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Abstract1

The inverse eigenvalue problem of a given graph G is to determine all possible spectra of real2

symmetric matrices whose off-diagonal entries are governed by the adjacencies in G. Barrett et3

al. introduced the Strong Spectral Property (SSP) and the Strong Multiplicity Property (SMP)4

in [8]. In that paper it was shown that if a graph has a matrix with the SSP (or the SMP) then5

a supergraph has a matrix with the same spectrum (or ordered multiplicity list) augmented6

with simple eigenvalues if necessary, that is, subgraph monotonicity. In this paper we extend7

this to a form of minor monotonicity, with restrictions on where the new eigenvalues appear.8

These ideas are applied to solve the inverse eigenvalue problem for all graphs of order five, and9

to characterize forbidden minors of graphs having at most one multiple eigenvalue.10
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Strong Multiplicity Property, Colin de Verdière type parameter, maximum multiplicity, distinct12

eigenvalues.13
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1 Introduction15

Inverse eigenvalue problems appear in various contexts throughout mathematics and engineering,16

and refer to determining all possible lists of eigenvalues (spectra) for matrices fitting some descrip-17

tion. Graphs often describe relationships in a physical setting, such as control of a system, and18

the eigenvalues of associated matrices govern the behavior of the system. The inverse eigenvalue19

problem of a graph (IEPG) refers to determining the possible spectra of real symmetric matrices20

whose pattern of nonzero off-diagonal entries is described by the edges of a given graph. The IEPG21

is motivated by inverse problems arising in the theory of vibrations. The study of the vibrations22

of a string leads to classical inverse Sturm–Liouville problems, and its generalizations continue23
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to be an active area of research (see [16] and references therein). The IEPG where G is a path24

corresponds to a discretization of the inverse Sturm–Liouville problem for the string, and leads25

to the classical study of the inverse eigenvalue problem for Jacobi matrices (that is, irreducible,26

tridiagonal matrices) that was resolved by the sequence of papers by Downing and Householder27

[12], and Hochstadt [17, 18]. Thus, as noted in [16], the IEPG can be viewed as the inverse problem28

for a vibrating system with prescribed structure given by G.29

The IEPG was originally approached through the study of ordered multiplicity lists for eigen-30

values. It was thought by many researchers in the field that at least for a tree T , determining the31

ordered multiplicity lists of T would suffice to determine the spectra of matrices described by T .32

When it was shown in [4] that this was not the case, the focus of much of the research in the area33

shifted to the narrower question of maximum eigenvalue multiplicity, or equivalently maximum34

nullity or minimum rank of matrices described by the graph. While the maximum multiplicity has35

been determined for many families of graphs, including all trees, in general it remains an open ques-36

tion and active area of research (see [13, 14] for extensive bibliographies). More recently, there has37

been progress on the related question of determining the minimum number of distinct eigenvalues38

of matrices described by a given graph [1, 8].39

Maximum nullity, minimum number of distinct eigenvalues, and ordered multiplicity lists all40

provide information that can in some cases be used to solve the inverse eigenvalue problem for a41

specific graph or family of graphs, but the question of the structures or properties that are necessary42

to allow this to be done more generally is open. Recently new tools, the Strong Spectral Property43

(SSP) and the Strong Multiplicity Property (SMP), were developed [8]; these offer hope for progress44

on what was previously seen as an intractable problem.45

In Section 3 we use the SSP to solve the IEPG for graphs of order 5 (order 4 was solved in46

[9], but the SSP provides a shorter proof). Every graph of order 5 that allows an SMP matrix for47

an ordered multiplicity list also allows an SSP matrix for the same ordered multiplicity list. This48

naturally raises the question of whether there exists a graph that has a matrix A ∈ S(G) with49

the SMP, but does not allow the SSP for any matrix having the ordered multiplicity list of A. In50

Section 4 we exhibit such a matrix and establish its properties. (Of course it is much easier to51

construct a matrix that has the SMP but not the SSP; see, for example, [8, Remark 22].)52

Another main result of this paper, which we use to establish characterizations of multiple53

eigenvalues by forbidden minors, is the Minor Monotonicity Theorem (Theorem 6.13). This theorem54

says that if G is a minor of H and A ∈ S(G) has the SSP (or the SMP), then there is a matrix55

B ∈ S(H) with the SSP (or the SMP) and spec(A) ⊆ spec(B) (or the ordered multiplicity list of56

B can be obtained from that of A by adding ones). Additional eigenvalues are added as simple #157

eigenvalues and can always be added at the ends of the spectrum of A; in the case of a vertex58

deletion they can be added arbitrarily, but for a minor obtained by contraction the new eigenvalues59

may be restricted to being sufficiently far from the spectrum of A.60

Minor monotonicity enables forbidden minor characterizations, and as an illustration of this in61

Section 5 we use Theorem 6.13 to determine the forbidden minors for a graph to have at most one62

multiple eigenvalue and to not have two consecutive multiple eigenvalues.63

In Section 7 we establish additional tools for constructing matrices with prescribed spectra and64

multiplicity lists. The foundation is the Matrix Liberation Lemma (Lemma 7.3), which describes65

how the three strong properties indicate the ability of a matrix to effect any sufficiently small66

perturbation of its nonzero entries with complete freedom while preserving its rank (SAP), its exact67

spectrum (SSP), or its ordered list of eigenvalue multiplicities (SMP). One consequence of this is the68

Augmentation Lemma (Lemma 7.5), which gives conditions under which an eigenvalue λ of an SSP69
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matrix A ∈ S(G− v) guarantees the existence of a matrix B ∈ S(G) with spec(B) = spec(A)∪{λ}70

(i.e., multB(λ) = multA(λ) + 1 and the other eigenvalues and multiplicities are unchanged from A71

to B).72

In the next section we introduce the necessary terminology, including definitions of the SSP and73

the SMP. Sections 6 and 7 are rather technical and do not use any results from Section 3, 4, and74

5, so we defer the proofs of the results therein to the later part of the paper.75

2 Terminology, notation, and background76

All matrices are real and symmetric; O and I denote zero and identity matrices of appropriate77

size, respectively. If the distinct eigenvalues of A are λ1 < λ2 < · · · < λq and the multiplicities of78

these eigenvalues are m1,m2, . . . ,mq respectively, then the ordered multiplicity list of A is m(A) =79

(m1,m2, . . . ,mq). The spectral radius of A is ρ(A) = max{|λ| : λ ∈ spec(A)}. For an n× n matrix80

M and α, β ⊆ {1, 2, . . . , n}, the submatrix of M lying in rows indexed by α and columns indexed81

by β is denoted by M [α, β]; in the case that β = {1, 2, . . . , n} this can be denoted by M [α, :], and82

similarly for α = {1, 2, . . . , n}. For brevity, M [α] means M [α, α]. Let α = {1, 2, . . . , n} \ α and β83

defined similarly. Then M(α, β) = M [α, β] and M(α) = M [α]. #10 (1006)84

A symmetric matrix A has the Strong Arnold Property (or A has the SAP for short) if the only85

symmetric matrix X satisfying A ◦X = O, I ◦X = O and AX = O is X = O. An n×n symmetric86

matrix A satisfies the Strong Multiplicity Property (or A has the SMP) provided the only symmetric87

matrix X satisfying A ◦X = O, I ◦X = O, [A,X] = O, and tr(AiX) = 0 for i = 2, . . . , n − 1 is88

X = O [8, Definition 18 and Remark 19]. A symmetric matrix A has the Strong Spectral Property89

(or A has the SSP) if the only symmetric matrix X satisfying A◦X = O, I ◦X = O and [A,X] = O90

is X = O [8, Definition 8]. Clearly the SSP implies the SMP, and the SMP implies A+ λI has the91

SAP for every real number λ.92

The graph G(A) of a symmetric n × n matrix A is the (simple, undirected, finite) graph with93

vertices {1, . . . , n} and edge ij such that i 6= j and aij 6= 0. For a graph G = (V,E) with vertex94

set V = {1, . . . , n} and edge set E, the set of symmetric matrices described by G, S(G), is the95

set of all real symmetric n × n matrices A = [aij ] such that G(A) = G. The IEPG for G asks96

for the determination of all possible spectra of matrices in S(G). The maximum multiplicity of G97

is M(G) = max{multA(λ) : A ∈ S(G), λ ∈ spec(A)}, and the minimum rank of G is mr(G) =98

min{rankA : A ∈ S(G)}. It is easily seen that M(G) = max{nullA : A ∈ S(G)}, so M(G) is also99

called the maximum nullity of G, and mr(G) + M(G) = |G|, where |G| is the number of vertices of100

G. The number of distinct eigenvalues of A is denoted by q(A), and q(G) = min{q(A) : A ∈ S(G)}.101

If v is a vertex of a graph G, the neighborhood of n is the set of vertices adjacent to v, and is102

denoted by NG(v). The closed neighborhood of v is NG[v] := NG(v) ∪ {v}. The complement G of103

G is the graph with the same vertex set as G and edges exactly where G does not have edges. A104

generalized star is a tree with at most one vertex of degree three or more. A unicyclic graph is a105

graph with one cycle.106

The well known Parter–Wiener Theorem for trees plays a fundamental role in the study of the107

IEPG, and we state it here.108

Theorem 2.1 (Parter–Wiener Theorem). [21, 24, 26] Let T be a tree, A ∈ S(T ) and multA(λ) ≥ 2.109

Then there exists a vertex v such that multA(v)(λ) = multA(λ) + 1 and λ is an eigenvalue of the110

principal submatrices of A corresponding to at least three components of T − v.111

