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Abstract

The exceptional region of the parameter space (ERPS) of the two Higgs doublet model (2HDM)
is defined to be the parameter regime where the scalar potential takes on a very special form. In the
standard parametrization of the 2HDM scalar potential with squared mass parameters m%l, m%z,
m%z, and dimensionless couplings, A1, A2, ..., A7, the ERPS corresponds to \; = A, A\7 = —Ag,
m?2, = m3, and m3, = 0, corresponding to a scalar potential with an enhanced generalized CP
symmetry called GCP2. Many special features persist if Ay = Ao and A7 = —)\g are retained while
allowing for m3, # m3, and/or m?, # 0, corresponding to a scalar potential with a softly broken
GCP2 symmetry, which we designate as the ERPS4. In this paper, we examine many of the special
features of the ERPS4, as well as even more specialized cases within the ERPS4 framework in which
additional constraints on the scalar potential parameters are imposed. By surveying the landscape
of the ERPS4, we complete the classification of 2HDM scalar potentials that exhibit an exact Higgs
alignment (where the tree-level couplings of one neutral scalar coincide with those of the Standard
Model Higgs boson), due to a residual symmetry that is unbroken in the vacuum. One surprising
aspect of the ERPS4 is the possibility that the scalar sector is CP-conserving despite the presence
of a complex parameter of the scalar potential whose complex phase cannot be removed by separate
rephasings of the two scalar doublet fields. The significance of the ERPS4 regime for custodial
symmetry is also discussed, and the cases where a custodial symmetric 2HDM scalar potential

preserves an exact Higgs alignment are elucidated.
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I. INTRODUCTION

After the discovery of the Higgs boson at the LHC H, ], the ATLAS and CMS Collabo-
rations have ascertained that the observed properties of the Higgs boson are consistent with
the corresponding predictions of the Standard Model (SM). Various production mechanisms
and decay channels have been detected, and many of the observed signal strengths are con-
sistent with SM expectations given the current precision of the LHC Higgs data, typically
in the range of 10%-20% depending on the final state observable |.

Can it be true that the scalar sector of the SM consists of a single spin-0 boson? In light
of the nonminimal nature of the SM fermions (which consist of three generations of quarks
and leptons) as well as the nonminimal nature of the SM gauge group [which is the direct
product of two nonabelian groups and the weak hypercharge U(1)y], it would be surprising
if the scalar sector did not possess a nonminimal structure as well. Extended Higgs sectors
have been proposed and explored in the literature since the birth of the Standard Model.
Indeed, an important part of the LHC Higgs program is to search for the existence of new
scalar states related to the observed Higgs boson, and to study their properties if found.

Of course, an arbitrary extended Higgs sector can in many cases be ruled out by current
experimental data. The observed electroweak p parameter EE], which is close to 1, and
the absence of tree-level Higgs-mediated flavor changing neutral currents (FCNCs) that
otherwise would lead to observable FCNC effects, in conflict with current experimental
bounds, impose significant constraints on any theory with an extended Higgs sector. The two
Higgs doublet model (2HDM), which is one of the simplest extensions of the SM, possesses
two scalar doublet fields ®; and ®, ], each with the same hypercharge ¥ = 1 (in
a convention where the electric charge is given by @) = T3 + %Y) Nearly all of the new
scalar physics phenomena expected in theories of extended Higgs models can be found in
the 2HDM-—charged scalars, CP-odd scalars (in models with a CP-conserving scalar sector)
and/or scalars of indefinite CP quantum numbers (in models with a CP-violating scalar
sector). Moreover, the 2HDM predicts a tree-level value of p = 1 and is also compatible
with the absence of tree-level Higgs-mediated FCNCs with a suitably chosen Higgs-fermion
Yukawa interaction M, E]l Finally, the 2HDM has often been employed in theories that

I Radiative corrections to the predicted value of p and the size of Higgs-mediated FCNCs impose some
;@@D-

interesting constraints on the 2HDM parameter space (e.g., see Refs.



introduce physics beyond the SM to solve other conceptual problems of the Standard Model.
Two well-known examples are the minimal supersymmetric extension of the Standard Model
(MSSM), which employs the Higgs sector of the 2HDM 2] and has been used to provide
an explanation of the origin of the energy scale of electroweak symmetry breaking |2 ] and
the inert doublet model (IDM _ l which is a special case of the 2HDM that provides
a candidate for dark matter ‘;3

Despite the simplicity of the 2HDM, the corresponding scalar sector in its most general
form is governed by 11 independent parameters @] However, additional theoretical as-
sumptions can be brought to bear to reduce this large number of parameters. For example,
to avoid the presence of tree-level Higgs mediated FCNCs in a natural way (i.e. without
a fine-tuning of parameters in the Yukawa Lagrangian), one can introduce a Z, discrete
symmetry under which one of the Higgs doublet fields is even and the other is odd. An ap-
propriate assignment of Zy quantum numbers to the fermion fields then provides a symmetry
explanation for the absence of Higgs-mediated tree-level FCNCs M i In fact, this result
is robust even in the presence of a soft breaking of the Z, symmetry by squared mass param-
eters appearing in the scalar potential. The softly broken Z,-symmetric 2HDM ijgoverned

.

There is some motivation to try to reduce the ﬁ&rameter count even further. For example,

by nine independent parameters and is called the complex 2HDM (C2HDM)
imposing CP invariance on the scalar potential [11] would reduce the number of independent
parameters to eight, corresponding to the vacuum expectation value, v ~ 246 GeV, four
scalar masses, two real angles, and one scalar self-coupling. As another example, consider the
requirement that one of the scalar states of the 2HDM should resemble the SM Higgs boson.
One way of achieving this result is to posit an additional symmetry of the scalar otentlal
which would further reduce the number of independent scalar sector parameters
The exceptional region of the parameter space of the 2HDM, first introduced in Ref. E

and designated by the acronym ERPS in Ref. ], corresponds to a special parameter
regime in which the coefficients of ((I>T 1)? and (<I>T<I>2) appearing in the 2HDM scalar
potential are set equal and the coefficient of (®1®,)(®!®,) is the negative of the coefficient
of (B1®,)(Pld,). In addition, the squared mass coefficients of ®!®; and ®Id, are set equal
and the squared mass coefficient of CDI ®, +h.c. is set to zero. The number of free parameters
of the ERPS is five, consisting of v and the four scalar masses. The ERPS conditions can

be enforced by a global symmetry. Allowing for the conditions on the quadratic terms of



the scalar potential to be relaxed, which would constitute a soft breaking of the global
symmetry, still yields a rather exceptional region of the 2HDM parameter space, which we
shall henceforth denote as the ERPS4 in order to emphasize that the global symmetry of
the ERPS is still respected by the dimension-four terms of the scalar potential.

The ERPS4 is governed by eight parameters in its most general form, and the correspond-
ing scalar potential is explicitly CP-violating. If in addition one imposes a CP symmetry
on the scalar potential (which may or may not be violated by the vacuum), the number
of parameters is reduced by one. One can identify the seven parameters as v, four scalar
masses, one real angle and one scalar self-coupling. One may also impose additional softly
broken symmetries within the class of the ERPS4 scalar potentials, which yields a subset of
the ERPS4 with additional exceptional features. All scalar potentials obtained in this way
automatically possess a CP-conserving scalar potential and vacuum. The 2HDM employed
in the MSSM provides one such example.

