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0 Introduction
@ Can we help?
@ Simple but unsolved

9 PDEs with nonlocal in space terms

e Nonlocal in time terms
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Can we help?
A lot of efforts ...

CEMat initiatives and others

http://matematicas.uclm.es/cemat/covidl9/

Official data from ISCII (Spain)

@ COVID-19 Cases ? 23/03/2020
@ ISCIlI Data
@ Mortality monitoring

http://institucional.us.es/blogimus/

https://www.imperial.ac.uk
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Can we help?
Exponential-Logistic estimates

Some computations
Number of deaths - Inital behavior in Spain (exponential)

From: Feb 13 to Mar 18
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Can we help?
Exponential-Logistic estimates

Some computations
Number of deaths - Present and future behavior in Spain

From: 13-02-2020 to 19-04-2020
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Estimated final deaths: 15578 Optimistic?
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Can we help?
Exponential-Logistic estimates

Some computations
Number of deaths - Present and future behavior in Andalucia

From: 13-03-2020 to 19-04-2020
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Estimated final deaths: 998 Optimistic?

E. Fernandez Cara Controlling PDEs with nonlocal terms



Can we help?
Modelling virus propagation with vaccination

Something very present in our minds:
How can control and/or parameter identification techniques help?

g s
.

Control oriented to vaccination strategies?
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Can we help?
Modelling virus propagation with vaccination

Something very present in our minds:
How can control and/or parameter identification techniques help?
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Figure: Results after 5-week periodic actions

Control oriented to vaccination strategies?
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Control issues

Optimal control and controllability

CONTROL PROBLEMS FOR ODEs AND PDEs
A general control system for an evolution equation:

{Yt+A(y):BV
dFooo

yisthe state, y : [0, T] — H
v is the control, v € U

Two classical approaches:

@ Optimal control: Find v such that (v, y) minimizes a cost J = J(v, y)

@ Controllability: Find v such that R(y) takes a desired value, R: U — Z
For instance, R(y) := y(T)

Main questions: Existence? Characterization? Computation?
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Some apparently simple but unsolved control problems

Cheap and expensive controls

Control: simple but unsolved

What is preferable: cheap or expensive controls?
The state equation (ODE):

x'=f(x)+g(xX)u, xeR™, ueR", n<m

Cost functionals:

+o00
J(u) = / x()TPx(t)dt (— expensive controls)
0

400 +o00
Jo(u) = /0 x(t)T Px(t) dt + E/o u(t)"Ru(t)dt (— cheap controls)

where P and R are symmetric, definite positive
An open question [Orlov 2000, Blondel 2014]:
Do we have or not inf, J(u) = lim._,q inf, J-(u)?

Motivation

Optimal controls for J (resp. J: ): expensive (resp. cheap) controls
For instance: in autonomous car driving

J(&) and J:(i1.): the associated costs

The answer is yes for linear state systems
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Some apparently simple but unsolved control problems
Minimal time for Kepler ODE’s

Control: simple but unsolved
Minimal time controls for Kepler ODE’s:

Minimize T

Subject to 3(r, ) satisfying (C)

Here
P'=—kiz+v, te(0,T)
r(0) =r, r'(0)=r C
2 € L2(0, T, [l < T (©)

h(r(T),r'(T)) =0
((ro, r1) such that uncontrolled = periodic)

Motivation:
Computation of optimal transfer orbits, satelites with low thrust engines
(electro-ionic, not chemical, propulsion; low thrust ~ longer transfer time)

Two open questions [Caillau et al 2014]:

@ Uniqueness of optimal control?
@ Do continuous optimal controls exist?
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Maxwell
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Figure: An orbit transfer for a satelite
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PDEs with nonlocal in space terms
The parabolic case, null control

Nonlocal in space

Motivation: Nonlocal chemical effects on the temperature, nonlocal behavior
of a flux, nonlocal effects of the market in finances, ...

{yr—Ay+IﬂK(x,£)y(£,t)d£=v1w in Q
y=0 on X

y(x,0) = y°(x) in Q
NC? 3v such that y(x, T) = 0in Q?