There are several (well known) consequences of Theorem 2.1 and interlacing (see, for example,112

[20]).113
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Lemma 2.2. The first and last eigenvalue of a tree must be simple.114

Lemma 2.3. If T is a generalized star and A ∈ S(T ), then A cannot have consecutive multiple115

eigenvalues.116

3 Inverse eigenvalue problem for graphs of order at most five117

In this section we solve the IEP for all graphs of order at most five, both in general and with the118

stipulation that there is a matrix realizing each possible spectrum that has the SSP (or equivalently,119

the SMP). The solution to the IEP for graphs of order at most three is well known and straight-120

forward, and the IEP for graphs of order 4 was solved in [9]. In Section 3.1 we briefly re-derive the121

solution for order 4 by using the SSP to shorten the arguments. We then solve the IEP for graphs122

of order 5 in Section 3.2.123

An ordered multiplicity list m = (m1, . . . ,mk) is spectrally arbitrary for graph G if any set of k124

real numbers λ1 < · · · < λk can be realized as the spectrum of A ∈ S(G) with multA(λi) = mi (and125

m is spectrally arbitrary for G with the SSP has the obvious interpretation). Figure 1 summarizes126

the solution for connected graphs of order at most 5, both with the SSP and without the SSP.127

Note that some graph names are abbreviated: Banner (Bnr), Butterfly (Bfly), Diamond (Dmnd),128

Full House (FHs), House (Hs). We show that for a connected graph of order at most 4, every129

ordered multiplicity list that is attainable by the graph is spectrally arbitrary with the SSP. For130

order 5 every ordered multiplicity list that is attainable (respectively, attainable with the SSP) is131

spectrally arbitrary (spectrally arbitrary with the SSP), but there are connected graphs and ordered132

multiplicity lists that can be realized only without the SSP. In all cases disconnected graphs have133

some ordered multiplicity lists that can be realized only without the SSP. While it is not true that134

all trees are spectrally arbitrary [4], we show that it is true for all graphs of order at most five.135

Remark 3.1. Spectra for disconnected graphs can be determined from those of connected graphs136

by allowing any permissible assignment of disjoint spectra to the connected components when SSP137

is required [8, Theorem 34], and when SSP is not required any permissible assignment of spectra to138

the connected components. Thus the solutions to the inverse eigenvalue problem with and without139

SSP are different.140

Remark 3.2. Given a matrix A that has exactly two distinct eigenvalues λ1 < λ2 with multiplicities141

m1 and m2, and any possible pair of real numbers µ1 < µ2, the matrix142

B =
µ2 − µ1

λ2 − λ1
(A− λ1I) + µ1I143

has eigenvalues µ1 with multiplicity m1 and µ2 with multiplicity m2. This technique is referred to144

as scale and shift. By negation of the matrix, the order of multiplicities can be reversed. Negation145

and scale and shift all preserve the SSP, meaning that if A has the SSP, then so does αA + βI146

for any nonzero real number α and any β ∈ R. Thus for an ordered multiplicity list with only147

two multiplicities, exhibiting one matrix (respectively, one matrix with the SSP) with this ordered148

multiplicity list suffices to show the graph is spectrally arbitrary (respectively, spectrally arbitrary149

with the SSP) for this ordered multiply list.150

For every graph of order n, any set of n distinct real numbers is attained by a matrix with151

the SSP [8, Remark 15]. Thus (1, 1, . . . , 1) is spectrally arbitrary with SSP for every graph. Only152

distinct eigenvalues are possible for a path. This covers all connected graphs of order at most 3153
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with SSP without SSP

K1

K2

P3

K3

P4

K1,3

Paw

C4

Dmnd

K4

P5

S(2, 1, 1)

K1,4

L(3, 2) Bull

C5 Camp

Bnr Dart Kite

Hs Gem

K2,3 T5

Bfly
L(4, 1)

(K4)e W5

FHs K5−e

K5

(1)

(1, 1)

(1, 1, 1)

(2, 1)
(1, 2)

(1, 1, 1, 1)

(1, 2, 1)

(2, 1, 1)
(1, 1, 2)

(2, 2)

(3, 1)
(1, 3)

(1, 1, 1, 1, 1)

(1, 2, 1, 1)
(1, 1, 2, 1)

(2, 1, 1, 1)
(1, 1, 1, 2)

(2, 2, 1)
(1, 2, 2)

(2, 1, 2)

(1, 3, 1)

(1, 3, 1)

(3, 1, 1)
(1, 1, 3) (3, 1, 1)

(1, 3, 1)
(1, 1, 3)

(3, 2)
(2, 3)

(4, 1)
(1, 4)

Figure 1: The connected graphs of order at most 5 with their ordered multiplicity lists. If a box
is joined to another box by a line then the graphs in the upper box can realize every ordered
multiplicity list of the graphs in the lower box (including other boxes below connected with lines
to lower boxes). Every ordered multiplicity list is spectrally arbitrary for the graphs that attain it.

except K3. Any A ∈ S(K3) has the SSP, and J3 has ordered multiplicity list (2, 1). The list (3)154

cannot be attained by a connected graph.155

If G is a subgraph of H on the same vertex set, then any spectrum attained by G with SSP156

is also attained by H with SSP [8, Theorem 10]. Thus it is useful to identify minimal graphs157

attaining a given ordered multiplicity list and show that these are spectrally arbitrary. These158

minimal subgraphs need not be connected.159

We state an additional result that will be used.160
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Lemma 3.3. Suppose G is a connected unicyclic graph with an odd cycle. At least one of the first161

and last eigenvalues of G must be simple.162

Proof. Let A ∈ S(G). If the cycle product (product of the entries of A on the cycle) is negative,163

then replace A by −A; since the cycle is odd, the cycle product is now positive. Let G′ be obtained164

from G by deleting one edge {i, j} of the cycle, so G′ is a spanning tree of G. Let A′ be defined165

from A by replacing (the equal) entries aij and aji by 0, so A′ ∈ S(G′). There exists a diagonal166

matrix D with diagonal entries ±1 so that DA′D = DA′D−1 is a nonnegative matrix [11, Lemma167

1.2]. Since the cycle product of A is unchanged by a diagonal similarity, the cycle product of DAD168

is positive, implying DAD is nonnegative. Since DAD is symmetric, it has 2-cycles and it has an169

odd cycle, so DAD is primitive. The spectral radius of a primitive nonnegative matrix is simple,170

so the last eigenvalue of A is simple.171

3.1 Order 4172

The next result describes the solution to the IEP for connected graphs of order 4; as noted in173

Remark 3.1, the solution for orders 1, 2, and 3 suffice to solve the IEP for disconnected graphs of174

order 4.175

Proposition 3.4.176

1. Table 1 lists all the minimal subgraphs with respect to the SSP for each ordered multiplicity177

list of order 4. In each case the reversal of the given list has the same minimal subgraphs.178

2. The order 4 part of Figure 1 lists all the possible ordered multiplicity lists for each connected179

graph of order 4 (both those ordered multiplicity lists next to the box with the graph and all180

those next to graphs below and connected by a sequence of lines in the order 4 diagram). Each181

ordered multiplicity list in the order 4 part of Figure 1 is spectrally arbitrary with the SSP.182

Table 1: Minimal order 4 subgraphs for attainment with SSP, by ordered multiplicity list (OML)

OML graph reason graph reason graph reason
(3,1) K4 J4

(2,2) C4


0 1 0 −1
1 0 1 0
0 1 0 1
−1 0 1 0


(1,2,1) C4 Corollary 7.6 K3 ∪̇K1

(
λ3−λ2

3 J3 + λ2I3

)
⊕ [λ1] K1,3


a b b b
b 0 0 0
b 0 0 0
b 0 0 0


(2,1,1) C4 Corollary 7.6 K3 ∪̇K1

(
λ2−λ1

3 J3 + λ1I3

)
⊕ [λ3]

(1,1,1,1) 4K1 [8, Remark 15]

Proof. In each case a matrix or reason is listed in Table 1. It is straightforward to verify that each183

matrix has the SSP regardless of the parameters, and to see that the matrix for K1,3 for (1,2,1)184

is spectrally arbitrary by choice of parameters (and scale and shift); see [23] for verifications of185

the SSP. Thus each ordered multiplicity list in Table 1 is spectrally arbitrary with the SSP for the186

listed graph.187
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It is then straightforward to verify that every ordered multiplicity list in the order 4 part of188

Figure 1 is spectrally arbitrary with SSP for the graphs in its box or above it, by use of a subgraph189

with the ordered multiplicity list that is spectrally arbitrary with SSP (cf. Table 1).190

To complete the proof, we justify that no other ordered multiplicity list is possible for each191

graph, which also justifies that all minimal subgraphs are listed in Table 1:192

• For K4, M(K4) = 3.193

• For C4 and Diamond, M(C4) = 2 = M(Dmnd).194

• Paw has at least 3 distinct eigenvalues (q(Paw) = 3) by [1, Theorem 3.2] since there is a195

unique path of length 2 from the degree one vertex to either degree two vertex.196

• For K1,3, the first and last eigenvalues are simple (Lemma 2.2) and M(K1,3) = 2.197

