C*(A) generated by {s, :v € H}.

(a) The map H — Iy is an isomorphism of the lattice of saturated hereditary
subsets of A onto the lattice of closed gauge-invariant ideals of C*(A).
(b) Suppose H is saturated and hereditary. Then

D(A\H):=(A°\H,{ € A:s(\) € H},r,s)

is a locally convex row-finite k-graph, and C*(A) /Iy is canonically isomorphic
to C*(T'(A\ H)).
(c) If H is any hereditary subset of A°, then

AH):=(H,{A e A:r()\) € H},r,s)

is a locally convex row-finite k-graph, C*(A(H)) is canonically isomorphic to
the subalgebra C*({sx : r(\) € H}) of C*(A), and this subalgebra is a full
corner in Ig.

Proof. The proof of Theorem @ is the same as the proof of [E, Theorem 4.1] once
we establish that T'(A\ H) and A(H) from parts (b) and (c) are locally convex row-
finite k-graphs. This is easy to check for A(H), and the row-finiteness of T'(A \ H)
follows from that of A. We need to check that T'(A\ H) is a k-graph and is locally
convex. For convenience, write ' =T (A \ H).

To show that the factorisation property holds for (T, d), take A € T and suppose
d(A\) = p+ q. We know there exist unique p,v € A such that A\ = uv, d(u) = p
and d(v) = ¢. Certainly s(v) = s(\) ¢ H, and if s(u) € H, then s(v) € H, a
contradiction. Hence p,v € T', and I is a sub-k-graph.

Now we show that I is locally convex. Consider an arbitrary vertex v € I'° which
has A € I'®(v) and p € I'% (v) for some i # j. We know that s(\), s(u) ¢ H, and
since A is locally convex, we also know there exist a € A% (s(p)) and S € A% (s(N)).
If 0% (s(p)) = 0, then {s(a) : « € A=¢i(s(u))} C H, and similarly, if ['% (s(u)) = 0,
then {s(83) : B3 € A% (s(\))} C H; in either case saturatedness implies that s(u) €
H or s(\) € H, a contradiction. Hence I'**(s(p)) # 0 and I'% (s(\)) # 0, so I is
locally convex. [l

The proof of the next theorem is the same as the first two paragraphs of the proof
of [, Theorem 4.1] except that in the first paragraph, we apply the Cuntz-Krieger
uniqueness theorem rather than the gauge-invariant uniqueness theorem to show
that H — Iy is onto.

Theorem 5.3. Let (A, d) be a locally convex row-finite k-graph such that for every
saturated hereditary subset H of A°, T'(A\H) satisfies condition (B) of Theorem [{.3.
Then H w— Iy is an isomorphism of the lattice of saturated hereditary subsets of
A° onto the lattice of closed ideals of C*(A).
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