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Abstract

We consider the question of certifying unsatisfiability amdom 3-CNF formulas. At which densi-
ties can we hope for a simple sufficient condition for ungiatislity that holds almost surely? We study
this question from the point of view of definability theoryh@ main result is that first-order logic cannot
express any sufficient condition that holds almost surelyamdom 3-CNF formulas with?~< clauses,
for any irrational positive numbet. In contrast, it can when the number of clausea?s®, for any
positivea. As an intermediate step, our proof exploits the plantetrifistion for 3-CNF formulas in
a new technical way. Moreover, the proof requires us to ektbe methods of Shelah and Spencer for
proving the zero-one law for sparse random graphs to arpitedational languages.



1 Introduction

The complexity of 3-SAT on random instances has receivedad geal of attention in recent years in many
different areas such as satisfiability testing [28], prafasal proof complexity [11], statistical physics
methods applied to combinatorial optimization [27], irdegnd linear programming [10], and hardness of
approximation [18]. Perhaps the main question is whetheretbxists a simple (polynomial-time) property
of 3-CNF formulas that guarantees unsatisfiability and sidbd typical unsatisfiable formulas [6, 21, 19,
18]. The positive answer would provide a good deal of infdioraabout the structure of unsatisfiable
formulas. The negative answer would imply a strong hardresdt for 3-SAT. Following [18], this scene
of hardness is called the random 3-SAT hypothesis.

We work in the random model of 3-CNF formulas in which eachslale clause is chosen with indepen-
dent probabilityp, so the expected number of clausesis= ©(n?p), wheren is the number of variables.
The choice of this model, instead of the so-called model Bhictvthe number of clauses is fixed, is only
a matter of convenience and does not affect the significahteeaesults. Clearly, whether the random
3-SAT hypothesis holds or not depends:an If m is very large, sayn = Q(n?), then it is almost trivial
that a random 3-CNF formula is almost surely (a.s.) unsabfifor the simple reason that it contains a
constant-size unsatisfiable subformula. On the contrary, is very small, sayn = O(1), then it is not
hard to see that a random 3-CNF formula is a.s. satisfiable ssifficient condition for unsatisfiability can-
not hold a.s. The cases of most interest occur whea close to the point where a random 3-CNF formula
undergoes the transition from being a.s. satisfiable togoais. unsatisfiable. Theoretical results establish
that the transition occurs somewhere betwgddm and4.51m [22, 12], and experimental results suggest
that it occurs aroundh = 4.2n [28].

A motivating example Before we describe our results, let us start with a motieairample from the
theory of random graph&(n, p). Consider planarity. It is known that jf = O(n~=!=¢), then a random
graphisa.s. planar, andjif= Q(n‘“ﬁ), thenitis a.s. non-planar. In fact, the threshold is mucérfiout let
us ignore this for the moment. How can we certify the non-atépof a typical graph whep = Q(n=1+¢)?
By the easy direction of Kuratowski's Theorem, it sufficedital a subgraph that is homeomorphicKg
orKs 5. Letus argue that it suffices to consider subgraphs of baliside. Indeed, consider the grailj 5
that results from &5 5 by subdividing its nine edges into nine disjoint paths ofjiér{1/3¢]. The density
of any subgraph oK 5 is strictly belowllj, so it follows from the seminal work of Erdos and Renyi [16]
thatKs ; occurs as a subgraphdi(n, p) a.s. wherp = Q(n~'*¢). ClearlyKs 5 is homeomorphic t& s 3,
and for fixede, the size o5 ; is also fixed. So the non-planarity 6f(», p) is certified a.s. by the existence
of a fixed-size subgraph that is homeomorphidigs.

Testing for the existence of a fixed-size subgraph is clegfflgient, certainly in polynomial-time. As
it turns out, the existence of fixed-size substructures ésp@iradigmatical example of a property that is
definable in first-order logic, which of course is much strenn definability power, but still polynomial-
time. In turn, first-order definability on random structuiga well-established topic with many deep results
(see [32]). In view of the situation with planarity on randgraphs, it is thus scholarly necessary to consider
first-order definability on random 3-CNF formulas, with afieoon certificates for unsatisfiability.