• For P4, the maximum multiplicity is M(P4) = 1.198

3.2 Order 5199

Lemma 3.5. Let200

M1 =


−t4 + 2t3 − t2 − 1 0 −(t− 1)t (t− 1)2t2 0

0 −t4 + 2t3 − t2 − 1 0 −(t− 1)t2 −(t− 1)t
−(t− 1)t 0 −t2

(
t2 − 2t+ 2

)
0 −(t− 1)t2

(t− 1)2t2 −(t− 1)t2 0 −t2
(
t2 − 2t+ 2

)
0

0 −(t− 1)t −(t− 1)t2 0 −2(t− 1)2t2

, 0 < t < 1,201

202

M2 =


−1 1 −a 0 0
1 −1 −a 0 0
−a −a 2a2 − 2 −a −a
0 0 −a 0 0
0 0 −a 0 0

, a 6= 0, M3 =


1 −1 0 0 −a
−1 1 0 0 −a
0 0 −a2 a2 a
0 0 a2 −a2 a
−a −a a a 2− 2a2

, a 6= 0,203

204

M4 =


a 0 b b b
0 −ac2 bc bc bc
b bc 0 0 0
b bc 0 0 0
b bc 0 0 0

, b 6= 0, c 6= 0,±1, M5 =


a2 0

√
2a a a

0 1 −
√

2 1 1√
2a −

√
2 4 0 0

a 1 0 2 2
a 1 0 2 2

, a ≥ 1.205

(1) Mi, i = 1, 2, 3, 4, 5 has the SSP for any permitted parameters.206

(2) G(M1) = C5, G(M2) = Camp, G(M3) = Bfly, G(M4) = K2,3, and G(M5) = (K4)e.207

(3) m(M1) = (2, 2, 1), and λ1 < λ2 < λ3 can be realized with M1 by choosing t and scale and shift.208

(4) m(M2) = (2, 2, 1), and λ1 < λ2 < λ3 can be realized with M2 by choosing a and scale and shift.209

(5) m(M3) = (2, 1, 2), and λ1 < λ2 < λ3 can be realized with M3 by choosing a and scale and shift.210

(6) m(M4) = (1, 3, 1), and λ1 < λ2 < λ3 can be realized with M4 by choosing a, b, c and scale and211

shift.212

(7) m(M5) = (3, 1, 1) for a > 1, and λ1 < λ2 < λ3 can be realized by M5 by choosing a > 1 and213

scale and shift. m(M5) = (3, 2) for a = 1, and λ1 < λ2 can be realized by M5 with a = 1 by214

scale and shift.215
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Proof. In each case it is clear that Mi has the stated graph, and it is straightforward to verify the216

SSP for each matrix (see [23]).217

For statements (4), (5), and (7), examination of the eigenvalues shows that the claimed ordered218

multiplicity list is realized, and any spectrum can be realized by appropriate choice of the parameter219

and scale and shift; here we list the spectra:220

spec(M2) = {−2,−2, 0, 0, 2a2}221

spec(M3) = {−2a2,−2a2, 0, 2, 2}222

spec(M5) = {0, 0, 0, 5, 4 + a2}223

Computations show that spec(M1) = {λ, λ, µ, µ, 0} with224

λ =
1

2

(
−3t4 + 6t3 − 4t2 − 1− (1− t)

√
t6 − 2t5 + 3t4 + 3t2 + 2t+ 1

)
and

µ =
1

2

(
−3t4 + 6t3 − 4t2 − 1 + (1− t)

√
t6 − 2t5 + 3t4 + 3t2 + 2t+ 1

)
.

225

Furthermore, λ < µ < 0 where the last inequality follows from λ < 0 and Lemma 3.3. Note that #2226

λ and µ are continuous functions of t with limt→0
µ
λ = 0 and limt→1

µ
λ = 1. So given α1 < α2 < 0,227

we can choose t so that µ
λ = α2

α1
. Then scaling M1 achieves eigenvalues {α1, α1, α2, α2, 0}, and228

finally a shift is made if needed.229

For the matrix M4 with ordered multiplicity list (1,3,1), the characteristic polynomial is230

pM4(x) = x3
(
−a2c2 − 3b2(1 + c2) + a(−1 + c2)x+ x2

)
.231

Any eigenvalues λ and µ of opposite sign can be realized by232

a =
−λ− µ
c2 − 1

, b =

√
−c4λµ− c2λ2 − c2µ2 − λµ√

3
√
c6 − c4 − c2 + 1

.233

The only restrictions on the parameters are b 6= 0, c 6= 0, c 6= ±1, −c4λµ−c2λ2−c2µ2−λµ > 0, and234

c6 − c4 − c2 + 1 > 0. Since −λµ > 0, all the inequalities can be ensured by choosing c sufficiently235

small.236

Theorem 3.6.237

1. Table 2 lists all the minimal subgraphs with respect to the SSP for each ordered multiplicity238

list of order 5. In each case the reversal of the given list has the same minimal subgraphs.239

2. The order 5 part of Figure 1 lists all the possible ordered multiplicity lists for each connected240

graph of order 5 (both those ordered multiplicity lists next to the box with the graph and all241

those next to graphs below and connected by a sequence of lines in the order 5 diagram). Each242

ordered multiplicity list in Figure 1 is spectrally arbitrary. Those to the left of the dashed243

vertical line can realized with the SSP, whereas those to the right cannot be realized with the244

SMP (and thus not with the SSP).245

Proof. For each connected graph in Table 2, a matrix or reason is listed. That the matrices listed246

have the given ordered multiplicity list and can realize any such spectra was established in Lemma247

3.5, and it is straightforward to verify that each of the listed matrices has the SSP (see [23]). For248

the disconnected graphs, the result follows from Proposition 3.4 and the Block Diagonal Theorem249

[8, Theorem 34].250
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Table 2: Minimal order 5 subgraphs for attainment with SSP, by ordered multiplicity list (OML)

OML graph reason graph reason graph reason graph reason
(4,1) K5 J5
(3,2) (K4)e M5, a = 1

(3,1,1) K4 ∪̇K1 (K4)e M5, a > 1

(1,3,1) K4 ∪̇K1 K2,3 M4

(2,1,2) C4 ∪̇K1 Butterfly M3

(2,2,1) C4 ∪̇K1 C5 M1 Campstool M2

(2,1,1,1) C4 ∪̇K1 C5 Corollary 7.6 K3 ∪̇ 2K1

(1,2,1,1) C4 ∪̇K1 C5 Corollary 7.6 K3 ∪̇ 2K1 K1,3 ∪̇K1

(1,1,1,1,1) 5K1

The information in Table 2 can be used to justify the following statement: Every ordered251

multiplicity list to the left of the dashed vertical line in the order 5 part of Figure 1 is spectrally252

arbitrary with the SSP for the graphs in its box or above it. In some cases a subgraph with the253

desired ordered multiplicity list that is spectrally arbitrary with the SSP is used for the justification.254

To complete the proof, we show that for each graph no ordered multiplicity list other than those255

described in Figure 1 is possible, which also justifies that all minimal subgraphs are listed in Table256

2, and discuss why the non-SSP ordered multiplicity lists cannot be realized with SMP. In each257

case below, the statements about M (maximum multiplicity = maximum nullity), M+ (maximum258

positive semidefinite nullity) and ξ (maximum nullity with SAP) are well known (see, for example,259

[2], [7], and [14]).260

• For P5, M(P5) = 1.261

• For G = S(2, 1, 1), the first and last eigenvalues are simple since G is a tree (Lemma 2.2),262

and M(G) = 2.263

• For K1,4: The first and last eigenvalues are simple, so the only possible ordered multiplicity264

list that has not already been shown to be realized with the SSP is (1, 3, 1). The adjacency265

matrix realizes (1, 3, 1), and it is known that any star is spectrally arbitrary for every ordered266

multiplicity list it attains [4]. Since ξ(K1,4) = 2 and the SMP implies the SAP, (1, 3, 1) cannot267

be realized with the SMP.268

• For G = L(3, 2) or Bull, M(G) = 2, q(G) = 4, and one of the first and last eigenvalues is269

simple by Lemma 3.3.270

• For G = C5 or Campstool (Camp), M(G) = 2 and one of the first and last eigenvalues is271

simple by Lemma 3.3.272

• For G one of the graphs Banner (Bnr), House (Hs), Dart, Gem, or Kite, M(G) = 2.273

• For G = Butterfly (Bfly): M(G) = 3 and ξ(G) = 2, so no ordered multiplicity list containing274

a 3 can be realized with the SMP. Without the SMP, it is known that (1,3,1) and (3,1,1) are275

spectrally arbitrary for Butterfly [22, Section 5.2].276

• For G = K2,3 or T5, M(G) = 3 and M+(G) = 2; the latter eliminates (3, 1, 1) and (3, 2) as277

possible ordered multiplicity lists.278

• For L(4, 1), M(L(4, 1)) = 3 and q(L(4, 1)) = 3 by unique shortest path of length 2.279

• For G one of Full House (FHs), K5 − e, (K4)e, or W5, M(G) = 3.280

• For K5, M(K5) = 4.281
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4 A graph and ordered multiplicity list that allow the SMP but282

not the SSP283

In this section we exhibit a graphG and ordered multiplicity list m such ifA ∈ S(G) and m(A) = m,284

then A does not have the SSP, yet there exists B ∈ S(G) with m(B) = m that has the SMP. To285

establish that for a given graph and ordered multiplicity list, no matrix can have the SSP, we apply286

the next result.287

Theorem 4.1. [8, Corollary 29(b)] Suppose G is a graph, A ∈ S(G), m(A) = (m1, . . . ,mq), and288

A has the SSP. Then |E(G)| ≥∑q
j=1

(
mi
2

)
.289

Proposition 4.2. Let H be the graph shown in Figure 2. If A ∈ S(H) and m(A) = (3, 5, 4), then290

A does not have the SSP. The matrix291

B =



1 −1 0 0 0 −1
√

2 0 0 0 0 0

−1 1 −1 0 0 0 0
√

2 0 0 0 0

0 −1 1 −1 0 0 0 0
√

2 0 0 0

0 0 −1 1 −1 0
√

2 0 0 0 0 0

0 0 0 −1 1 −1 0
√

2 0 0 0 0

−1 0 0 0 −1 1 0 0
√

2 0 0 0√
2 0 0

√
2 0 0 −2 0 0 2 0 0

0
√

2 0 0
√

2 0 0 −2 0 0 2 0

0 0
√

2 0 0
√

2 0 0 −2 0 0 2
0 0 0 0 0 0 2 0 0 0 1 1
0 0 0 0 0 0 0 2 0 1 0 1
0 0 0 0 0 0 0 0 2 1 1 0


∈ S(H)292

has spec(B) = {−4,−4,−4, 0, 0, 0, 0, 0, 3, 3, 3, 3},m(B) = (3, 5, 4), and B has the SMP.293

1112

10

7

8 1

23

4

5 6

9

Figure 2: The graph H, which allows ordered multiplicity list (3,5,4) with the SMP but not with
the SSP.