Equivalent to observability:
le(-, 0 < C [, 0.y Il dx ot Vol € 12

{ —Pt — ASD—’— fQ K(§7x)(p(€7 t) d£ =0 in Q

where

=0 on X
o(x, T) = o7 (x) in Q

Usually: Carleman = Observability - Not here! - We only get:
Ia P2l < C. ffwx(o,r) P 2lel + eflq P2 Jo K(&, X)p(&; 1) def?
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PDEs with nonlocal in space terms
The parabolic case, null control

Theorem (EFC-Li-Zuazua, 2016)
Assume: K(x,&) =3, .~y Kmjom(x)e;(€) in L with

>N knl? =0 and Y Ay [knl? — 0 fast enough

j>1 m>1

Then: Observability, hence NC

Idea of the proof:

—(,Ot—Aip‘f'fQ K(£7X)(p(€7 t)d€:O in Q
=0 on X
e(x,T) = o7 (x) in Q

p=p+¢,with—ps — Ap =0, etc.
We prove: H‘P( 70)H2 < Cfwa(O,T) ‘p|2 < Cffwx(oyr) |<,0|2

We use (a) usual estimates of p and ¢ and (b) compactness-uniqueness
(and the properties of K1)
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PDEs with nonlocal in space terms
The parabolic case, a consequence

{Vf*a(fgy(&t)df)Ay:vu n @
y =0 etc.

Theorem (EFC-Limaco-Nina-Nufez, 2019)

Assume: a€ C*(R), 0< ay < a(r)<ay and |a(r)|+|a'(r)| < M,

y : a free solution, y(-,0) € H* N H}

Then: local EC toy at time T

Idea of the proof: Local NC of z; — a-(t)Az + B:(t)( [, 2)(—Ay) = vl
with oz := a([(z +¥)), Bz .= & (J,(sz+¥))

We use (a) a fixed-point argument and (b) the previous Theorem
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PDEs with nonlocal in space terms
The hyperbolic case, null control

y=0 on %
y(x,0) = 2°(x), yi(x,0) = z'(x) in Q

NC? 3v such that y(x, T) = 0and y:(x, T) = 0in Q?

{ ytf—Ay+fQK(X7£)y(£7t)d£:V1w in Q

Theorem (EFC-Li-Zuazua, 2016)

Assume: K as before, classical GCC for (w, T)
Then: NC

Similar (even easier) proof

Hence: EC (linear, reversible PDE)
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PDEs with nonlocal in space terms
Some open questions

Questions:

e Nonanalytic K?
Needed in the proofs to assert uniqueness

e Similar boundary control results?
Do usual extension, zero normal derivative arguments work?

e Systems with higher order nonlocal terms?
For instance: y; — fQ K(x,&)Ay(&, t)de = v,
Assumptions on K? [Andreu et al. 2010]

Also, systems with nonlocal nonlinear coefficients: [EFC et al 2012,
Clark et al. 2013, Demarque-Limaco-Viana 2018, ...]

e Nonlocal nonlinear terms in the PDE?

E. Fernandez Cara Controlling PDEs with nonlocal terms



Nonlocal in time terms
Systems with memory

Control of systems with nonlocal in time terms (memory)

Motivation: Memory effects on the physical behavior of a system, ...
The problem:

u=11, on 9Q x (0, T)

ur—vAu—b [le ®9Au(-,s)ds+Vp=0, V-u=0
0
Ult=0 = Uo, T|t=0 =10

NC? 3f such that u|,—r = 07

@ Viscoelastic (linearized) fluid in Q x (0, T), action on v C 9Q
Blood, saliva, painting, polymers, ...

@ Actingtodrivetorestatt=T?
OK if the fluid is only viscous (b = 0) or only elastic (v = 0)!
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Nonlocal in time terms
Systems with memory

Figure: The domain and the active boundary
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Nonlocal in time terms
Systems with memory

Figure: Viscoelasticity: painting
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Nonlocal in time terms
Systems with memory

Figure: Viscoelasticity: saliva
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Nonlocal in time terms
Systems with memory

Control of systems with memory
Reformulation:

Uu—vAu+vVvp=V-.7, V-u=0
Tt 4+ ar = bDu
u="f1,, etc.