Results of this paper 3-CNF formulas are viewed as structutes= (V, Ry, . .., R7) whose domail’

is the set of propositional variables, and whose relatiBns_ V2 define which clauses, of each of the
eight possible types, appear in the formula. Here: |V| andm = ), |R;|. At which densities is there

a sufficient condition for unsatisfiability that is first-enddefinable and holds a.s.? For such densities we
say that first-order logican certifyunsatisfiability a.s. Whem = Q(n?*%), with @ > 0, it is not hard

to see that a random 3-CNF formula with clauses contains a constant-size unsatisfiable subforsila



Clearly, a first-order sentence can simply express thisysoedrder logic can certify unsatisfiability a.s. at
this density. Our main result establishes that this is égdroptimal:

Theorem 1 Let F be a random 3-CNF formula with variables andn expected clauses.

1. If m = ©(n?T2) with arbitrary « > 0, then first-order logic can certify unsatisfiability a.s.
2. If m = ©(n%~) with irrational « > 0, then first-order logic cannot certify unsatisfiability a.s

Requiringa to be irrational in 2. is a technicality that will be discuddater in the paper. The main con-
ceptual contribution of this work is in studying first-orddgfinability on an a random 3-CNF with a focus
on certificates for unsatisfiability, where we succeed ial@gthing a tight result. The main technical con-
tribution is in the the proof of the non-expressibility rés@he main new idea is a new approach for finding
finite structures that are first-order indistinguishable otir knowledge, this approach is novel. We consider
the so-callegblanted distributiorfor random 3-CNF formulas and argue that they are indisisttable from
regular random 3-CNF formulas a.s. We note that the planstdizlition appears only as a technical detour
in the proof; the result itself is about the usual distribaton 3-CNF formulas. This aspect of the proof is
interesting; let us discuss it in more detail.

Proof techniques Proving the inexpressibility result required us to studfirdbility on random 3-CNF
formulas. The approach we follow is related to that takenthwers for studying first-order logic on random
graphs (we discuss related work in the next subsection). ddery establishing the main result required
some new techniques. The first idea that may come to mind iotloeving: if we take a random 3-CNF
formula at a density below the threshold of satisfiabiligy it = o(n), and one at a density above it,
say atm = w(n), then a.s. one is satisfiable and the other is not, and witte dwpe perhaps, a first-order
sentence may be unable to distiguish between them. Unfaelynthis argument does notwork. The reason
it does not is that two random 3-CNF formulas with a numbelafises asymptotically below and above

n respectively, have different occurrences of constant siddormulas. Therefore, a first-order sentence
can always be designed to distinguish between them. Thigestgthat we take both random formulas with
the same density, which in turn, spoils the property thatissatisfiable and the other is not.

The new approach that works is the following, We want to pigkformulas in such a way that a.s. one
is satisfiable and the other is not, and, among other thingh, llave the same constant-size subformulas.
Here is one choice that guarantees this: take one formuba tihe usual distribution and the other from the
planted distribution at theamedensity. The planted distributiaR(», p) is the one in which each clause
that is not falsified by a fixeglanted truth assignmeid chosen with probability, and the rest of clauses
are banned. The planted distribution guarantees that siutirey 3-CNF formula is satisfiable, and showing
that it has the same constant-size subformulas as a formarfathe usual distribution is one of the main
steps of our proof. In fact, we need to show much more: the wvmilas are a.s. indistinguishable by
first-order formulas of any fixed quantifier depth. The cos@ua is that a first-order property cannot certify
unsatisfiability a.s.

Related work Random 3-CNF formulas were introduced a long time ago. S8gffit surveys. The
results of Chvatal and Szeméredi [11] were the first todaté a certain degree of typical-case hardness.
These were extended by subsequent work [6, 8, 7, 4]. Dedpmtetearly results, the first to explicitely
formulate the random 3-SAT hypothesis was Feige [18], whal#ished that, assuming the hypothesis is
true atm = O(n), one could take it as a hardness assumption for showing aenwhhon-approximability
results that do not seem to follow from PCP constructionsngyspectral techniques, Friedman and Goerdt
[19] found a polynomial-time certifying algorithm at = Q(n3/2+f). Before [19], Beame, Karp, Pitassi



and Saks [6] already had a polynomial-time certifying aitqon atm = Q(n%/logn). Extending the
techniques in [19] is a matter of ongoing research.

First-order definability on random structures is a welleéséal topic. The pioneers were Glebskii et al.
[20] and Fagin [17] with the 0-1 law. Their work was followew [26, 24, 29, 30] and many others. The
techniques for dealing with sparse structures sucti@s n~<) were introduced by Shelah and Spencer
and influenced much of the subsequent work, including thigficgent conditions for hard properties of
graphs were also studied in [9]. The planted distributiorF&NF formulas was considered in [2] with a
completely different goal.