Proof. Consider a matrix A ∈ S(H) with m(A) = (3, 5, 4). Since
(

3
2

)
+
(

5
2

)
+
(

4
2

)
= 19 > 18 = |E(H)|,294

A does not have the SSP by Theorem 4.1. It is straightforward to verify computationally that B295

does have the SMP (see [23]) and has the stated spectrum.296

5 Minimal minors for multiple eigenvalues297

An eigenvalue is multiple if it is not simple, i.e., if it has multiplicity at least two. In this section298

we determine the forbidden minors for a graph to have at most one multiple eigenvalue in a matrix299
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with the SSP or the SMP, and characterize connected graphs that do not have two consecutive300

multiple eigenvalues.301

5.1 Minimal minors having at least two multiple eigenvalues302

Theorem 5.1. Let G be a graph.303

(1) If G is a connected graph and none of the eleven graphs shown in Figure 3 is a minor of G,304

then any matrix A ∈ S(G) has at most one multiple eigenvalue.305

(2) There exists a matrix A ∈ S(G) with SSP (or with the SMP) having more than one multiple306

eigenvalue if and only if one of the eleven graphs shown in Figure 3 is a minor of G.307

C4 Campstool

3-sun K1,6 S(2,1,1,1,1)

H-tree

S(2,2,1,1)

K3 U K3

.
K3 U K1,3

.
K1,3 U K1,3

.

S(2,2,2)

Figure 3: The eleven minimal minors for two multiple eigenvalues.

Proof. (1) Suppose that G is a connected graph that has none of these eleven graphs as a minor.308

We show that A ∈ S(G) can have at most one multiple eigenvalue. The statement is immediate if309

|G| ≤ 3 so assume |G| ≥ 4.310

Case A: G contains a cycle. Since C4 is not a minor of G, the only cycles in G are triangles.311

Moreover, there can be no pair of disjoint triangles in G since K3 ∪̇K3 is not a minor of G, there312

can be no pair of triangles intersecting in exactly a single vertex since Campstool is not a minor of313

G, and there can be no pair of triangles intersecting in exactly a single edge since C4 is not a minor314

of G. Thus there is a single 3-cycle C in G. Since the 3-sun is not a minor of G, one of the vertices315

of C has degree 2, and since Campstool is not a minor of G, the degrees of the other two vertices of316

C are at most 3. Since |G| ≥ 4, at least one of the vertices of C has degree 3. Then all vertices not317

on C must have degree at most 2 or else the H-tree would be a minor of G. It follows that G is a318

path with an additional edge joining two vertices on the path at distance 2. By [8, Proposition 50319

and Theorem 51], q(G) = n− 1 and A has at most a single multiple eigenvalue.320
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Case B: G is a tree. Since the H-tree is not a minor of G, G has at most one vertex v of degree321

greater than 2. If A has two distinct eigenvalues of multiplicity at least 2, then by the Parter–322

Wiener Theorem (Theorem 2.1), A[G − v] has two eigenvalues of multiplicity at least 3 and each323

of these must occur in at least 3 different components of G− v. We show this is impossible.324

The degree of v is at most 5 since K1,6 is not a minor of G. If the degree of v is 5, then G325

is K1,5 since S(2, 1, 1, 1, 1) is not a minor of G, but this does not permit 3 components each for 2326

eigenvalues. Suppose the degree of v is 4. Since S(2, 2, 1, 1) is not a minor of G, all but one of the327

neighbors of v is a pendent vertex, which also does not permit 3 components each for 2 eigenvalues.328

Suppose the degree of v is 3. Since S(2, 2, 2) is not a minor, at least one neighbor of v is pendent,329

but this does not permit 3 components each with 2 eigenvalues. The only remaining case is that G330

is a path, and then all eigenvalues of A are simple.331

(2) (⇒): Suppose that G does not have any of these eleven graphs as a minor. The case in332

which G is connected is covered by (1), so assume G is disconnected. Since K3 ∪̇K3 is not a minor,333

G has at most one component with a cycle. Let A ∈ S(G) have the SMP.334

Table 3: Matrices with two double eigenvalues and the SSP

graph matrix/reason spectrum OML

K3 ∪̇K3 Remark 3.1 (2,2,1,1)

K3 ∪̇K1,3 Remark 3.1 (1, 2, 2, 1, 1)

K1,3 ∪̇K1,3 Remark 3.1 (1, 1, 2, 2, 1, 1)

C4 Table 1
{
−
√

2,−
√

2,
√

2,
√

2
}

(2, 2)

Campstool [8, Proposition 44] {−2, 0, 0, 2, 2} (1, 2, 2)

H-tree [8, Proposition 44]
{

1
2 (1−

√
29), 0, 0, 1, 1, 12 (1 +

√
29)
}

(1, 2, 2, 1)

3-sun [8, Proposition 44]
{

0, 0, 12 (5−
√

13), 2, 2, 1
2 (5 +

√
13)
}

(2, 1, 2, 1)

K1,6



0 1 1 1 2 2 2

1 1 0 0 0 0 0

1 0 1 0 0 0 0

1 0 0 1 0 0 0

2 0 0 0 0 0 0

2 0 0 0 0 0 0

2 0 0 0 0 0 0


{

1
2 (−3−

√
21), 0, 0, 1

2 (−3 +
√

21), 1, 1, 4
}

(1, 2, 1, 2, 1)

S(2, 1, 1, 1, 1)



0 1 0 3 2 1 1

1 1 1 0 0 0 0

0 1 1 0 0 0 0

3 0 0 2 0 0 0

2 0 0 0 2 0 0

1 0 0 0 0 0 0

1 0 0 0 0 0 0


{

1
2 (−3−

√
13), 0, 0, 1

2 (
√

13− 3), 2, 2
}

(1, 2, 1, 2, 1)

S(2, 2, 1, 1)



0 2 0 2 0 1
√

2

2 1 1 0 0 0 0

0 1 1 0 0 0 0

2 0 0 1 1 0 0

0 0 0 1 1 0 0

1 0 0 0 0 2 0
√

2 0 0 0 0 0 0


{−3, 0, 0, 1, 2, 2, 4} (1, 2, 1, 2, 1)

S(2,2,2) [8, Proposition 44] {−1.4605, 0, 0, .760877, 2, 2, 2.69963} (1, 2, 1, 2, 1)
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Case A: G has a component that contains a cycle. Call this component G1. Since K3 ∪̇K1,3 is335

not a minor of G, all other components of G are paths. By [8, Theorem 34], the spectra associated336

with the components must be disjoint, so all multiple eigenvalues must be associated with the337

connected component G1. Then by (1), all but one of the eigenvalues associated with G1 are338

simple.339

Case B: G is a forest. Since K1,3 ∪̇K1,3 is not a minor, all but possibly one component are paths;340

denote the non-path component by T1. Since the spectra associated with the components must be341

disjoint, all multiple eigenvalues must be associated with the component T1, and by (1), all but one342

of the eigenvalues associated with T1 are simple.343

(2) (⇐): For each graph in Figure 3, Table 3 lists one of the following: i) A matrix in S(G)344

(or a citation of a reference that contains such a matrix) together with its eigenvalues and ordered345

multiplicity list; the matrix has two eigenvalues of multiplicity 2 and has the SSP. ii) A reason that346

implies the graph has a matrix with two multiple eigenvalues and the SSP. Then, by Theorem 6.13,347

any graph that has one of these eleven graphs as a minor must allow a matrix with the SSP that348

has at least two multiple eigenvalues.349

5.2 Minimal minors having at least two consecutive multiple eigenvalues350

Let λ1 < λ2 < · · · < λk be the distinct eigenvalues of a matrix. Eigenvalues of the form351

λi, λi+1, . . . , λi+s with s ≥ 1 are referred to as consecutive. Theorem 5.3 below characterizes,352

by forbidden minors, the graphs that do not allow two consecutive multiple eigenvalues. To prove353

this theorem, we need some additional results and notation. If F is a family of graphs, we say that354

a graph G does not have an F-minor if no graph in F is a minor of G.355

Examining Table 3, some of the eleven graphs in Figure 3 allow a matrix with the SSP and two356

consecutive multiple eigenvalues, including357

{K3 ∪̇K3,K3 ∪̇K1,3,K1,3 ∪̇K1,3, C4,Campstool, H-tree}.358

The remaining graphs are 3-sun,K1,6, S(2, 1, 1, 1, 1), S(2, 2, 1, 1), S(2, 2, 2); all but the 3-sun are359

generalized stars.360

A generalized 3-sun is obtained from the 3-sun by subdividing each edge incident with a vertex361

of degree one as many times as desired (note no subdivision is acceptable, so the 3-sun is also a362

generalized 3-sun). It is well known that a generalized star G does not allow a matrix with two363

consecutive multiple eigenvalues (Lemma 2.3), and we show this is also a property of a generalized364