It is worth highlighting a number of the exceptional features of scalar potentials that
reside within the ERPS4. First, in contrast to a generic 2HDM, if the conditions on the
scalar potential parameters that define the ERPS4 hold in one scalar field basis,? then they
are satisfied in all scalar field bases.

Second, in a softly broken Zs-symmetric 2HDM, there are two potentially complex co-
efficients of the scalar potential, denoted by m?, and A5 in eq. (ZI)), since the other two
complex coefficients in eq. [2]) are \¢ = A7 = 0 as a consequence of the Z, symmetry.
Generically, one finds that the scalar potential is explicitly CP conserving if and only if
Im(A:[m?y)*) = 0, since the latter condition implies that one can rephase the scalar fields
®; and ®, to remove the complex phases of m?, and \;. The resulting scalar potential
is then invariant with respect to the CP transformation, ® — ®*. Remarkably, the “only
if” part of this statement is no longer true in the ERPS4. We find that in the special
case of (®Y) = (PY), the scalar potential is explicitly CP conserving despite the fact that
Im(A:[my)*) # 0. Indeed, we can identify the modified definition of CP that governs the

2 One is always free to change the scalar field basis by redefining the scalar fields, ®, — U, ;®;, (summed over
b =1, 2 following the index notation of Ref. ]), where U is an arbitrary U(2) matrix. A particular choice
for ®; and P is called a choice of scalar field basis. In a generic 2HDM, the squared mass coefficients
and dimensionless quartic coefficients that appear in the scalar potential will be transformed by a change
of scalar field basis. Often, relations among parameters that are valid in one basis cease to be valid in a
different basis. The ERPS4 conditions are notable in that they hold in all scalar field bases.



ERPS4 in this special case. Moreover, if we constrain the ERPS4 by adding an additional
softly broken global symmetry, we find that the “only if” part of the original statement is
no longer true independently of the scalar field vacuum expectation values. Once again,
we can understand this behavior by identifying an appropriately redefined generalized CP

transformation law (as shown explicitly in Appendix [C]).

Third, the Higgs alignment limit M] (in which the tree-level properties of one neutral
scalar coincide with those of the SM Higgs boson) can be achieved by imposing a symmetry
on the scalar potential |39, 40]. For example, exact Higgs alignment is realized in the IDM,
where the scalar potential and vacuum both respect a Zy symmetry. It is of interest to classify
all possible symmetries of the scalar potential beyond the Z, symmetry of the IDM in which
the Higgs alignment is exact. All scalar potentials of the ERPS fall within this class. But,
one can also maintain exact Higgs alignment in some cases in which the symmetry is softly
broken, corresponding to the ERPS4. Including these cases completes the classification of
all symmetry based explanations for exact Higgs alignment in the 2HDM.

Fourth, it is known that custodial symmetry is an accidental symmetry of the SM Higgs
potential , ] In the 2HDM, the custodial symmetry is an accidental symmetry of
the scalar potential if an additional constraint is imposed |. A custodial symmetric
2HDM scalar potential is automatically CP conserving. Additional accidental symmetries
can arise in special regions of the parameter space. Of particular interest is the case of a
custodial symmetric scalar potential that preserves an exact Higgs alignment. Indeed, with
two exceptions, the resulting scalar potential is necessarily in the ERPS4 regime.

In Section [[I we introduce the 2HDM with a softly broken Z,-symmetric scalar potential.
The possible enhanced global symmetries of the 2HDM scalar potential beyond the Z,
symmetry are summarized in Section [T} and their connections to the ERPS are exhibited in
Section [Vl In this section, we provide a set of basis-independent conditions that correspond
to the ERPS4 and special subregions of the ERPS4 where additional global symmetries
(perhaps softly broken) are imposed.

A convenient scalar field basis for the ERPS4 is one where the softly broken Z; symmetry
and a softly broken permutation symmetry (that interchanges ®; <> ®5) are simultaneously
imposed. We examine the properties of the resulting scalar sector in Section [Vland note that
for generic choices of the parameters, the scalar potential is CP-violating. If the correspond-

ing scalar potential is explicitly CP conserving, then CP may or may not be spontaneously



broken by the vacuum. The CP-conserving ERPS4 is examined in detail and we exhibit the
special parameter regime where CP is conserved, despite the fact that a simple rephasing
of ®; and ®, is not sufficient to produce a scalar potential whose parameters are all real.
In Section [VI we extend the softly broken Zy symmetry to U(1) and explore the properties
of this special subregion of the ERPS4. One can show that the corresponding scalar poten-
tial respects a generalized CP symmetry (denoted by GCP3) when expressed in a different
scalar field basis. The implications of the scalar potential when expressed in terms of the
GCP3 basis of scalar fields are exhibited in Section [VIIl and the relations between the scalar
potential parameters in the two different basis choices is made explicit in Section [VITII

As noted above, exact Higgs alignment is realized in the ERPS. If soft-symmetry breaking
squared mass terms are included, the resulting ERPS4 may or may not exhibit exact Higgs
alignment. In Section [X] we provide a complete classification of the symmetries (which in
some cases is softly broken) that naturally yield a neutral scalar mass eigenstate whose tree-
level properties are identical to those of the SM Higgs boson. In Section[X] we combine exact
Higgs alignment with the constraint of custodial symmetry and exhibit the implications for
the ERPS4 regime. Conclusions and future directions appear in Section [XI| followed by
five appendices that provide additional details on the consequences of the ERPS4 for CP

symmetry and other related matters.

II. 2HDM WITH A SOFTLY BROKEN Z2-SYMMETRIC SCALAR POTENTIAL

Let ®; and @, denote two complex Y = 1, SU(2), doublet scalar fields. The most general

gauge invariant renormalizable scalar potential (in the ®-basis) is given by
V = m}0{®; + m2, 050, — [m2, 010y + he] + N (P101)2 + Lo (PIds)? + N3 (D]D,) (D] D,)
A4 (D] o) (RFDy) + {%)\5(@%@2)2 + [Ae(@] 1) + A7 (DLD,)| B D, + h.c.} - (21)

In general, m2,, A5, A\¢ and \; can be complex. To avoid tree-level Higgs-mediated FCNCs,
we shall impose a softly broken discrete Z, symmetry, ®; — +®; and &3 — —P, on the
quartic terms of eq. (ZI)), which implies that A\¢ = A\; = 0, whereas m3, # 0 is allowed. In
this basis of scalar doublet fields (denoted as the Zs basis), the discrete Zy symmetry of the
quartic terms of eq. (ZI]) is manifestly realized. In the Z, basis, it is convenient to rephase

the scalar fields such that A5 is real. Then, the requirement that ) is bounded from below
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yields the following conditions B, @],3
AM>0,  A>0, As>—(MA)Y2 0 A+ AN > — (A )2, (2.2)

The scalar fields will develop non-zero vacuum expectation values (vevs) if the Higgs
mass matrix m?j has at least one negative eigenvalue. We assume that the parameters of
the scalar potential are chosen such that the minimum of the scalar potential respects the

U(1)g,, gauge symmetry. Then, the scalar field vevs are of the form

v 0 ) 0
w=l ) e=gl ) 23

where cg = cos B = v;/v and sg = sin 8 = vy /v with v = (v} + v3)Y2 ~ 246 GeV. By
convention, 0 < < %71’ and 0 < & < 27.