The current work requires comparison to our previous woik [8 [3] we showed that Datalog cannot
certify unsatisfiability a.s. at» = O(n3/2_5). Datalog and first-order logic are rather orthogonal. While
both logics define polynomial-time properties only, Datptannot define non-monotone properties and
first-order logic cannot define non-local properties (sef)[1The non-expressibility results we obtain are
thus incomparable. The results about Datalog indicateuthiadunded recursive existential quantificatisn
unable to certify unsatisfiability, and the results abost{forder logic indicate that so Bounded quantifier
alternation While neither result can really be seen as strong evidewearts the random 3-SAT hypothesis,
the Datalog result generalizes the lower bound for resmiuiti [11], but the first-order logic result does not
seem to have a proof complexity counterpart yet. The tectesidor proving both results are also totally
different.

2 Preliminaries

Relational languages and structures A relational languagé = {R, R», ...} is a set of relation sym-
bols each with an associated arity. Anstructure is a tuplé/ = (U, RM R} ...) whereU is the uni-
verse, andRM is a relation ovelU of the arity of the symboR;. We identify structures and their universe
when this does not lead to confusion. First-order formulasfarmed from atomic formulas of the form
Ri(zy,...,z,;) andz; = z; by means of negations, conjunctions, disjunctions, anstexiial and univer-
sal quantification over first-order variables. Here, tha@aldesz; range over the elements of the universe.
The semantics of first-order logic can be found in any stashtixtbook in logic such as [15].

Let Ls = {Ry, ..., R7} be the relational language of eight relation symbols of/dhitee. Observe that
a 3-CNF formula is nothing but abg-structure: let its universe be the set of propositionakldes, and let
the tuples of its relations indicate which 3-clauses of eddhe eight different types appear in the formula.
For example, if the clausg Vv v, V vz is in the formula, addv,, vz, v3) to Ry, if the clause~v, vV —vg V w3
is in the formula, addv;, v, v3) to R7, etc. Conversely, structures fég are nothing but 3-CNF formulas
by reversing the interpretation.

Formulas and their Probability Spaces As in the random graph model of Erdds and Renyi, there are
two main families of distributions of interest. For a fixedmioer of variables:, the first family considers
the number of clauses as fixed, and endows the spacg:e€NF formulas withm clauses om variables
with the uniform distribution. The second family consideech clause on variables independently with
probability p, and endows the space of &{CNF formulas onn variables with the product distribution.
Both these families have several variants according to evreflauses are ordered tuples or sets, and may,
or may not, have repeated or complementary literals. Aserrdimhdom graph model again, which space to
use is often a matter of convenience, and rarely an impoidaae as far as the results are concerned.

Since we have adopted the framework in whielcNF formulas are structures over a relational lan-
guage, itis convenient to define a probability space on fatitectures. Fok-CNF formulas, the distribution
we choose turns out to be the product distributionin whielusks are ordered tuples possibly with repeated
and complementary literals.



Definition 1 LetL = {Ry,..., R,} be arelational language, let; be the arity ofR;, and letp = p(n) be
such that) < p < 1. LetL(n) be the class of alL-structures with universél, ..., n}, and letL(n, p) be
the probability distribution orL (») that assigns probability

r

M || pM
T2 — i1
=1

toeachM = (U, RM, ..., RM)in L(n).

For the proof of the main technical result of the paper we nééd a detour through thpanted distri-
butionfor 3-CNF formulas. In a nutshell, the planted distribut@mmsists in drawing 3-CNF formulas in
the usual way, except that the clauses that falsify a fptedtedtruth assignment are forbidden (have zero
probability). For concreteness, the planted truth assagitis always the same, namely, the one that assigns
“false” to the first half of the variables and “true” to the reBormally,

Definition 2 Letp = p(n) be such thad < p < 1. Let f be the truth assignment on the variables
z1, ..., ¢, that assigns false to the first /2| variables and true to the rest. L& (n, p) be the probability
distribution onLg(n) that is obtained by adding each clause that is not falsified sydependently, with
probability p.

Obviously, the set of 3-CNF formulas with non-zero probigpin Ps(n, p) are exactly those satisfied
by the planted truth assignment. It is not hard to see thatthber of clauses that do not falsify the planted
truth assignment ign3 /2.

3 Counting extensions: multivariate polynomial method

Let H = (V, E') be a hypergraph with positive weights on its hyperedges; let|V|, and letw(e) be the
weight ofe € E. Consider a collectioX,, : « € V'} of independent random variables, where e&ch
is either a{0, 1}-random variable with expected valpg, or the constant random variahlg, = p,. Here
0 <p, <1lforeveryu € V. LetY be the following polynomial:

Y = Zw(e)HXu.

ecl uece

For everyA C V, letY, be the partial derivative of with respect to{ X, : « € A}. For everyi > 0, let
E; =max{E(Y4) : ACV, |A| = i}, whereE(Y,4) denotes expectation.