3-sun.365

Lemma 5.2. A generalized 3-sun does not allow a matrix with two consecutive multiple eigenvalues.366

Proof. Suppose A ∈ S(G) has consecutive multiple eigenvalues. Since G is unicyclic with an odd367

cycle, we may assume all off diagonal entries have the same sign. By shifting and scaling we368

may also assume the two consecutive multiple eigenvalues are 1 and −1, so A2 − I is a positive369

semidefinite matrix with nullity at least 4.370

Define the graphs G(2) and G2 by V (G(2)) = V (G2) = V (G), E(G(2)) contains all pairs of371

vertices that have distance 2 in G, and E(G2) = E(G) ∪̇E(G(2)). Let H be the graph corresponding372

to the matrix A2−I. Then E(G(2)) ⊆ E(H) ⊆ E(G2). Now let S be the three vertices on the center373

triangle ofG. Then S is a positive semidefinite zero forcing set ofH, meaningM+(H) ≤ Z+(H) ≤ 3,374

which is a contradiction. For the definition of Z+(G) and its relation with M+(G), see [3] or [14].375
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Theorem 5.3. The following statements are equivalent:376

1. G does not allow a matrix with the SSP that has two consecutive multiple eigenvalues;377

2. G does not allow a matrix with the SMP that has two consecutive multiple eigenvalues;378

3. G does not contain a minor in the family379

F ′2 = {K3 ∪̇K3,K3 ∪̇K1,3,K1,3 ∪̇K1,3, C4,Campstool, H-tree};380

4. G is a disjoint union of G1 and any number of paths, where G1 is either a generalized star381

or a generalized 3-sun.382

Proof. For graphs G in F ′2, there is a matrix A ∈ S(G) with the SSP and having consecutive383

multiple eigenvalues (see Table 3). Then by Theorem 6.13, every graph that contains a F ′2 minor384

allows a matrix with the SSP and having consecutive multiple eigenvalues. Such a matrix also has385

the SMP. In other words, (2) ⇒ (1) ⇒ (3).386

To see that (3) ⇒ (4), assume G is a graph that does not contain a F ′2 minor. Since G does387

not have any of K3 ∪̇K3, K3 ∪̇K1,3, or K1,3 ∪̇K1,3 as a minor, every component of G but one is388

a path. Since paths do not allow multiple eigenvalues and the SSP guarantees eigenvalues from389

different components are not the same, we may assume G is connected. Since G does not have any390

of C4,K3 ∪̇K3, or Campstool as a minor, G is either a tree or a unicyclic graph with a triangle.391

Suppose G is unicyclic with a triangle. Consider G formed by attaching three trees T1, T2, T3 to392

a triangle on vertices v1, v2, v3 respectively. If Ti is not a path with vi as an endpoint, then G has393

the Campstool as a minor. Thus G is a generalized 3-sun, and G does not allow a matrix having394

consecutive multiple eigenvalues by Lemma 5.2.395

Suppose G is a tree. If G has two vertices of degree at least 3, then G has the H-tree as a396

minor. So G must be a generalized star, which does not allow a matrix having consecutive multiple397

eigenvalues by Lemma 2.3.398

The fact that (4) implies (2) is obvious.399

Corollary 5.4. A graph G allows a matrix with two consecutive multiple eigenvalues and the SSP400

if and only if G allows a matrix with two consecutive multiple eigenvalues and the SMP if and only401

if G has a minor in the family F ′2 = {K3 ∪̇K3,K3 ∪̇K1,3,K1,3 ∪̇K1,3, C4,Campstool, H-tree}.402

If a graph G does not allow a matrix with two consecutive multiple eigenvalues, then G does403

not allow a matrix with the SSP and having two consecutive multiple eigenvalues. Thus, we have404

the following corollary to Theorem 5.3 and Lemma 5.2.405

Corollary 5.5. A connected graph G does not allow a matrix with two consecutive multiple eigen-406

values if and only if G is a generalized star or a generalized 3-sun.407

6 Minor monotonicity of the SSP and SMP408

It is known that the maximum nullity of a graph is not minor monotone (in fact, not even subgraph409

monotone [6, Example 5.1]). However, under the additional assumption of having the SAP the410

maximum nullity is minor monotone; that is, if G is a minor of the graph H and there is a matrix411

in S(G) with nullity k and the SAP, then there is a matrix in S(H) with nullity k and the SAP [7].412
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In this section we study minor monotonicity with respect to spectra and multiplicity lists and413

the SSP and SMP properties. Note that the monotonicity of SSP and SMP for G a subgraph of414

H was established in [8]. However, contraction is more subtle. When G is obtained from H by415

a contraction, it may be necessary to restrict the simple eigenvalue added to being at one of the416

extreme ends of the spectrum. For example, C4 is a minor of C5, C4 realizes (2,2) with the SSP,417

but C5 cannot realize (2,1,2) by Lemma 3.3, yet C5 can realize (2,2,1). Much of our discussion will418

focus on the SSP since the proofs for the SMP are analogous.419

6.1 Tangent spaces of pertinent manifolds420

One of the key ideas used to prove the minor monotonicity is to perturb a matrix so that it stays421

on the manifold of matrices with the same spectrum, ordered multiplicity list, or rank. Consider422

the space of all n × n symmetric real matrices, denoted as Sn(R). Let Λ = {λ1, . . . , λn} be a set423

of real numbers, m = (m1, . . . ,mq) a sequence of positive integers with m1 + · · · + mq = n, r an424

integer with 0 ≤ r ≤ n. Define425

EΛ = {M ∈ Sn(R) : spec(M) = Λ},
Um = {M ∈ Sn(R) : m(M) = m}, and

Rr = {M ∈ Sn(R) : rank(M) = r}.
426

For any matrix A ∈ Sn(R), we also write EA for Espec(A), UA for Um(A), and RA for Rrank(A). The427

notation follows that in [8], and these sets are known to be manifolds; see, e.g., [10]. #5428

Recall that two manifolds intersect transversally at a point x if their tangent spaces at x span the429

whole space; equivalently, two manifolds intersect transversally if the intersection of their normal430

spaces is {0}. Also, if G is a graph and A ∈ S(G), then Lemmas 4, 7, and 17 in [8] assert that the431

S(G) and EA (UA, or RA, respectively) intersect transversally at A if and only if A has the SSP LH432

(SMP, or SAP, respectively). The tangent spaces for EA, UA, and RA at the point A have been433

computed in [8, Theorem 27]. To utilize these tangent spaces in an efficient way, Definition 6.1434

introduces the tangent space matrices so that these tangent spaces are the column spaces of the435

corresponding matrices. #4 (1006)436

For an n×n symmetric matrix M , let vec(M) be the vector of dimension
(
n+1

2

)
with entries from437

the upper triangular part of M ; vec(M) is indexed by (i, j) in lexicographic order for 1 ≤ i ≤ j ≤ n.438

For a set E of pairs (i, j) with 1 ≤ i ≤ j ≤ n, vecE(M) is the subvector of dimension |E| that439

contains only the entries corresponding to indices in E. In the following, Eij denotes the n × n440

matrix with a 1 in position (i, j) and 0 elsewhere, and Kij denotes the n×n skew-symmetric matrix441

Eij − Eji.442

Definition 6.1. Let M be an n× n symmetric matrix.443

1. The SSP tangent space matrix TSS(M) of M is the
(
n+1

2

)
×
(
n
2

)
matrix such that the (k, `)-444

column is vec(MKk` + K`kM) and the columns are indexed by (k, `) in lexicographic order445

for 1 ≤ k < ` ≤ n.446

2. The SMP tangent space matrix TSM(M) of M is the
(
n+1

2

)
×
((
n
2

)
+ q
)

matrix obtained by447

augmenting TSS(M) with the q columns vec(Mk) for k = 0, 1, . . . , q−1 (where q is the number448

of distinct eigenvalues of M).449

3. The SAP tangent space matrix TSA(M) of M is the
(
n+1

2

)
× n2 matrix such that the (k, `)-450

column is vec(MEk` +E`kM) and the columns are indexed by (k, `) with 1 ≤ k, ` ≤ n in the451

lexicographic order.452
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something
commented
out here.