The parameters vy, vy and & are determined by minimizing the scalar potential. The

resulting minimization conditions in the case of A\¢ = A7 = 0 and real A5 are given by,

miv; = Re(miye)vs — A0} — Ihgu50103 (2.4)
Mayvs = Re(miye™)vr — $A005 — IAsu50007 (2.5)
Im(mi,e®)v; = 2A50fvosin2¢, (2.6)
Im(miye™)vy = 250501 sin 2, (2.7)

where A3y5 = A3+ Ay + A5 cos 26. Note that both eqs. (2.6]) and (27) are provided in case one

of the vevs vanishes. If both v; # 0 and vy # 0, then the minimization conditions simplify,

mi; = Re(mi,e’) tan 8 — $A1v°ch — IA3u50°s3 (2.8)
m3, = Re(m3,e®)cot 3 — %)\21}2825 — %)\345?720%7 (2.9)
Im(mf2ei§) = %)\5U28ﬁ0ﬁ sin 2£ . (21())

The value of the potential at the minimum is given by,

Vinin :%vz [mflc% + m§2s% — 2Re(m?,e*)spcs + i>\1020§ + i>\2v28é + %&45025%0%}

= — %124 [)\102 + )\28% + 2)\3458%0%} s (211)

3 If eq. ([Z2) is satisfied then the softly broken Zs-symmetric tree-level scalar potential is said to be stable
in the strong sense. If we replace > with > in one of the above inequalities (corresponding to a particular
direction in field space) and then impose the condition that the sum of the quadratic terms in the same

field direction is strictly positive, then the scalar potential is said to be stable in the weak sense @]
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after making use of egs. (Z.8) and ([29). In light of eq. (Z2)), Vinin < 0, which means that
the extremum with v; = vy = 0 always is less favorable than the asymmetric minimum,
assuming that there is a solution to eqs. (2.4)—(271) with nonvanishing vevs.

If one of the two vevs vanishes, then the minimization conditions are given by

mi, = 0, Moy = —%)\202, if v; =0 and vy = v, (2.12)

mi, =0, mi =-i\v®, ifuvy=0anduv =0 (2.13)

This corresponds to an inert phase in which there exists a Z, symmetry that is respected
both by the scalar potential and the vacuum. This phase exists if and only if m?%, = 0 and
m3, < 0 [m?, < 0] in the case of vy = 0 [vy = 0]. These two cases are physically equivalent,
as they are related by a basis change where ®; <+ ®,. The inert phase is stable if all the

physical scalar squared masses are non-negative.

III. ENHANCED GLOBAL SYMMETRIES OF THE SCALAR POTENTIAL

The possible global symmetries of the 2HDM scalar potential have been classified in
Refs. ‘j B@] Starting from a generic ®-basis, these symmetries fall into two separate
categories: (i) Higgs family symmetries of the form ®, — U, Py, and (ii) Generalized CP
(GCP) symmetries of the form ®, — U, ®;, where U resides in a subgroup (either discrete
or continuous) of U(2). Although it might appear that the number of possible symmetries
is quite large, it turns out that different choices of U often yield the same constraints on the
2HDM scalar potential parameters.

The full global U(2) Higgs family symmetry transformation is the largest global symmetry
group under which the gauge covariant kinetic terms of the scalar fields are invariant. More-
over, the scalar potential is invariant under a global hypercharge transformation, U(1)y,
which is a subgroup of U(2). Thus, any enhanced Higgs family symmetries that are re-
spected by the scalar potential would be a subset of the U(2) transformations that do not
contain U(1)y as a subgroup. We summarize below possible discrete and continuous Higgs
family symmetries modulo the U(1)y hypercharge symmetry that can impose constraints on
the 2HDM scalar potential in Tables [[ and [l

Note that the list of symmetries in Table [l contains a redundancy. Although it might

appear that the Z, and Il discrete symmetries are distinct (as they yield different constraints



symmetry transformation law

Zo D — Py, Py - —Dy

IIo (mirror symmetry) D +—— Dy

U(1)pq (Peccei-Quinn symmetry [60]) b — e 0y, By — 0Py, for —ir <0< ir
SO(3) (maximal Higgs flavor symmetry) @, — Uy Py, where U € U(2)/U(1)y

TABLE I: Classification of the Higgs family symmetries of the scalar potential in a generic ®-basis
where the symmetries are manifestly realized , Iﬁ@] Note that Zsy is a subgroup of U(1)pq.
The corresponding constraints on the 2HDM scalar potential parameters are shown in Table [TIl

symmetry transformation law

GCP1 (I)l — (I)I, q)g — @;

GCP2 by — 3, Oy — —P7
®; — P cos + P35 sin b

GCP3 for 0 < 0 < %ﬂ'
Oy — —P7sinf + P cosd

TABLE II: Classification of the generalized CP (GCP) symmetries of the scalar potential in the -
basis M, Iﬁ@] Note that a GCP3 symmetry transformation with any value of 6 that lies between
0 and %77 yields the same constrained 2HDM scalar potential. The corresponding constraints on
the 2HDM scalar potential parameters are shown in Table [T1l

on the 2HDM scalar potential parameters in the ®-basis), one can show that starting from
a Ils-symmetric scalar potential, one can find a different basis of scalar fields in which the
corresponding scalar potential manifestly exhibits the Z, symmetry, and vice versa ]
In Table [II, the constraints of the various possible Higgs family symmetries and GCP
symmetries on the 2HDM scalar potential in a generic ®-basis are exhibited. In the list of
symmetries, U(1) corresponds to U(1)pq (henceforth, we shall suppress the PQ) subscript).

One can also consider applying two of the symmetries listed above simultaneously in
the same basis. It was shown in Refs. , H] that no new independent models arise in
this way. For example, applying Z, and Il in the same basis yields a Z, ® Ils-symmetric
scalar potential that is equivalent to GCP2 when expressed in a different basis. Similarly,
applying U(1) and Il in the same basis yields a U(1)®IIs-symmetric scalar potential that is
equivalent to a GCP3-symmetric scalar potential when expressed in a different basis. This

equivalence of GCP3 and U(1)®II, is explicitly demonstrated in Section [VITIl



symmetry m3, M3, A2 A4 Re s ImAs  X¢ A7
Zs 0 0 0

I, m?, real A1 0 A6

Ly @ 11y mi, 0 Al 0 0 0
U(1) 0 0 0 0 0
U(1)®I, mi 0 A 0 0 0 0
SO(3) m¥ 0 A A s 0 0 0 0
GCP1 real 0 real real
GCP2 m%l 0 /\1 —)\6
GCP3 mi 0 A AM—A3—X\ 0 0 0

TABLE III: Classification of 2HDM scalar potential symmetries and their impact on the parameters
of the scalar potential [cf. eq. (ZI))] in the ®-basis ,Iﬁ@] Empty entries correspond to a lack
of constraints on the corresponding parameters. Note that Ily, Zy ® IIs and U(1)®II, are not
independent from other symmetry conditions, since a change of scalar field basis can be performed
in each case to yield a new basis in which the Zo, GCP2 and GCP3 symmetries, respectively, are
manifestly realized.