Theorem 2 (Corollary 4.1.3 in [25]) If there is a constant > 0 such thatE;/Ey = O(n™") forall ¢ > 0,
then there are constants> 0 andd > 0 such that

é

Pr[[Y — B(Y)| > nB(Y)] <™.

A prototypical application of Theorem 2 is the estimationtieé number of occurrences of a small
subgraphG in a random graph on nodes. In that cas#; is the set of possible edges ¢h ..., n}, andE
is the set of possible placements®in {1, ..., n}. In fact, the rest of the argument is a particular case of
Theorem 3 below, so we turn to proving that immediately.

We extend the notion of rooted graph from [29, 30] to arbjti@anguages. Let us fix a finite relational
languagd.. A rooted structureor extensionis a structured with a designated subsgtof elements, called
theroots We denote it by R, H). Thetypeof a rooted structure i&, ¢), wherev is the number of elements
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of H that are not roots, andis the number of tuples in the relations®Efwith at least one non-root element.
Its density ise/v. The set of root elements is usually denoted by the ordergd (i, . . ., ), and the set
of non-root elements is denoted by the ordered té@le, . . ., Q). There will always be such an implicit
ordering on the elements &f that will be clear from context. Let/ be any structure, let = (24, ..., z,)
andy = (v1,-..,¥y,) be tuples of distinct elements af. We letg(x,y) be the mappind® — =z; and
Q; — y;. We say thay is an(R, H)-extension o in M if g(x,y) maps tuples in the relations &f with
at least one non-root element to tuples of the same relatidd.i If ¢ is a tuple of elements off, we let
t(x,y) be the image of underg(x,y). Recall that we identify structures with their universesewtthis
does notlead to confusion. LEtC S C H. We call(R, S) asubextensioaf (R, H). LetR C S C H. We
call (S, H) anailextensiorof (R, H). Observe that a rooted structure is a subextension andexteikion
of itself.

The next result analyzes the number of extensions of thesugfla random structure. For the case of
undirected graphs, this is the hardest result in the pro@@2jf Its proof used Janson’s inequality together
with a number of ad-hoc arguments. An alternative transpggnm@of was obtained by Kim and Vu [23] using
the multivariate polynomial method, still for undirectehghs. We extend the result for general structures,
where the machinery of Kim and Vu is very useful.

Theorem 3 Let (R, H) be a rooted structure of type, ¢), and letp be the maximal density of its subex-
tensions. Letv > 0, let M ~ L(n,p) wherep = O(n~%), and for every tuple of v distinct elements in
M, let N (x) be the number ofR, H)-extensions ok in M.

(i) If & > 1/p,thenN (x) = 0 for somex, almost surely,
(i) If o < 1/p, thenN (x) > 0 for everyx, almost surely.

Moreover,E(N (x)) = O(n¥~*¢), and in case (ii)V (x) ~ E(N(x)) for everyx, almost surely.

Proof: Fix an arbitrary tuplex = (z1,...,2,) of r = |R| distinct elements of/. For every subextension
(R,S5), let (vs, es) be its type, and lelVs(x) be the number of R, S)-extensions ok in M. Note that
N(x) = Npg(x) and that ifNg(x) = 0, thenNy (x) = 0. Also, E(Ng(x)) = O(n*"$n=s). If a« > 1/p,
thenE (Ngs(x)) = o(1) for the subextensiof?, S) of maximal density = es/vs. InthiscaseNg(x) =0
almost surely by Markov's inequality, S8 (x) = 0 almost surely.

Suppose now < 1/p. We aim for an application of Theorem 2. For every relatiombpl R; € L of
arity s and every-tuplet of elements inV/, let Z(j, t) be the random variable indicating whetltes Rﬁ”

or not. Note that

Ns(x) = S T1 20 t(x,¥)),

y 5t

withy = (y1,...,ys,) ranging over all tuples ofs distinct elements oM — {z4,...,z,}, andj andt
ranging over all pairs such thate Rf andt has some non-root element. Recall th@at, y) denotes the
image oft under the mappin@; — z; and@; — y;, whereR = {Py,..., P.} andS = {Q1,...,Qus}.
Let us boundE; (N (x)) for 1 < ¢ < e. Lety be the minimunvg — aeg over all subextensiong, S).
Note thaty > 0 because is the maximal density of the subextensions anet 1/p. For every setd of
exactly: tuples of H involving some non-root element, I8ty be the non-root elements appearing4n
and letj4 be the cardinality o5 4. Observe thatR, R U S,4) is a subextension dfR, H) of type (ji4, 7).
Let j be the minimum over alf 4 and let(R, S) be the corresponding subextension. Clegrly ai > ~.
Moreover,