Remark 6.2. Let A be a symmetric matrix and EA its isospectral manifold. Let V be a subspace453

of symmetric matrices. According to the definition of the transversality, EA and V intersect454

transversally at A if and only if the zero matrix is the only matrix X such that X ∈ V ⊥ and455

vec(X)>TSS(A) = 0>. In particular, if G is the graph of A and V is the topological closure456

of S(G), then we can see that A has the SSP if and only if the rows of TSS(A) corresponding to #6457

nonedges are linearly independent.458

We now focus on the tangent space to the isospectral manifold. We first compute the tangent459

space matrix for a matrix of the form A⊕ [λ], which is denoted by Aλ. Given a matrix M , max(M)460

denotes the maximum absolute value of an entry of M , and mj denotes the jth column of M .461

Lemma 6.3. Let A be an n× n matrix and λ be a real number. Then, after the columns indexed462

by (i, n+ 1) have been permuted to the right and the rows indexed by (i, n+ 1) have been permuted463

to the bottom, TSS(Aλ) has the form464  TSS(A) O

O A− λIn
0 · · · 0 0 · · · 0

 .465

Proof. The result follows from the following computations. For i, j ∈ {1, 2, . . . , n},466

AλKij −KijAλ =

 AKij −KijA

0
...
0

0 · · · 0 0

 .467

For i ∈ {1, 2, . . . , n},468

AλKi,n+1 −Ki,n+1Aλ =

(
O ai − λei

a>i − λe>i 0

)
,469

where ai and ei denote the ith column of A and the ith standard basis vector, respectively.470

We now use Lemma 6.3 to give a perturbation result for Aλ. Specifically, if λ is large enough, you471

can perturb an SSP matrix Aλ by any sufficiently small E that is combinatorially orthogonal to Aλ,472

and find a correction matrix F whose size is controlled such that G(F ) is a subgraph of G(Aλ) and473

spec(Aλ +E+F ) = spec(Aλ). This allows us to add edges between the isolated vertex represented474

by λ and G(A) while preserving the spectrum and controlling the size of the modification.475

Before continuing the argument, we include a version [8, Theorem 3] of the implicit function476

theorem regarding the intersection of two manifolds.477

Theorem 6.4. [8] Let M1(s) and M2(t) be smooth families of manifolds in Rd. Suppose M1(0)478

and M2(0) intersect transversally at a point y0. Then there is a neighrborhood W ⊆ R2 of the479

origin and a continuous function f : W → Rd such that f(0) = y0 and for each ε = (ε1, ε2) ∈ W ,480

M1(ε1) and M2(ε2) intersect transversally at f(ε).481

#7

Lemma 6.5. Let A be an n×n symmetric matrix with the SSP and graph G. There exists a ∆ > 0482

such that for all sufficiently small ε > 0 and all sufficiently large λ, the following holds:483
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For each symmetric matrix E of order n + 1 such that E ◦ I = O and E ◦ Aλ = O and484

max(E) ≤ ε, there exists a symmetric F = [fij ] of order n+ 1 such that fij 6= 0 only if i = j #3485

or ij is an edge of G, max(F ) ≤ ∆ε, and Aλ + E + F is cospectral with Aλ.486

Proof. For λ sufficiently large, λ is not an eigenvalue of A, so Aλ has the SSP, and G(Aλ) = G ∪̇K1.487

Let τ be the indices of the rows of TSS(Aλ) corresponding to (i, j) where i 6= j and ij is not an edge488

of G(Aλ). Since Aλ has the SSP, the rows of TSS(Aλ) corresponding to τ are linearly independent489

and there exists an invertible |τ | × |τ | submatrix TSS(Aλ)[τ, µ] of TSS(Aλ).490

We are building toward a proof that the SSP is preserved for decontractions. The proof that the491

SSP is preserved for supergraphs [8, Theorem 10] makes use of the Implicit Function Theorem. For492

this result, we need a different form of the Implicit Function Theorem, which uses the invertibility need ex-
planation
(1006)

493

of TSS(Aλ)[τ, µ] to guarantee uniform continuity within some neighborhood. This yields, for ε > 0494

sufficiently small and a given E with max(E) ≤ ε, a positive ∆ (independent of ε) and F satisfying495

the conditions stated in the lemma, for which Aλ + E + F cospectral with Aλ.496

Next we compute the tangent space of a special type of perturbation of Aλ. Recall that the497

notation O(ε) denotes a function f(ε) with the property that there is a constant K > 0 and a small498

number δ > 0 such that |f(ε)| < Kε and |f(−ε)| < Kε whenever ε < δ. #8499

Lemma 6.6. Given Aλ and a matrix L with max(L) ≤ 1, suppose500

C = Aλ +

(
O x

x> 0

)
+O(ε)L.501

Then, after permuting as in Lemma 6.3, TSS(C) has the form502 
TSS(A) V1

V2 A− λI + V3

0> 2x>

+O(ε) TSS(L) =


TSS(A) V1

V2 A− λI + V3

0> 2x>

+O(ε)M503

where max(V1),max(V2),max(V3) are all at most 2 max(x), and M is a fixed matrix.504

Proof. The form of C implies505

TSS(C) = TSS(Aλ) + TSS

((
O x

x> 0

))
+O(ε) TSS(L).506

The result then follows from the following computations. For i, j ∈ {1, 2, . . . , n},507 (
O x

x> 0

)
Kij +Kji

(
O x

x> 0

)
=

(
O xiej − xjei

xiej
> − xjei> 0

)
.508

For i ∈ {1, 2, . . . , n},509 (
O x

x> 0

)
Ki,n+1 +Kn+1,i

(
O x

x> 0

)
=

(
−eix

> − xei
> O

O 2xi

)
.510
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Although it is not part of the statement of the next result, we are thinking of a graph G of511

order n being used to create a graph H of order n+ 1 as follows: Add a new vertex n+ 1 adjacent512

to n. All the edges of G that do not involve vertex n remain in H. Partition the neighborhood of #9-(1006-
LH)

513

n in G, NG(n), into α and β. In H, the vertices in α remain adjacent to n whereas the vertices514

in β are adjacent to n+ 1 but not to n. Thus H has one more vertex and one more edge than G.515

The existence of a matrix of the special form described in Theorem 6.7 ensures the existence of a516

matrix in S(H) with spectrum spec(G) ∪̇ {λ} for λ sufficiently large.517

Theorem 6.7. Let A be an n × n SSP matrix with graph G, λ sufficiently large, and α ∪̇β be a518

partition of NG(n). Suppose that for a matrix L with max(L) ≤ 1, there is a symmetric (n+ 1)×519

(n+ 1) matrix520

C = Aλ +

(
O x

x> 0

)
+O(ε)L,521

such that spec(C) = spec(Aλ),522

cn,j = cn+1,j = 0 for j 6∈ NG[n] ∪ {n+ 1},
cn,j = cn+1,j for j ∈ α ∪ {n},
cn,j = −cn+1,j for j ∈ β,
cn,n 6= cn+1,n+1,

523

and C({n+ 1}) has graph G, where C({n+ 1}) is the matrix obtained from C by removing the last524

column and row. Let V denote the span of the matrices #10 (1006)525

Eii for i = 1, 2, . . . , n+ 1,
Eij + Eji for ij an edge of G not incident to n,

Enj + Ejn − En+1,j − Ej,n+1 for j ∈ α ∪ {n}, and
Enj + Ejn + En+1,j + Ej,n+1 for j ∈ β.

526

Then EC intersects V transversally. Moreover, the matrix RCR>, where typo527

R = In−1 ⊕
( √

2/2
√

2/2

−
√

2/2
√

2/2

)
,528

is cospectral with Aλ, has the SSP, and its graph H is the graph obtained from G by inserting a529

new vertex n+ 1, and edge between n and n+ 1, and for j ∈ β replacing the edge nj in G with the530

edge joining j and n+ 1.531

Proof. According to Remark 6.2, the two manifolds EC and V intersect transversally if and only532

if X = O is the only matrix with X ∈ V ⊥ and vec(X)>TSS(C) = 0>. Let w = vec(X) for some533

matrix X ∈ V ⊥ and assume that w is in the left-nullspace of TSS(C). For convenience we index534

the elements of w elements by (i, j) in lexicographic order with 1 ≤ i ≤ j ≤ n+ 1. Thus we need to535

show that if w(i,i) = 0 for all i, w(i,j) = 0 when ij is an edge of G not incident to n, w(j,n) = w(j,n+1)536

for j ∈ α∪{n}, and w(j,n) = −w(j,n+1) for j ∈ β, then w = 0.537

Let Ĉ be the matrix obtained from TSS(C) by the following three steps:538

• Replace the row indexed by (j, n+ 1) by the sum of the rows indexed by (j, n+ 1) and (j, n)539

for j ∈ α∪{n}.540
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• Replace the row indexed by (j, n+ 1) by the difference of the rows indexed by (j, n+ 1) and541

(j, n) for j ∈ β.542

Thus, the desired transversality is implied by the linearly independence of rows of Ĉ indexed by #11 (1006)543

γ = {(i, j) : 1 ≤ i < j ≤ n + 1 and ij not an edge of G} and the rows indexed by (j, n + 1) for544

j = 1, . . . , n. By Lemma 6.6, after the usual permutation, the matrix formed by these rows has the545

form546 (
TSS(A)[γ, :] V1[γ, :]

V ′2 A− λIn + V ′3

)
+O(ε)M (1)547

for a fixed matrix M . Since λ is significantly larger than any entry of V1, V ′2 , and V ′3 , and the548

corresponding rows of TSS(A) are linearly independent by the fact that A has the SSP, the matrix549

in (1) has linearly independent rows.550

Note that RCR> is the matrix obtained from C by performing a rotation of π/4 on the last two #12551

rows and columns of C. Hence the submatrices of RCR> and C lying in the first n − 1 rows and552

columns agree. The hypothesis on the last two rows of C imply that RCR> has the given graph.553

Now suppose that X is an (n + 1) × (n + 1) matrix with X ◦ I = O, X ◦ RCR> = O, and554

[X,RCR>] = O. Note in particular, X[{n, n + 1}, {n, n + 1}] = O since (RCR>)n,n+1 6= 0. It555

follows that RXR> is in the orthogonal complement of V in the space of symmetric matrices. As556