There are a number of additional Higgs family symmetries and generalized CP symmetries
that are closely related to the ones displayed in Tables [l and [I] that will be useful in our
work. In Tables [V] and [Vl we have listed three additional Higgs family symmetries and
two additional GCP symmetries that can be used to constrain the parameters of the 2HDM
scalar potential. The corresponding constraints are exhibited in Table [VIl Given scalar

potentials where Ily, U(1)" and GCP3 symmetries are manifestly realized, the basis change
(I>1 — (I)l, (I>2 — Z(I)g s (31)

vields m3, — imiy, A\s — —As, A\¢ — i\¢ and A\; — i\;, and produces a scalar potential
where II,, U(1)” and GCP3’ symmetries, respectively, are manifestly realized.

The origin of U(1)" is slightly more subtle and is derived in Section [VIIIl It arises in the
following way. We have noted above that the U(1)®1II; and GCP3 symmetries are equivalent
in the sense that the scalar field bases in which these symmetries are manifestly realized are
related by a change in basis. Moreover, as shown in Section [VIII, by transforming from the
U(1) ® IIy basis to the GCP3 basis, the U(1) symmetry constraints are mapped onto the

U(1) symmetry constraints.
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symmetry transformation law related symmetry
le (I)l — <I>2, q)g — —(I)l H2

U(l), Py — Py cosh+ Pysinb, dy — —Dysinf + Py cosd U(l)pQ
u()” ®; — Dycosh+ iPysind, ®y — i@ sind + Po cos b U(1)pq

TABLE IV: 2HDM scalar potential Higgs family symmetries in a generic ®-basis that are related
by a simple change of basis to the family symmetries of Table[ll As in the case of the Peccei-Quinn
symmetry, a scalar potential that respects the U(1) symmetries above must be invariant for any
value of —3m < 6 < im. Note that II; [IIo] is a subgroup of U(1)’ [U(1)"], respectively. The
corresponding constraints on the 2HDM scalar potential parameters are shown in Table [V1]

symmetry transformation law related symmetry

GCPl &y — @3, Oy — P GCP1

Oy — P cost —iPsind
GCP3 for 0 < 0 < 3 GCP3

Oy — 1Py sinh — ®5cos b

TABLE V: Generalized CP (GCP) symmetries of the scalar potential in the ®-basis that are related
by a change of basis to the GCP symmetries of Table [[Il Note that a GCP3’ symmetry with any
value of 6 that lies between 0 and %71 yields the same constrained 2HDM scalar potential. The
corresponding constraints on the 2HDM scalar potential parameters are shown in Table [V1]

Starting from a GCP1 symmetry transformation in the ®-basis, consider an arbitrary
basis change, ® — ® = U®. Then, egs. (CI8) and (C27) yield the corresponding GCP
transformation in the ®'-basis, ® — V®*, where V = UUT is a symmetric unitary matrix.
The choice of V' = ({ () corresponds to the definition of GCP1’ exhibited in Tables [V]
and VIl In contrast to the GCP1 symmetry, the GCP1’ symmetry transformation is espe-
cially noteworthy in that it does not enforce reality conditions on the potentially complex
parameters m,, A5, A\¢ and A.

Finally, it should be noted that the constraints on the scalar potential in a scalar field basis
where the GCP3 symmetry is manifestly realized are precisely the same as the constraints
due to the U(1) ® Z, family symmetry when imposed in the same basis of scalar fields. This
should be contrasted with the U(1) ® Il,-symmetric scalar potential, which is equivalent
to the GCP3-symmetric scalar potential when expressed with respect to a different scalar
field basis. Likewise the parameter constraints in a basis where the GCP3' symmetry is

manifestly realized coincide with those that arise from the U(1)” ® Z, family symmetry.
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symmetry m3, m2, A2 Re s ImAs X A7
1T, m?, pure imaginary )\ 0 — g
I, ® 11, mi 0 A1 0 0 0
Uy m?, pure imaginary A7 A —A3—Ay O 0 0
U(1)” m?, real M A3+M—XN O 0 0
U(1) @ Zy m¥ 0 M A —A3—XN 0 0 0
U(1)" ® Zs mi 0 Mo AtM—N 0 0 0
GCPY m?, A1 A6
GCP3' m?, 0 M A3t A=A 0 0 0

TABLE VI: The impact of the 2HDM scalar potential symmetries listed in Tables [V]and [Vlon the
parameters of the scalar potential [cf. eq. (ZI])] in the ®-basis. Empty entries correspond to a lack
of constraints on the corresponding parameters. Note that the constraints on the scalar potential
parameters due to the Zg @ Iy, GCP3 and GCP3’ symmetries coincide with those of the Il @ IT),
U(1) ® Zy and U(1)” ® Zy symmetries, respectively.

IV. AN EXCEPTIONAL REGION OF THE 2HDM PARAMETER SPACE

The exceptional region of the parameter space (ERPS) of the 2HDM corresponds to
a regime in which the parameters of the scalar potential satisfy the following conditions:
m2, =m3,, m?, =0, \; = Ay and \; = —)\g. These conditions can be imposed by a GCP2
symmetry,

However, in the case of a softly broken GCP2 symmetry, the conditions on the m?j are
relaxed. In general, one can take m?, # m3, and allow for nonzero complex values of m2,.
The resulting parameter regime maintains many of the exceptional characteristics of the
ERPS and will henceforth be designated as the ERPS4.

If the relations, \; = Ay and A\; = — g, hold in one scalar field basis, then they hold in all
choices of the scalar field basis. Indeed, one can construct a quantity, Z, which is explicitly
given in eq. (B.Al), which is manifestly basis invariant under a change of scalar field basis.

Evaluating this invariant in a generic ®-basis, we obtain
Z = i()\l—)\g)2+|)\6+)\7|2. (4.2)
Thus, the invariant condition for the ERPS4 is Z = 0, which yields \; = Ay and A\; = — )

12



for any choice of the scalar field basis. Moreover as first noted in Ref. @], there exists a
choice of basis such that A¢ = A7 = 0 and A5 is real. This basis corresponds to an enhanced

symmetry obtained by simultaneously imposing a Z, and II; symmetry,

Zg : (I)l — (I)l, (I)Q — —(I)Q, (43)
Hg : CI>1 < @2, (44)

on the quartic terms of the scalar potential. Indeed, this symmetry adds the constraints,
A = Ay = 0 and A5 € R to the ERPS4 conditions. That is, a softly broken GCP2-symmetric
scalar potential can be realized as a softly broken Z, ® Ily-symmetric scalar potential in a
different scalar field basis. A simple proof of this result is given below eq. (£20).

One can impose an additional constraint on the ERPS4 by imposing a GCP3 symmetry,

O, — ®jcosh + Pysinb, ®y — — D7 sinfh + @3 cos b, (4.5)

for all 0 < 6 < %7‘(‘. This symmetry adds the additional constraint, Ay = A\; — A3 — M\4
(which implies that A5 is real). We will allow for a general soft breaking of the GCP3
symmetry so that one can again take m?, # m3, and allow for nonzero complex values
of m?,. Another possible choice for an enhanced symmetry is to impose simultaneously a

U(1) and TTy symmetry [41],

Ul): & = e, Dy — Dy, (4.6)
H2 : (I)l < (I)Q s (47)

forany 0 < 0 < %7‘(‘. This symmetry adds the constraint A\s = 0 to the Zs ® Iy symmetry. As
shown explicitly in Section [VIII] if the 2HDM scalar potential respects a GCP3 symmetry,
then there exists a basis of scalar fields in which the symmetry can be identified as U(1)®I1,.