Ei(Ny(x)) = O(n*~In~=)



because having fixedtuples, at most — j nodes are left free. Note thal;/Ey, = O(n™7). Therefore,
Theorem 2 implies that

é

Pr[|Ny (x) — B(Nu(x))| > n " B(Nu(x))] < e

for some constants> 0 ands > 0. The conclusion follows becaust’ grows faster than any polynomial,
and there are polynomially many possilled

WhenR = {, the rooted structurgR, H) can be identified with the structuf. Moreover, the number
of (, H)-extensions of the empty tuple= () in M coincides with the number of copies Bfin M. Thus,
we have the following corollary.

Corollary 1 Let H be a structure withy elements and tuples, and lefp be the maximal density of its
substructures. Let > 0, let M ~ L(n, p) wherep = O(n~%), and letN be the number of copies &f in
M.

(i) If « > 1/p, thenN = 0, almost surely,
(i) If « < 1/p,thenN > 0, almost surely.

Moreover,E(N) = ©(n?~*¢), and in case (ii)N ~ E(N), almost surely.

Let us now concentrate on random 3-CNF formulas, and in qdai, on the planted distribution
Ps(n,p). Our aim is to show that essentially the same result as in fEne@ holds for the planted dis-
tribution. The key difference is in the need to require- 1; this guarantees that the extension is satisfiable
in case (ii) and makes the proof possible. Let us note thairthef requires an application of Tarsi's Lemma
[1] and is significantly different for case (ii).

Theorem 4 Let (R, H) be a rooted 3-CNF formula of type, ¢), and letp be the maximal density of its
subextensions. Let > 1, let Al ~ Ps(n, p) wherep = O(n~%), and for every tuple of v distinct elements
in M, let N (x) be the number ofR, H )-extensions ok in M.

(i) If & > 1/p,thenN (x) = 0 for somex, almost surely,
(i) If o < 1/p,thenN (x) > 0 for everyx, almost surely.

Moreover,E(N (x)) = O(n"~%¢), and in case (ii)V (x) ~ E(N(x)) for everyx, almost surely.

Proof: For (i) we proceed as in Theorem 3. The expectatftfiiVs(x)) is again certainly bounded by
O(n¥$n~=%¢s). Therefore, ifa > 1/p, thenNg(x) = 0 almost surely for the5 of maximal density, so
Ny (x) = 0 almost surely. The case (i) requires a totally new proof.

Supposex < 1/p. Fix a tuplex = (zy,...,z,) of distinct elements ofi/. Consider theg R, H)-
extensions ok. Note that some of the elementsofare in the first half of the variables and some are in
the second. Since > 1, this implies that the maximum density of every subextemssostrictly below
1. It follows from this thatH is a satisfiable 3-CNF even when the variables iare set to the truth value
according to the half of the variables they belong to. Indéédvere unsatisfiable it would have a minimally
unsatisfiable subformula whose density would be aboby Tarsi’'s Lemma [1], which contradicts the
assumptiorr < 1/p. We now use this fact in a crutial way. Fix a truth assignmerthe non-root variables
that satisfiedd, and leta be the number of non-root variables Bfthat are set to false by this assignment,
and letd be the number of non-root variables &f that are set to true by this assignment. Notice that
a + b = vy. Let us compute an upper bound and a lower bound#a¥ 4 (x)). The number of possible
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occurrences off is generously bounded by’#. HenceE(Ny(x)) = O(n"Hp°H). For the lower bound,
note that the number of placementsifof non-zero probability is at least

<n/2a— r> <n/2b— r> 7

because any placement all whose clauses are satisfied biatitegtruth assignment has non-zero prob-
ability. The probability of each such placement is at lgast(1 — p)e'H for some fixed constant;; that
depends ot only. Hence, the expectation 8f (x) is at least

<n/2a— r> <n/2b— r> P (1 — p)eh,

Sincea + b = vy, r is a constant, ang = o(1), the upper and lower bounds are related by a constant, so
E(Np(x)) = ©(nvHp=%H),

The rest of the argument is now essentially the same arguasgeint Theorem 3. In this case, though,
notice that some of the random variable§j, t(x, y)) will be constants set td because the corresponding
clause will not be satisfied by the planted truth assignmihmis is allowed in the hypothesis of Theorem 2.
The computation of; (N (x)) is the same since we only aim for an upper bound. The residtisl O

4 More on Rooted Structures

The purpose of this section is to extend the concepts in [388kheral relational structures and the planted
distribution. For this section we fix an irrational numbker- 0. Recall the definition ofooted structureor
extensionfrom Section 3.