The linearized at zero of

u+WU-Viu—-vAu+vVp=V.-7, V-u=0
i+ (u-V)r+ar+g(Vu,7) = bD(u)
u="f1,, etc.
g(Vu,7):=7- Wu)-W() - 7—a(r- D(u)+D(u) - 1), a€[-1,1]
(viscoelastic fluid of the Oldroyd kind)

@ Representing a non-Newtonian homogeneous fluid with memory
(r =0 — Navier-Stokes)

@ Much more complicate: 3 global solution? (known fora=0...)
@ I stationary solutions only for large v and a

[Guilopé-Saut, 1990; PL Lions-Masmoudi, 2000; EFC et al., 2002; ...]



Controlling PDE systems with memory

A negative result: no null controllabilty

u—vAu—b e Au(-,s)ds+Vp=0, V-u=0
u="f1l, on 92 x (0, T), etc.

NC? Vup 3f such that u(-, T) = 07?

Theorem (Guerrero-Imanuvilov 2013, EFC et al. 2018, Renardy 2019)

No
Idea of the proof:
@ NC < Observability

{ —pt —vDp+ [, e CTIAY(-,8)ds+Vqg=0, V-¢=0

¢=0, (x,t) €92 x(0,T)
¢( ) T) - ¢T
16¢-, 0% < C [J,,xo.my 62 Ax Vo

@ But: 3¢, ¢*7, ... such that the associated ¢" satisfy
Bowiorn 187 ot < C, 67, 0)[fz >

Note: the answer is Yes if b = 0 (Stokes) or v = 0 (Maxwell)
[Boldrini et al. 2012]
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Controlling PDE systems with memory

A positive result: approximate controllability

ur—vAu—b [y e " SAu(-,s)ds+Vp=0, V-u=0
u=1f1, on 02 x (0,T), etc.

AC? Vup,uy, Ve > 0 3f. such that ||u-(-, T) — ut||2 < e?

Theorem (Doubova-EFC 2012)
Yes

Idea of the proof:

@ AC < Unique continuation

{ _¢t_VA¢+LT6*(5*1)A¢(.7S)dS:0, V(z):O = ¢)EO

¢:07 (X,t)EWX(O,T)

@ From the structure and properties of ¢:
@ 3 analytical extensionto {z€ C : Rez < T}
Q ¢ = (¢(-,1),%)2 =0 (and { = 0) if ¢ = 0 outside w
The consequence: ¢ =0

A previous similar result: [Brandao et al., 2009]
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Nonlocal in time terms
Systems with memory
Other results, final remarks and open questions:

@ Moving controls + GCC lead to NC. Proved for some “simplified” systems
[Chaves et al. 2014-...]

ur—vAu+mu =2z, zi+az=bu+fl,; etc.

Extensions for linearized Oldroyd?

@ Also for wave PDEs with memory [Biccari-Micu, 2019]

@ Boundary moving controls?

@ NC for the original nonlinear system? AC? NC with moving controls?
u+(Uu-Vu—vAu+Vp=V-74+f,y, V-u=0
i+ (u-V)r+ar+g(Vu,7) = bD(u)
etc.

Recall [Coron-Lissy 2014] . ..

@ Numerical results? For moving controls?
For approximate controls? Note: ||f- 1., ||z — 00
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PDEs with nonlocal terms

A last control problem concerning epidemics

Age-structured SIR model (generalized from [Kermack-McKendrick 1927])
S=S5(t),i=i(at),R=A(t)
ais the class-age: time elapsed since infection

Si=—x ([7" [B(a) - (flu)(a t)]i(a,t)da) S in (0,T)
it 4 ia = —y(a)i in (0,a.) x (0, T)
i|,o=w (g [Ba) = (flu)(a t)]i(a,t)da) S in (0,T)
S|,y = S0, i|,_, =(a) in (0, a.)
R(ty=N-S(t)— [, i(a,t)da in (0,T)

An “academic” control problem:
Find “admissible” f=f(a, t) (and w) such that S(T)=S,, i(a, T)=i. in (0, a.)

1., represents vaccination and isolation actions
Boundary, bilinear, nonlinear state system ...

Other models and other control results: [lannelli-Milner 2017, Kokomo
et al. 2020, Grigorieva et al. 2020, ...]
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THANK YOU VERY MUCH ...

MUCHAS GRACIAS POR VUESTRA ATENCION ...
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