A basis-invariant condition can be found that corresponds to the case in which the quartic
terms of the scalar potential respect the GCP3 symmetry in some basis. The invariant was
first constructed in Ref. ]4 and then rederived using a different technique in Appendix B of
Ref. [61]. Below, we shall review the method employed in Ref. |[61] while providing additional

details of the derivation.

4 The published version of Ref. ] contains some typographical errors—in eq. (39), det A should be replaced
by —det A and in eq. (44), % should be replaced by . All other equations in Section ILE of Ref. M] are
correct.
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First, we make use of the notation of eq. (C.4]) to assemble the 2HDM scalar potential
couplings into a rank four tensor denoted by Zg, 4. It is also convenient to introduce a

related rank four tensor,

Zab,cd = Zba,cd = Zab,dca (48)

where the two expressions for Z  .q given above are equivalent in light of eqs. (C2)) and (C4)).

Next, we define a three-vector whose components Pp (for B = 1,2, 3) are given by,
Pp = i(Zab,cd + 7ab,cd)5ca0£,, (4.9)
and a 3 x 3 real symmetric matrix whose elements D 4p are given by ﬂa, ],5
Dup = 2(Zapea+ Zavea)oinoiy — 5 (Zapar + Zavar) ™7 (4.10)

where the o4 are the Pauli matrices and there is an implicit sum over repeated indices.

Under a change of scalar field basis, ® — @ = U®, eq. (C.J)) yields,
Pp — Py =TRppPp, Dy — D'yg = RacRepDep = (RDR) 45, (4.11)

after employing the identity UTo4U = R 450", where R is a real orthogonal matrix that is
explicitly given by
Rap = 3 Tr(UTo?Ua®). (4.12)

Using the Kronecker product notation introduced in eqs. (C.9) and (C14]), we can rewrite
eq. (LI0) in a convenient form in terms of two 4 x 4 matrices, Z and Z, where Z is defined
in eq. (C.H) and Z is obtained from Z by interchanging A3 <+ \;. Then, the equivalent forms

of eqs. ([£9) and (EI0) are given by,

Pp=1Tr[(15x3 @ ") (Z + Z)], (4.13)
where 1343 is the 3 x 3 identity matrix, and

Dup=31Tr[(c? @ d®)(Z+2)] — L Tx(Z +2)5". (4.14)

® Quantities that are invariant with respect to scalar field basis transformations can be constructed out of
objects such as Dyp. Although Dap is not an invariant, related objects such as Tr D, det D and the
eigenvalues of D can be used to construct invariant quantities. Ivanov published the first paper that

presented this strategy in Ref. @]
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Using Zapca = Zpa.ae [cf. eq. [@F)], it follows that
Tr[(c? @ o®)(Z +2)] = Tr[(c®? @ o) (Z + Z)], (4.15)
which shows that D is a symmetric matrix. Moreover,

Y Tr[(0°@0NZ+2)]) =Te(Z+Z) =2\ + X+ X5+ M), (4.16)

which implies that D is a traceless matrix. Indeed, a straightforward calculation yields,

P=(Re(hs+A)  —Im(h+ ) 30— X)), (4.17)
and ©
“IA+Red;  —Im) Re (Ag — Ar)
D=| —mmA  —1A-Red; —Im(A—A) |- (4.18)
Re (A=) —Tm (Ag—A7) ZA
where
A=100+ M) = As— A (4.19)

In particular, the following condition for the ERPS4, which makes use of the vector Pg

cf. eq. ([@IT)], reproduces the invariant previously given in eq. (£2),
Z=) PpPp=1(M—X2)"+G+M|*=0. (4.20)
B

We now prove that if A\; = Ay and A\ = —)\g in the $-basis, then there exists a ®’-basis,
defined by ® = U®, in which \] = A} and ImA] = \j = A\, = 0. In light of eq. (AI7),
if Ay = Ay and A\; = —)\g in the ®-basis then it follows that P = 0. Moreover, D is a
real traceless symmetric matrix [cf. eq. ([AI8)], which can always be transformed into a
real diagonal matrix via an orthogonal similarity transformation. Thus, there exists a real
orthogonal matrix R [explicitly given in terms of U in eq. (£I2)] such that P = RP =0
and D' = RDRT is diagonal. Noting the explicit forms of P and D given above, it follows

that A} = X} and Im Af = A\j = X\, = 0 in the ®'-basis, as previously asserted.

6 The matrix D is related to A employed in Ref. ] by D=A— (Tr M) 3x3. Thus, if A is an eigenvalue
of A then X\ — %Trf& is the corresponding eigenvalue of D. Consequently, the condition for degenerate
eigenvalues is the same if applied to either D or A. There are some advantages to employing eq. (@I,

as the condition Tr D = 0 simplifies the algebraic manipulations.
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Next, we demonstrate, following Ref. ﬂa], that there exists a basis in which the Peccei-
Quinn U(1) symmetry of the quartic terms of the scalar potential is manifestly realized if

and only if Pg and D4p can be written in the following forms,

Pg = cyqp, Dap = ¢3(qaqs — 5048) (4.21)

where the ¢p are components of a real three-vector of unit length and ¢, and c3 are constants.

It then follows that
D=0, Tr(D?) = 2¢3, det D = $ Tr(D?) = Zc3, (4.22)

which yields a characteristic equation for the eigenvalues of D [cf. eqs. (E21)—(Z30)],

3_1

@ = 1e — 268 = (x4 Leg)* (v — 2¢3) = 0. (4.23)

Hence, the eigenvalues of D are —%03, —%03, and %Cg. That is, if D # 0 then two of the

eigenvalues of D are degenerate. Moreover, in light of the eigenvalue equation,

Dapqp = ¢3 (4448 — 3048) 4B = 3¢3qa (4.24)

it follows that g4 is the eigenvector of the nondegenerate eigenvalue. Thus, in a scalar field
basis in which D as defined by eq. (£18)) is diagonal with two degenerate diagonal elements,
it follows that A5 = 0 and A\¢ = A7, in which case we can identify c3 = A and the unit vector
g=(0 0 1). Applying this result for ¢p in eq. ([I2]]) and comparing with eq. ([LIT) then
yields ¢; = %()\1 — A2) and A\; = —Xg. Hence, we conclude that A\; = A\¢ = A7 = 0 in the
D-diagonal basis, corresponding to a softly broken U(1)pq-symmetric scalar potential.

If we now impose the ERPS4 condition on the softly broken U(1)pg-symmetric scalar
potential then A\; = Ay, which implies that P = 0. In this case, the quartic terms of the
scalar potential respect a U(1)®Il; symmetry. Given a softly broken U(1)®Ily-symmetric

scalar potential in the ®-basis, one can perform a basis change ® = U® such that”

1 0 0
R=[0 0o —-1]. (4.25)
0 1 0

Then, eq. (£I1)) yields P' =0, Im A\, = A\ = A\, = 0 and

— A+ Redj = 2A" = —2A. (4.26)

1
3

7 Using the explicit form for U given by eq. (81) in eq. (EI2) yields the result exhibited in eq. ([#2H).
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It follows that A" = Re A\j. That is, \] = X; = A+ N+ A5, and Im A\j = Af = A, = 0, which
are the conditions for a softly broken GCP3-symmetric scalar potential in the ®’-basis.