V intersects EC transversally, we conclude that RXR> = O. Thus, X = O, and we conclude typo557

that RCR> has the SSP.558

6.2 Proof of minor monotonicity for SSP559

In this section we prove that if A has the SSP and λ is sufficiently large, then there exists a matrix560

C satisfying the hypothesis of Theorem 6.7. We begin with a needed perturbation result.561

Lemma 6.8. Let M be a positive definite n × n matrix with smallest eigenvalue λmin(M) and b562

be an n-vector. If x is the solution to Mx = b, then563

max(x) ≤
√
n

λmin(M)
·max(b).564

Proof. Let mj denote the jth column of M−1, and observe that ‖mj‖ ≤ λmax(M−1) = 1
λmin(M) .565

Since x = M−1b, the Cauchy–Schwarz inequality yields566

|xj | ≤ ‖mj‖ · ‖b‖567

≤ 1

λmin(M)
· ‖b‖568

≤ 1

λmin(M)
· √n ·max(b).569

Proposition 6.9. Let A be a symmetric n× n matrix with graph G. Let ε > 0 with ε ≤ max(A),570

∆ > 0, and λ ≥ max
{

2ρ(A), 4n(max(A)(1+∆))2

ε2

}
. Let B = Aλ+E+F be an (n+1)× (n+1) matrix571

such that572

(a) E = [eij ] is a symmetric matrix with max(E) ≤ ε, E ◦Aλ = O, and E ◦ I = O; and573

(b) F = [fij ] is a symmetric matrix with max(F ) ≤ ∆ max(E) and fij 6= 0 only if ij is an edge574

of G or i = j.575
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Let α ∪̇β be a partition of NG(n). Then there is an orthogonal matrix Q such that576

(c) for all i and j except {i, j} ∈ {{n+1, k} : k ∈ NG[n]}, the ij-entry of Q>BQ−B has absolute577

value at most O(ε2).578

(d) For each j in α ∪ {n}, (Q>BQ)n+1,j − (Q>BQ)nj − en+1,j has absolute value at most O(ε2),579

and580

(e) for each j in β, (Q>BQ)n+1,j + (Q>BQ)nj − en+1,j has absolute value at most O(ε2).581

Proof. Since λ ≥ 2ρ(A), λI−A is positive definite. Define k to be the n-vector given by (λI−A)k =582

D(an+ fn) where an and fn denote the nth columns of A and F ({n+1}), and D = diag(d1, . . . , dn)583

is the diagonal matrix with di equal to 1 if i ∈ α ∪ {n}, −1 if i ∈ β and 0 otherwise.584

Note that the choice of λ and Lemma 6.8 imply that585

λmax(k)2 ≤ λ

(√
nmax(A)(1 + ∆)

λmin(λI −A)

)2

586

≤ λn(max(A)(1 + ∆))2

(λ− ρ(A))2
587

≤ 4λn(max(A)(1 + ∆))2

λ2
588

≤ ε2.589

Let K be the skew-symmetric matrix590 (
O −k

k> 0

)
591

and let Q be the matrix exponential eK , which is an orthogonal matrix. By the definition of matrix592

exponential and Taylor’s theorem, eK has the form I + K + O(ε2)L′ with max(L′) ≤ 1. For ε #13 (1006)593

sufficiently small, Q>BQ has the form594

B +AλK −KAλ +O(ε2)L595

with max(L) ≤ 1, because every entry of each of K, E, and F is O(ε). Since596

AλK −KAλ =

(
O D(an + fn)

(an + fn)>D O

)
,597

Q>BQ has the desired form.598

Theorem 6.10. Let A be a symmetric n × n matrix with graph G and the SSP, and let α ∪̇β be599

a partition of NG(n). Let H be the graph obtained from G ∪̇K1 by joining n+ 1 to each vertex in600

NG[n]. Then for ε > 0 sufficiently small and λ sufficiently large there is a matrix C such that:601

• the spectrum of C is that of A along with λ;602

• |cij − aij | ≤ O(ε) for all i and j with {i, j} /∈ {{n, j} : j ∈ NG[n]};603

• cni = cn+1,i for i ∈ α ∪ {n};604
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• cni = −cn+1,i for i ∈ β;605

• cn,n 6= cn+1,n+1; and606

• the graph of C is H.607

Proof. Let Ω be the set of (n+ 1)× (n+ 1) symmetric matrices defined as608

Ω = {E : max(E) ≤ ε, E ◦Aλ = O, and E ◦ I = O}.609

Since A has the SSP, by Lemma 6.5 there is a ∆ > 0 such that for ε > 0 sufficiently small (we also610

require ε ≤ max(A)) and λ sufficiently large, for all E ∈ Ω there is a symmetric matrix F such that611

the graph of F is a subgraph of G ∪̇ {n+ 1}), max(F ) ≤ ∆ max(E), and Aλ +E + F is cospectral612

to Aλ. As in Lemma 6.5, F can be chosen to be a uniformly continuous function of the entries of613

E. Denote such Aλ + E + F by BE .614

With λ sufficiently large, (BE)nn 6= (BE)n+1,n+1. By Proposition 6.9, there exists a Q such615

that Q>BEQ satisfies (c), (d), and (e). Let φ(E) be the (n+ 1)× (n+ 1) symmetric matrix with616

its lower triangular part defined as617

φ(E)ij=


(Q>BEQ)ij if i 6= j, ij is not an edge of H

(Q>BEQ)n+1,j − (Q>BEQ)nj if i = n+ 1 and j ∈ α ∪ {n}
(Q>BEQ)n+1,j + (Q>BEQ)nj if i = n+ 1 and j ∈ β

0 otherwise.

618

Then (c), (d), and (e) of Proposition 6.9, imply that619

|φ(E)ij − eij | ≤ O(ε2) for all ij with i 6= j and ij not an edge of G ∪̇ {n+ 1},620

where E = [eij ]. We claim that there exists an E such that φ(E) = O. Suppose to the contrary that621

φ(E) 6= O for all E. Then f : Ω → Ω defined by f(E) = −ε φ(E)
maxφ(E) is a well-defined, continuous #14622

map. Let ij be an index with |φ(E)ij | the largest. Note that eij and f(E)ij have opposite signs #15623

unless |eij | ≤ O(ε2), and in the latter case |f(E)ij | = ε > |eij |. Thus f has no fixed point. However,624

Ω is homeomorphic to a closed ball in Rd, where d is the number of edges not in G ∪̇ {n + 1}. So625

the nonexistence of a fixed point would contradict the Brouwer Fixed-Point Theorem.626

Thus there exists E ∈ Ω such that φ(E) = O. For such E, BE , and hence Q>BEQ, is cospectral627

with Aλ. Let C = Q>BEQ. Then C has the desired properties.628

629

Applying Theorem 6.7 to the matrix C found in Theorem 6.10, we have the following result.630

Lemma 6.11 (Decontraction Lemma for SSP). Suppose G is obtained from H by contraction of631

a single edge whose endpoints have disjoint neighborhoods, and A ∈ S(G) with the SSP. Then for632

λ sufficiently large, there is an SSP matrix A′ ∈ S(H) with the same eigenvalues as A and the633

additional eigenvalue λ.634

Similar arguments can be employed to establish the following analogous result for SMP.635

Lemma 6.12 (Decontraction Lemma for SMP). Suppose G is obtained from H by contraction of636

a single edge whose endpoints have disjoint neighborhoods, and A ∈ S(G) with SMP. Then there is637

an SMP matrix A′ ∈ S(H) with the ordered multiplicity list obtained by adding a 1 to the end of638

m(A) .639
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Combining these results, and subgraph results [8, Theorem 36], we obtain the following general640

result regarding graph minors.641

Theorem 6.13 (Minor Monotonicity Theorem). Suppose G is a minor of H obtained by contraction642

of r edges, deletion of s vertices, and deletion of any number of edges, and A ∈ S(G).643

If A has SMP and m(A) = (m1, . . . ,mt), then there is a matrix A′ ∈ S(H) having SMP with644

m(A′) obtained from m(A) by adding r + s ones, with at most s of these between m1 and mt.645

If in addition A has the SSP, then A′ can be chosen to have the SSP, spec(A) ⊆ spec(A′), all646

eigenvalues not in spec(A) are simple and distinct, at most s of these additional eigenvalues are647

between λmin(A) and λmax(A), and s simple eigenvalues (including all of those between λmin(A)648

and λmax(A)) can be chosen arbitrarily.649

7 The Matrix Liberation Lemma and other technical tools650

In this section we prove the Matrix Liberation Lemma and some consequences, which were used to651

establish several previous results. In each case there is a rectangular matrix that characterizes the652

extent to which the zero entries of the matrix can be perturbed (with sufficiently small changes)653

while preserving the exact spectrum (SSP), the ordered multiplicity list (SMP), or the rank (SAP).654

These matrices, which are necessary in order to state the Matrix Liberation Lemma, are defined655

Definition 7.1.656

Definition 7.1. Let G be a graph and let E be the set of pairs {(i, j) : i < j, {i, j} ∈ E(G)}. Let657

A ∈ S(G) and p = |E|.658

1. The SSP verification matrix ΨS(A) of A is the p×
(
n
2

)
matrix TSS(A)[E, :].659

2. The SMP verification matrix ΨM (A) of A is the p×
((
n
2

)
+ q
)

matrix TSM(A)[E, :].660

3. The SAP verification matrix ΨA(A) of A is the p× n2 matrix TSA(A)[E, :].661

It was shown in [8] that A satisfies the SSP, SMP, or SAP, respectively, if and only if the662

matrix ΨS(A), ΨM (A), or ΨA(A) has full rank p. Notice that in ΨM (A) the columns vecE(A0)663

and vecE(A1) are always zero, so we may omit them for verifying if A has the SMP or not.664