Definition 3 Let (R, H) be an extension of tye, e). If v — e« is positive we callR, H) sparse. lfv — e«
is negative we cal{R, H) dense.

Notice that sincev is irrational, every extension is either sparse or densgwiil play a crucial role in
the proofs. Recall that we identify structures with theiiv@nses when this does not lead to confusion. Let
R C S C H.We call(R, S) asubextensionf (R, H). LetR C S C H. We call(S, H) anailextensiorof
(R, H). Observe that a rooted structure is a subextension andexteaikion of itself.

Definition 4 An extension is called rigid if all its nailextensions arende. It is called safe if all its subex-
tensions are sparse.

Next we turn to the key concept of closure. A preliminary v@nsof this concept was introduced
in [29, 30] and used in [31]. Unfortunately, the original aéfion suffered some technical problems and
required later refinement (see [32]). We extend it to gersdrattures.

Definition 5 Let M be a structure, lek = (z1,...,z;) be a tuple of elements @i, and lett > 0. The
t-closure ofx, denoted/} (x), is the smalleskX’ C M containing{z1, ..., z;} that does not have rigid
extensions with at mosihon-roots.

The closure ok is constructively obtained by lettin§, = {z, ..., z;}, and lettingX;,, be any rigid
extension of; with at mostt non-roots, if there is one. The la&t is ¢/ (x). Itis not hard to see that both
approaches lead to the same set. Since the strukflissusually understood from context, we may drop the
superscript inclM (x). Here are a couple of properties of closures with easy proofs
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Lemma 1 Let M be a structure, and let = (x4, ..., z;) be a tuple of distinct elements bf .

(i) If y € cl,(x) — x, thencly(x, y) C clyy4(x).
(i) If |M]| < tandecly(x) # M, then(cl,(x), M) is safe.

Proof: Statement (i) is clear. For (ii), ifc/;(x), M) is not safe and/,(x) # M, then it has a dense
subextensioricl;(x), S) sincea is irrational. LetS be minimal with that property. Thefrl;(x), S) is
actually rigid for otherwise some nailextensi@fi, .S) would be sparse angt/;(x), T) would have to be
dense contradicting the minimality 6 Here we used the irrationality efagain. But sincéS| < |M| < ¢,
necessarilys C ¢l;(x); a contradictionO

The following lemma states that closures are almost surelyntled in size. Its proof is adapted from
that of Theorem 6.2 in [32] for undirected graphs. We not¢ itrelso works for the planted distribution:

Lemma 2 LetM ~ L(n,p) or N ~ P(n,p) wherep = ©(n~%). For every: > 0 andt > 0, there exists a
constantk” > 0 such that almost surely;/;(x)| < K for all tuplesx = (z4, ..., ;) of distinct elements of
M.

Proof: Let 3 = max{(v — ae)/v : v < t, v — ae < 0}. Let K > 0 be such that + K5 < 0;
sinces < 0, such ak exists. The existence of a closufig(R) of size at leask” implies the existence of
R =5, C---C S;where eachis;, S;y1) is rigid with at most non-roots ands + r < S; < K 4 r +t.
Let (v;, ;) be the type of(S;, Si1+1). Since(S;, Sit+1) is rigid, it is dense, s@; — ae; < 0. Moreover,
>°;v; > K. Now, the expected number of such sequences of extensitosiigled byO (n*~¢) where
v=r+>;v;ande = >, e;. However,

v—oee:r—l—Zv,'—ere,':r—l—Z(v,'—oeei)§r+2ﬁvi§r+lﬂ'ﬁ.

Recall thats < 0 for the last inequality. Now; + K3 < 0 by our choice ofl. Therefore, the number of
such extensions is zero almost surely. Since there is a leobmamber of possible sequenégsC --- C S
as above, the number of closures of size at I&a& also zero almost surely

5 Proof of Main Result

In this section we prove Theorem 1. Since the first part of le@tem is much easier, let us concentrate on
the second part first. This will require the argument that ketched in the introduction and that we sketch
again here. Draw two random 3-CNF formulas, one from the ludis#ribution and the other from the
planted distribution which ensures that the formula issé@tidle. The key of the argument is that these two
formulas are a.s. indistinguishable by first-order forrswshany fixed number of quantifers. The result will
follow since then, a first-order formula is unable to distirgh the first, which is almost surely unsatisfiable,
from the second, which is always satisfiable.