Finally, if D = P = 0 then Ay = Ay = A3 + Ay and A5 = \¢ = \; = 0, corresponding to
a scalar potential whose quartic terms respect an SO(3) symmetry. In summary, we have
successfully provided simple basis-invariant conditions for the 2HDM with a softly broken
U(1), GCP2 [or Zy ® 115}, GCP3 [or U(1)®Ily] and SO(3) symmetry, respectively.

Thus, we seek a condition that guarantees that the matrix D given in eq. (£I8)) possesses
two degenerate eigenvalues. In general, the characteristic equation of a generic 3 x 3 matrix D

is of the form,

2+ ayr? +ax+ag =0, (4.27)
where
ag = —det D = —3(Tr D)* + 1 Tr D Tr(D?) — £ Tx(D?), (4.28)
a; = 3(TrD)* — L Tx(D?), (4.29)
ay = —TrD. (4.30)

The cubic equation given in eq. ({.27) has exactly two degenerate roots if the following two

conditions are satisfied |63, 164],

_ 9 3,122 3 2712 _ 2
D = apaiaz — apay + jaja; —ay — Fag =0 and a3 # 3a; . (4.31)

Since the matrix D given in eq. (LI8) is symmetric and traceless, the conditions that D

possesses exactly two degenerate eigenvalues simplify to,

D= —d® — 22 = L[Te(D?))* — 3[Te(D*)]* =0 and D #0. (4.32)

:

If the quartic terms of the scalar potential exhibit a U(1)®II; symmetry, then it follows
that Z = D = 0. Thus, we conclude that the basis-invariant condition, Z = Z +D? = 0, is
satisfied if and only if the quartic terms of the scalar potential exhibit a U(1)®Ily symmetry
in some basis (which implies that the quartic terms of the scalar potential exhibits a GCP3
symmetry in some other basis). One can determine this condition explicitly by setting
A= A1 = A and A7 = —)\g when evaluating the characteristic equation of the matrix D,

which yields
Tr(D?) = 2A% +2A(2|X6]> — [A5]%) + 12Re(AENG) (4.33)
Tr(D?) = 2A% +2|Xs]* + 8| Aq|*. (4.34)
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Inserting the above results into eq. ([£32)) yields an expression for D. First, we assume

that A\g # 0, in which case the end result is,
D = [2A6]> — Rss(A + Rse)]” [(A — Rs)? + 16|X6]*] + CIZ, (4.35)
where A =\ — A3 — A4,
C = (A% =|Xs* = REs)? = Ris|As [ +2[ X6 |* [A% +9(A+Risg ) +3Z5+3|As [ +-24| Ao ] , (4.36)
and

Res) - _ Im(eA)

Reg = —— 06/ = \75706)

(4.37)

Note that RZ; + ZZ; = |As]*
The product of the first two factors on the right-hand side of eq. (£.35]) is non-negative
definite. Thus, one solution to the equation D = 0 can be obtained by setting

|)\6|2 = %’R{)G(A + R56) >0, (438)

which implies that A/Rss > —1 [after dividing by RZs].® Tt then follows from eq. ([E35]) that
either Zsg = 0 or C' = 0. We now demonstrate that the latter possibility is never realized.

After inserting eq. (£38)) into the expression for C' given in eq. (£30]), we obtain,
C = Tis + (IR2s + 6ARss — 2A%) T2 4 (A + Rs) (A + 3Rs6)° (4.39)
which is a quadratic equation whose discriminant is given by,
Disc = (9RZ; + 6ARs5 — 2A%)? — 4(A + Rs) (A + 3Rs6)> = —Rss(4A +3Rs6)> . (4.40)

If A/Rsg > —% then Disc < 0 and it follows that C' > 0 for all values of Z5s. Finally, if
-1 < A/Rs6 < —%, then eq. (L39) yields C' > 0 for any nonzero value of Zss. Thus, we
have shown that for \g # 0, if eq. (£38) is satisfied then D = 0 if and only if

Asl” = $Rs6(A +Rse) >0 and  Zss = 0. (4.41)
One can rewrite the two conditions given in eq. (L41]) as a single complex equation,

NN+ Asde(Al — Az — Ay) — 208 =0, (4.42)

8 Note that Rss and/or A can be zero. If these quantities are nonvanishing, then their individual signs can

be either positive or negative.
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which must hold true for any choice of scalar field basis.

If C' > 0 were valid for all nonzero values of \g, then it would immediately follow that
eq. (£41) is the unique solution of the equation D = 0. However one can verify that regions
of the parameter space exist in which C' < 0. This seems to leave open the possibility that if
X¢ # 0 then D = 0 can be satisfied with a nonzero value of Z55 due to a cancellation between
terms in eq. (E35).°

Nevertheless, we shall now argue that under the assumption that Ag # 0, the condition
D = 0 holds if and only if eq. (£4]]) is satisfied. Recall that eq. ([L32)) states that the 3 x 3
traceless real symmetric matrix D (assumed to be nonzero) possesses a doubly degenerate
eigenvalue if and only if D = 0. Moreover, any 3 x 3 traceless real symmetric matrix
that possesses a doubly degenerate eigenvalue must have the form specified in eq. ([Z21]).1°
We can then use the discussion below eq. ([24]) to conclude that in the D-diagonal basis,
As = A¢ = A7 = 0. Performing a basis transformation to an arbitrary basis (e.g., cf. egs. (A9)
and (A10) of Ref. [37]), it follows that Im(A\;\2) = 0 in any scalar field basis. Thus, we are
justified in setting Zss = 0 in eq. (433]), in which case eqs. (AL41]) and (442 must be valid
for any choice of scalar field basis.

In the case of \¢ = 0, one can either evaluate D directly using eq. (£32) or simply set
|A¢] = 0 in eq. (A3H) while keeping Rs¢ and Zsg fixed. Both procedures yield the same
result,

D = As[2(A% = NP7 (4.43)
In particular, if A\¢ = 0 then we can rephase ®, such that A5 is real, in which case either
)\5 =0 or )\5 = :f:()\l — )\3 — )\4), (444)

corresponding to the manifest realization of U(1)®Il, and GCP3/GCP3’, respectively, as
indicated by the quartic coupling relations exhibited in Tables [Tl and [VII

9 If such a solution existed, it would not be continuously connected to the solution given by eq. (41,
since any small perturbation of the scalar potential parameters from eq. (£41]) would still yield C' > 0.
We have numerically checked in Mathematica using graphical techniques that in the region of parameter
space where C' < 0, there are no solutions to D = 0 for Zsg # 0 and A\g # 0. However, it is disappointing

that we are unable to analytically establish the condition Zsg = 0 directly from D = 0 when Ag # 0.
10 Given a 3 x 3 traceless real symmetric matrix D with eigenvalues —c, —c and 2¢ (where ¢ € R), it then

follows that there exists a real orthogonal matrix R such that D = Rdiag(—c, —¢,2¢)RT. However in
this case one can write diag(—c, —¢,2¢)ap = c3(qaqn — %5,43) with ¢ = (0,0,1) and ¢3 = 3c. Hence, we
conclude that D = ¢3(q4q — %(5,43) with unit vector ¢y = Ragpqs.
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V. THE Zs; ® II SCALAR FIELD BASIS