The support of a vector x is the set of indices of nonzero coordinates of x, and is denoted by665

supp(x). The next result is a special case of [19, Corollary 2.2] considering the intersection of #16 (1006-
LH)

666

only two manifolds.667

Lemma 7.2. [19, Corollary 2.2] Assume that M1 and M2 intersect transversally at y, and let v668

be a common tangent to each of M1 and M2 with ||v|| = 1. Then for every ε > 0 there exists a669

point y′ 6= y such that M1 and M2 intersect transversally at y′, and670 ∥∥∥∥ 1

‖y − y′‖(y − y′)− v

∥∥∥∥ < ε.671

Lemma 7.3 (Matrix Liberation Lemma). Let G be a graph and A ∈ S(G). Let Ψ be one of the672

following:673

• Case 1. Ψ = ΨS(A).674

• Case 2. Ψ = ΨM (A).675
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• Case 3. Ψ = ΨA(A).676

Suppose x is a vector in the column space of Ψ such that the complement of supp(x) corresponds to677

a linearly independent set of rows in Ψ. Let H be a spanning subgraph of G whose edges correspond678

to supp(x). Then A can be perturbed to A′ ∈ S(G ∪H) such that:679

• Case 1. A′ satisfies the SSP with the same spectrum as A.680

• Case 2. A′ satisfies the SMP with the same ordered multiplicity list as A.681

• Case 3. A′ satisfies the SAP with the same rank as A.682

Proof. We prove the result in Case 1, as the other cases follow by similar arguments. Assume that683

Ψ = ΨS(A). Let E = {(i, j) : i < j, {i, j} ∈ E(G)}. Since x is in the column space of Ψ and the684

column space of TSS(A) is the tangent space of the isospectral manifold EA at A, there is a matrix685

B in the tangent space such that vecE(B) = x. We may scale B such that ‖B‖ = 1.686

Let V be the subspace (which is a manifold) of n × n symmetric matrices whose i, j-entry is687

zero if {i, j} ∈ E(G ∪H). Then V ⊥ contains matrices whose nonzero entries appear only at those688

pairs that correspond to E(G ∪H), which is also the complement of supp(x). By our assumption,689

the set of rows in TSS(A) corresponding to the complement of supp(x) is linearly independent. By690

Remark 6.2, EA and V intersect transversally at A. Also, B is a common tangent to V and EA.691

Applying Lemma 7.2 with two manifolds V and EA, y = A, and v = B, for every ε > 0 there692

is a matrix A′ with693 ∥∥∥∥ 1

‖A−A′‖(A−A′)−B
∥∥∥∥ < ε.694

such that EA and V intersect transversally at A′.695

We may pick ε small enough such that the nonzero entries of B do not vanish in 1
‖A−A′‖(A−A′),696

so the entries of A′ corresponding to E(H) are nonzero. Since A′ is close to A, the nonzero entries697

of A do not vanish in A′, so entries of A′ corresponding to E(G) are nonzero. All these facts and698

A′ ∈ V imply A′ ∈ S(G∪H). This means EA and S(G∪H) intersect transversally at A′, so A′ has699

the SSP and spec(A′) = spec(A).700

Remark 7.4. A vector x as in the Matrix Liberation Lemma exists if and only if no row of Ψ is701

zero. In this case, a vector x with every entry nonzero exists in the column span of Ψ, the graph702

H = G, and Lemma 7.3 guarantees a matrix with the same spectrum as A such that all off-diagonal703

entries are nonzero. For the SSP, the condition that no row of ΨS(A) is zero is equivalent to A not704

having a pair of rows i and j such that aik = 0 for k 6= i, ajk = 0 for k 6= j, and aii = ajj . #17705

We apply the Matrix Liberation Lemma to prove additional results.706

Lemma 7.5 (Augmentation Lemma). Let G be a graph on vertices {1, . . . , n} and A ∈ S(G).707

Suppose A has the SSP and λ is an eigenvalue of A with multiplicity k ≥ 1. Suppose that α708

is a subset of {1, . . . , n} of cardinality k + 1 with the property that for every eigenvector x of A709

corresponding to λ, | supp(x) ∩ α| ≥ 2. Construct H from G by appending vertex n + 1 adjacent710

exactly to the vertices in α. Then there exists a matrix A′ ∈ S(H) such that A′ has the SSP, the711

multiplicity of λ has increased from k to k + 1, and other eigenvalues and their multiplicities are712

unchanged from those of A.713
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Proof. Consider Aλ = A⊕ [λ]. By Lemma 6.3, ΨS(Aλ) has the form ΨS(A)⊕(A−λI) after suitable714

permutation of rows and columns. The rows of A−λI with index not in α (equivalently, the rows of715

ΨS(Aλ) indexed by (j, n+1) with j 6∈ α) are linearly independent; otherwise there is an eigenvector716

of A corresponding to λ whose support is disjoint from α. From this, the block diagonal structure717

of ΨS(Aλ), and the fact that A has the SSP, all the rows of ΨS(Aλ) associated with non-edges of718

H are linearly independent.719

Let N be an n × k matrix whose columns are a basis for the null space of A − λI. We show #18720

that every order k submatrix of N [α, :] is invertible: Suppose some k × k submatrix M of N [α, :]721

is not invertible. Then there is a vector z such that Mz = 0. But then Nz is an eigenvector of722

A− λI whose support intersects α in at most one element, which contradicts the assumptions.723

Since the rows of the (k + 1) × k matrix N [α, :] are linearly dependent, and each of the k × k724

submatrices of N [α, :] is invertible, each coefficient in a dependence relation is nonzero. This gives725

a vector y with y>N = 0 and supp(y) = α. Since y is orthogonal to each column of N , y is in the726

row space (which equals the column space) of A−λI. Since ΨS(Aλ) has the form ΨS(A)⊕(A−λI),727

there is a vector ŷ in the column space of ΨS(A) such that supp(ŷ) is those edges {j, n+ 1} with728

j ∈ α. The result now follows from Lemma 7.3.729

Corollary 7.6. For any list of distinct real numbers λ1 < · · · < λn−1 and integer k with 1 ≤730

k ≤ n − 1, there exists a matrix A ∈ S(Cn) with the SSP such that A has eigenvalues λk with731

multA(λk) = 2 and multA(λi) = 1 for i 6= k.732

Proof. By [8, Remark 15], there is a matrixA ∈ S(Pn−1) with the SSP and spec(A) = {λ1, . . . , λn−1};733

let v = [vi] be an eigenvector of A with respect to λk. By the structure of A and (A − λI)v = 0,734

if v1 = 0 then we can see inductively that v2, . . . , vn are all zero, so v1 6= 0; similarly vn−1 6= 0.735

Then by applying Lemma 7.5 with α = {1, n− 1}, there is a matrix A′ ∈ S(Cn) with the SSP and736

spec(A′) = {λ1, . . . , λk−1, λk, λk, λk+1, . . . , λn−1}.737

The next result is not required for the rest of the paper, but it gives a different way to compute738

the verification matrices. This result displays the verification matrices as the coefficient matrices of739

systems of homogeneous equations with the variables on the left (for the traditional view transpose740

the verification matrices). Let Xij = Eij + Eji and Eo = {(i, j) : 1 ≤ i < j ≤ n} the set of741

off-diagonal pairs.742

Proposition 7.7. Let G be a graph and A ∈ S(G). Then the following statements are true. #19743

1. The (i, j)-row of ΨS(A) is vecEo(AXij −XijA).744

2. The SMP verification matrix ΨM (A) is formed by augmenting ΨS(A) with q columns vecE(Ak) #20 (1006)745

for k = 0, 1, . . . , q − 1, where E = {(i, j) : i < j, {i, j} ∈ E(G)}.746

3. The (i, j)-row of ΨA(A) is vecEo(AXij).747

Proof. Let n be the number of vertices of G. For fixed i, j with 1 ≤ i ≤ j ≤ n, the (i, j)-row of748

ΨS(A) is the (i, j)-row of TSS(A) by definition, and the (k, `)-entry is749
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e>i (AKk` +K`kA)ej = e>i (AEk` −AE`k + E`kA− Ek`A)ej

= e>i (Aeke
>
` −Ae`e

>
k + e`e

>
k A− eke

>
` A)ej

= e>i Aeke
>
` ej − e>i Ae`e

>
k ej + e>i e`e

>
k Aej − e>i eke

>
` Aej

= e>` eje
>
i Aek − e>k eje

>
i Ae` + e>k Aeje

>
i e` − e>` Aeje

>
i ek

= e>k Aeie
>
j e` − e>k eje

>
i Ae` + e>k Aeje

>
i e` − e>k eie

>
j Ae`

= e>k (AEij − EjiA+AEji − EijA)e`

= e>k (AXij −XijA)e`,

750

which is the (k, `)-entry of AXij − XijA. This deals with Statement (1). For Statement (2), #21751

it follows directly from Definition 6.1 and Definition 7.1. Finally, for the (i, j)-row of ΨA(A), the752

(k, `)-entry is753

e>i (AEk` + E`kA)ej = e>i Aeke
>
` ej + e>i e`e

>
k Aej

= e>` eje
>
i Aek + e>k Aeje

>
i e`

= e>k Aeie
>
j e` + e>k Aeje

>
i e`

= e>k (AXij)e`,

754

which is the (k, `)-entry of AXij . This gives (3).755
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