Before we jump into the proof, we need some preparation. Typtes with isomorphi¢-closures can
be viewed as having the same “special”’ extension propeifies term “special” is justified by noting that
the expected number of occurrences of dense extension®is ze

Definition 6 Let M and N be L-structures, and lek = (z1,...,2;) andy = (v1,...,y;) be tuples of
elements of\/ and N respectively. We say the tuples arequivalent, denoted =, y if their ¢-closures, in
M and N respectively, are isomorphic withh mapped tqy;.
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We conclude this section by showing that equivalent tuptgsyea nice back-and-forth property. The
proof follows the ideas of Theorem 7.3 in [31] but of coursedto be adapted to the new distributions.
Note the requirement that > 1, needed in Theorem 4, and thabe irrational, needed in Lemma 1.

Theorem 5 Leta > 1 beirrational, and letAf ~ Lg(n, p) and N ~ Ps(n, p) be random 3-CNF formulas
drawn from the non-planted and planted distribution resppety, wherep = O(n~2). For everyb > 0
and: > 0, there existst > 0 such that the following holds almost surely: for every pdituplesx =
(z1,...,2;) in M andy = (y1,...,y;) in N such thatx =, y, and for every further,, in M, there
existsy,;+1 in N such that(z1,...,2,41) = (y1,...,¥i+1), and for every further,,; in N, there exists
Tit1 in M such 1:hal'($17 Cey $,’_|_1) = (yh Cey yi—l—l)-

Proof: Let K be the constantin Lemma 2 for tuple-length 1 and closure-bountl Leta =6 + K.

Suppose = (z1,...,2;) andy = (y1,...,y;) are such thak =, y. Let f : cl,(x) — cl,(y) be the
isomorphism witnessing that =, y. We consider the forth property, the back is dual. kgt; € M be
different froma, ..., x;. We consider two cases:

Case liz;41 € cli(x). Thencly(x,z;41) C cl,(x) by Proposition 1. Se§, 11 = f(zi+1). Clearly,
clp(x, 2i41) = clp(y, Yig1), SO(Z1, -+ oy Tig1) =b (Y1s - +s Yit1)-

Case 2241 ¢ cli(x). Let H = clp(x,z,41), and letS C H be theK -closure ofx in H. Note that
|H| < K by our choice off{, and that:,;y € H — S. Then,(S, H) is safe by (ii) in Lemma 1. Lefv, ¢)
be its type. Note thaf C cl,(x). Letz be an enumeration &, and letz’ be an enumeration of(S).
By Theorem 4, the number df5, H)-extensions ok’ is ©(n¥~*¢). Therefore, the number of injective
homomorphismg : clp(x, z,41) — M with g(z) = 2z’ is Q(n¥~?¢). By lettingy,+1 = g(z;4+1), the images
of these homomorphisms are substructuresgily, y;11) possibly with missing elements and/or tuples.

We just showed that there af&n"~*¢) manyy; 1 with ¢l (y, yi+1) which is isomorphic to eithefl
or H' for someH’ containingH as a proper substructure. Fix suchihof the second sort, and |&t’, ')
be the type of théS, H') extension thafd’ forms overS. Note that(H, H') has type(v' — v, ¢’ — e),
and ifv < ¢, it is dense becausH’ is a closure and thus rigid over its roots. Thuspif< v/, then
v — v — (e’ — €) < 0. On the other hand, if = o/, thene < ¢, sov’ — ae’ < v — ae. In both cases
we havev’ — ae’ < v — ae. There are at mosD(n¥'~2¢') many (S, H')-extensions o&’, and since the
exponent is smaller, this is(n¥~*¢). This shows that for every fixed possilblelosure containind? as a
proper substructure, there are owrlih" =) y; 11 With ¢lp(y, yi4+1) isomorphic to it. Howeverj-closures
are bounded in size, so there are only a bounded number abpsslosures up to isomorphism. It follows
that the required,;, exists, and in fac®(n"~*¢) many.O

The back-and-forth property implied by Theorem 5 can now $&duo show that two random 3-CNF
formulas drawn fronLg(n, p) andPs(n, p) are almost surely indistiguishable by first-order formu&any
fixed quantifer rank. The quantifier rank of a formula is defimeductively as followsrk(¢) = 0 if ¢ is
atomic,rk(p) = rk(v) if ¢ = =1, rk(p) = max{rk(v),1k(#)} if ¢ = ¥ A 0, andrk(y) = rk(e)) 4+ 1 if
¢ = (3z) (). In other wordsrk(¢) is the maximum nesting of quantifiers¢n