Since the softly broken GCP2-symmetric scalar potential is equivalent to a softly broken
Zo @ Ilo-symmetric scalar potential in a different scalar field basis, we henceforth focus on
the Zy ® I1y basis, where A = A\ = Ay, A5 # 0 is real and A\¢ = A\; = 0. The softly broken
parameters, m?,, m3, and m?,, are arbitrary with m?, potentially complex. If we demand

that the potential is bounded from below, the following conditions must be satisfied,
A>0, A+ A3 >0, >\—|—)\3—|—)\4—‘)\5‘>0, (51)

modulo the remarks of footnote Bl It is convenient to introduce the parameter,

A3+ Mg+ A
R= A3 A4t As . (5.2)
A
Using the definition of A3y5 given below eq. (271), it follows that
Aggs = AR — 2\5sin? €. (5.3)

A. The softly broken Zs ® Ilz-symmetric scalar potential with vy 7 0 and ve # 0

We shall first assume that v; and v, are both nonzero, or equivalently, sin25 # 0. We

then use eqs. (Z8)—(ZI0) [with A = A\, = o] to fix the values of 8 and £. In particular,

m3, —mi,
2 = m2, +m3y + M2’ (54)
cosé = 2Remi : (5.5)
Sog[m3 + m3, + IN(1+ R)v?]
—2TImms,

: (5.6)

W= T b+ CAL+ R) = A)e?]

where sp5 = sin28 and cyp = cos23. Writing m2, = |m?,|e? in eqs. (BH) and (E.0)
and imposing cos? £ + sin? € = 1 yields an equation that determines the phase 65 in terms
of ¢ and the other scalar potential parameters. Thus, the ERPS4 is governed by eight real
parameters: A\, A3, Ay, A5, |m%,|, v, 5 and &.

It is convenient to introduce the Higgs basis as follows , Q, @] The Higgs basis
fields H; and Hs are defined by the linear combinations of ®; and ®, such that (H) = v/v/2
and (H9) = 0. That is,

Hl = Cﬁq)l -+ SBe_iECIh y Hg = eiﬁ [—Sgeisq)l -+ Cﬁq)g} y (57)
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where we have introduced (following Ref. B]) the complex phase factor ¢” to account
for the non-uniqueness of the Higgs basis, since one is always free to rephase the Higgs
basis field whose vacuum expectation value vanishes. In particular, e is a pseudo-invariant

quantity B] that is rephased under the unitary basis transformation, ®, — U_;®,, as
e’ — (det U) e, (5.8)

where det U is a complex number of unit modulus. In terms of the Higgs basis fields defined
in eq. (B.1), the scalar potential is given by,
V = YYHIH, + YoH H, + [Yae "HIH, + hoc)]
+3Z1(HIH)? + 3 Zo(HEML)? + Zs(HIHL) (HEH,) + Zu(HIHs) (HIHY)
+ {%Zse—%ﬁ(%mg)? + [Zoe M(HIHL) + Zre MHIHL) | HIH, + h.c.} . (5.9)
The coefficients of the quadratic and quartic terms of the scalar potential in eq. (59) are

independent of the initial choice of the ®-basis. It then follows that Y3, Z5, Zg and Z; are

also pseudo-invariant quantities [69] that are rephased under ®, — U ;P as
[Ya, Zs, Z7] — (det U)~ Y3, Zs, Z7] and Zs — (det U) 2Zs. (5.10)

It is straightforward to compute the corresponding Higgs basis parameters. The Y; are

given by,
Y1 = miich + mi,sh — Re(miye™) s, (5.11)
Yy = mi sy +mych + Re(mi,ye’)sqg (5.12)
Yy = [L(m3, — mi))sos — Re(miye™)cap — i Im(mi,e’®)]e ™ . (5.13)

Employing eqs. [Z8)-@I0) [with A = A\, = \y] to eliminate m?2,, m32, and Im(m?2,e%), it
follows that,

Y, = %ﬂeig) — I + $0*[A(1 = R) 4+ 2X5sin” ] (1 — $535) , (5.14)
Zy =2y = Aﬁ— ML = R) 4 2X5sin* €] 535, (5.15)
Z3 = A3+ 5 [AM1 — R) 4 2X5sin® ] s34, (5.16)
Zy= M+ 3[AM1 = R) + 2\ssin*¢] s34, (5.17)
Zs = {3 [A(1 = R) + 2Xssin” €] 535 + As(cos 26 + icap sin 28) fe ™ | (5.18)
Zs=—Z7 = {=3[M1 — R) + 2Xssin” €] cop + Lidssin 26 psype ™™ . (5.19)
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One can also check that the scalar potential minimization conditions in the Higgs basis,
V) = —1Z0%, Yy = —3Z60°, (5.20)

are satisfied. The eight parameters that specify the ERPS4 can now be identified as v, Y5,
Zh, Zs3, Zy, Re Zs, Im Zs, and | Zg| after using the freedom to rephase the Higgs basis field Hs
to remove the complex phase from Zg and Z7 [cf. eq. (G.I0)].

The subregion of the ERPS4 where Zg = 0 is worthy of special attention. The ERPS4
condition, Zg = —Z;, along with eq. (5.20) yields Y3 = Zs = Z; = 0, which signals the
presence of a Z, symmetry that is manifestly realized in the Higgs basis and is unbroken by
the vacuum. We recognize this scenario as a special case of the IDM, and hence we shall refer
to this parameter regime as the inert limit of the softly broken Z, ® Il,-symmetric scalar
potential. Moreover, Higgs alignment is exact in the inert limit, as discussed in Section [X]
The conditions for achieving the inert limit will be elucidated below eq. (5.59]).

Three additional limiting cases are noteworthy. First, if A5 = 0, then the quartic terms of
the scalar potential exhibit a U(1)®Ily symmetry, which will be discussed in more detail in
Section [VIl Second, if R = 1, then the quartic terms of the scalar potential exhibit a GCP3
symmetry, which will be discussed in more detail in Section [VII. Both these limits yield
the same physical scalar sector, since they correspond to the softly broken GCP3-symmetric
scalar potential expressed in two different choices of the scalar field basis. Finally, if As =0
and R =1, then the quartic terms of the scalar potential exhibit an SO(3) symmetry.

The charged Higgs mass is given by,

2 Re(miye™)

2 1 2
mHi = Yé -+ §Z3U =
S23

— 20*( Ay + A5 cos 2€) . (5.21)

The squared masses of the neutral Higgs bosons are given by the eigenvalues of the neutral

scalar squared-mass matrix,

Zy Re(Zge™™) — Im(Zge™™)
M =0* | Re(Zge ™) +[Zs4 + Re(Zse™2)] + Ya /0? — 3 Im(Zse %)
— Im(Z6e_i77) —% Im(Zg,e_%") % [Z34 — RQ(Z5€_2i77)] + }/2/1)2

(5.22)
which is expressed with respect to the {v/2 ReH? — v,v/2 ReHYJ, /2 Im H)} basis, where

Zsa = Zs+ Zy = MR+ s35(1 — R)] — As(1 — 2s35sin°€), (5.23)
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after making use of eqs. (516 and (5I7).!" The eigenvalues of M? are independent of the
choice of 7, since these cannot depend on the phase choice used in the definition of the Higgs

basis field Hs. Hence, in practical calculations, one can choose 7 to facilitate the analysis.