To show this we will use an Ehrenfeucht-Fraissé game. Bhneegs played by two players, the Spoiler
and the Duplicator, on two structuré$ and N over the same language. In roundf the game, the Spoiler
chooses one structure and an elemegng M (or y; € V) of that structure, and the Duplicator replies by
choosing one element € N (or z; € M) of the other structure. If after rounds of play, the mapping
x; — y; Is a partial isomorphism betweéd andV, then the Duplicator wins theround game. Otherwise,
the Spoiler wins. The main result about Ehrenfeucht-B&agames is the following:

Theorem 6 ([14]) Let M and N be L-structures and- > 0. Then the Duplicator wins the-round
Ehrenfeucht-Fraissé game dd and N if and only if M and N are indistiguishable by first-order sen-
tences of quantifer rank at most



Now we can show that two random 3-CNF formulas frégi», p) andPs(n, p) respectively are almost
surely a win for the Duplicator. Note again the needdos 1.

Lemma 3 Leta > 1 be irrational, and letM ~ Lg(n,p) and N ~ Ps(n, p) be random 3-CNF formulas
drawn from the non-planted and planted distribution respety, wherep = ©(n~%). For everyr > 0, the
Duplicator almost surely wins theround Ehrenfeucht-Fraissé game dhand N.

Proof: Lett, = 0, and fori € {0,...,r — 1} in decreasing order, let be theb in Theorem 5 when
the closure-size is = t;; and the tuple-length i& Theorem 5 gives then the winning strategy for the
Duplicator: at round, the Duplicator chooseg € N (or z; € M) in response to the Spoiler's move
x; € M (ory; € M) insuch away thatzy,...,2;) = (v1,...,y:). By the end of the game, we have
(z1,...,2,) =0 (y1,---,¥Yr), SO the Duplicator wins

Finally, the proof of Theorem 1:

Proof of Theorem 1:2Let p = ©(n~%) for an irrationala > 1. Suppose for contradiction thatimplies
unsatisfiability and is almost surely true. Lebe the quantifier rank @b. By Lemma 3 and Theorem 6, two
random 3-CNF formulad/ ~ Ls(n,p) andN ~ Ps(n, p) are almost surely indistinguishable by Hence,
« holds almost surely oiV. However,p implies unsatisfiability andV is satisfiable. A contradictiom

Proof of Theorem 1:1This is the easy part of the theorem. ket ©(n~“) for an arbitraryd < a < 1.
Let K > 0 be suchthaf{/(K 4 1) > «. Consider the following formuld with K variables:

HATVAN (—wcl vV xz) A (—|$2 vV $3) A A (—ch_l vV $K) ANZg.

Clearly, H is unsatisfiable. By padding each clause with repeatecl#t@re can view it as a 3-CNF formula.
Its density is(K" + 1)/K. Now we apply Corollary 1 and conclude thaf contains a copy o almost
surely. Thus, the subformula induced by the variables af¢bpy is unsatisfiablel

6 Conclusion

Our main result establishes the breakpoint where firstratd&nability can certify unsatisfiability for power
probabilitiesp = n~%. We believe the result stands by itself independently ofnifglications or non-
implications about the random 3-SAT hypothesis for polyratime. On the one hand, definability on
random structures is sometimes surprisingly strong as titevating example in the introduction shows. On
the other hand, definable properties of random 3-CNF formdad their correlation with satisfiability or
other important properies of formulas, seem to deservepieddent study.

Such an independent study would ask about classical canoépigic on random structures, such as
the 0-1 laws, convergence laws, and their deep model-tie@m@nsequences [5]. Let us mention that it
follows from our results that the 0-1 law for sparse randoapgss in [29, 30] extends to sparse random 3-
CNF formulas, and even to the planted distribution (alwaysrfationala). We omit details in this version.
One consequence is that the almost sure theory of such raBd@GNF formulas is a complete theory.
Another consequence is that our main inexpressibilityltesactually stronger. Indeed, it shows that first-
order logic cannot even certify unsatisfiability with pégitasymptotic probability at: = ©(n2~%), when
«a > 0 isirrational. Let us note that, somewhat trivially, firser logic can certify unsatisfiability with
inverse polynomial decaying probability. All these quess deserve further study and should be considered
somewhere else.
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