For example, if we choose n = —&, then the neutral scalar squared-mass matrix is given
by,
A — Ls3g —Lsascap — 2 X555 sin 2¢
M? =0? —Lsagcap %ﬁ;ezg) + Lsgﬁ —%)\5025 sin 2& , (5.24)
1 i _1 ~ 2Re(mipe®t)
5 A5S24 Sin 28 5 A5C25 Sin 2§ o A5 cos 26
where
L=3IXN1-R)+ Assin®¢. (5.25)

If Zg # 0 and/or Z; # 0 then the neutral scalar squared-mass matrix has a block
diagonal form consisting of a 2 x 2 block and a 1 x 1 block if and only if Im(Zse=") = 0
and Re(Zge™™)Im(Zge=™) = 0. In such cases, the scalar potential and vacuum are CP
conserving, and we shall employ the following convention for the names of the neutral scalar
mass eigenstates: the CP-even scalars whose squared masses are the eigenvalues of the 2 x 2
block will be denoted by h and H where m;, < mpy, and the 1 x 1 block will be identified
with the squared mass of the CP-odd scalar, A.

B. The softly broken Zs & Ils-symmetric scalar potential with one vanishing vev

In the case where one of the vevs vanishes (i.e., so5 = 0), egs. (2.12) and (2.13)) imply that
m?2, = 0. For example, if v; = v and vy = 0 then Yj is a free parameter, Z; = \;, cop = 1,
and ¢ is indeterminate. In particular, Y3 = Zs = Z7 = 0, which signals the presence of a
Zo symmetry, Hi — +Hy, Ho — —Hs, that is not broken by the vacuum. This is a special
case of the IDM and corresponds to the inert limit of the softly broken Z, ® Il,-symmetric
scalar potential. In particular, Y5 = m2, is a free parameter that is generically not equal to
Y1 = mi; = —3\v?. To obtain the neutral scalar squared-mass matrix from eq. (5.22)), we

must make a choice of 1. For reasons discussed below eq. ([8.60), we shall choose e 2" = —1.

! The expressions given for m?,. in eq. (G2I) and for M? in egs. (5.22) and (5.23) in terms of the Higgs
basis parameters are valid for the most general 2HDM scalar potential.
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The neutral scalar squared-mass matrix is then diagonal and we may identify,

m5 = Ya+ iM°R, (5.26)
mye = Yo+ 3Z50° = m% — LAy + Xs)0?, (5.27)
m; = \?, (5.28)
my = m4 — A\sv?, (5.29)

where we have denoted the mass eigenstate neutral scalar fields in the inert limit by
h=V2ReH—v, H=V2ReHS, A=V2ImHS. (5.30)

This nomenclature (where no mass ordering is implied) will be employed in all subsequent
occurrences of the inert limit in this work, and differs from the convention adopted in the
paragraph following eq. (B.27]) for the CP-conserving case where Zg # 0 and/or Z7 # 0.

If v; = 0 and vy = v, then one transforms to the Higgs basis via ® — U® with U = (9}).
In this case, Y = mi, is a free parameter, Y1 = m3, = =1 ?, V3 = Zg = Z; = 0, Z; = \,,
cop = —1, and £ = 0. The scalar squared masses are again given by eqs. (5.26)(5.29).

In the inert limit where Y3 = Zg = Z; = 0, the scalar potential and vacuum are automati-
cally CP-conserving. In particular, in the inert limit the neutral scalars consist of a CP-even
neutral scalar h whose properties coincide with those of the SM Higgs boson and two neutral
scalars H and A with opposite sign CP quantum numbers. However, one cannot separately
assign unique CP quantum numbers to H and A, respectively, based on the interactions
of the scalars with the gauge bosons and the scalar self-interactions.!? CP-conserving in-
teractions of the scalars with other sectors of the theory, if present, will often resolve the
ambiguity and identify A as the neutral CP-odd scalar of the inert scalar doublet.

For example, the most general form for CP-conserving neutral Higgs interactions with

one generation of fermions in the inert limit is obtained by setting ¢;1 = 1, g =1, ¢30 = ¢

(with all other gz; = 0), pP* = pP, and pV* = pY in eq. (58) of Ref. [37], which yields,'
1 - _ 1 - _ 1 - _
- L = . (madd + myuu) h + 7 (pPdd + pYuu) H + 7 (pPdrysd — pUuysu) A, (5.31)

12 Tndeed, the choice of e=2" = 1 would have interchanged the identities of H and A in eqs. (5.26)(5.29).
13 Introducing Yukawa interactions constitutes a hard breaking of the symmetries responsible for the ERPS.

Thus, in this paper we shall not entertain such terms further.
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indicating that h behaves like the SM Higgs boson, H is CP-even and A is CP-odd. Note
that p” = p¥ = 0 in the IDM, since Hs is the only Zy-odd field of the model, in which case

the individual CP-quantum numbers of H and A are not resolved.

C. Non-coexistence of an inert phase and a mixed phase

Let us examine more closely when a vacuum in which one of the two vevs vanishes
can arise. Here, we shall extend the analysis of Ref. [70] to the case of A5 # 0. First,
we require that R > —1 due to eq. (BI). If v; = v and vy = 0, then eq. ([ZI3) yields
mi, = 0 and mi; = —iX\? < 0. The value of the scalar potential at the minimum is
Vinin = —(m3;)?/(2A%). The positivity of m? given in eq. (5.29) yields m3, + ARv? > 0.
Hence, it follows that

m2, > Rm?, . (5.32)

The above inequality is equivalent to
(14 R)(m7, —m3y) < (1 = R)(m¥, +m3,) . (5.33)

Since 1+ R is always positive, it follows that

1—R
mgz - m%l > = (H—R) (m%1 + mgz)- (5.34)

In the case of v; = 0 and vy = v, the roles of m?, and m3, are interchanged. That is,

M3y — My < <1I_—g) (m3) +miy) . (5.35)

Although the vanishing of one of the two vevs requires that m?, = 0, the converse is not
necessarily true. If m%, = 0 then two different phases of the 2HDM are possible—an inert
phase where one of the two vevs vanishes and a mixed phase where both vevs are nonzero.

To analyze the latter possibility in more detail, we again extend the analysis presented in

Ref. [70] to the case of A5 # 0. If m%, = 0 and vy, vy # 0, then eqs. [Z4)— (7)) yield,

mi, = —iA(v] + Ruj), (5.36)
m3, = —iA(v3 + Ro), (5.37)
0 = Assin2¢. (5.38)
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Since A5 # 0 by assumption, it follows that sin 2§ = 0 and cos 2§ = +1. One is always free
to rephase one of the scalar doublet fields so that & = 0, since the only possible effect on the
scalar potential parameters is a sign change of A\5. In the convention where £ = 0, eq. (5.24])

yields m?% = —\;v%, which implies that A5 < 0. Eq. (2I1)) then yields

Vinin = —2A (v} + vy + 2Rvjv3) . (5.39)

1
8
It is convenient to eliminate v; and vy in favor of the scalar potential parameters. Using

egs. (B30) and (5.37), one easily obtains,

2 m2 R— m2 2 m2 R — m2
2 22 11 2 11 22
i A ( 1—R? ) 7 V2 A ( 1—R? ) ' (54())

Plugging these values into eq. (5.39) yields,

Vinin = ToN1 - R?) [miy + may — 2Rmiims,]
1 [(mf +m3,)* | (miy —m3,)°
= 41
) [ TR 1-R (5.41)

One can work out a number of inequalities that must be satisfied if the mixed phase is
stable. We again require that R > —1 in light of eq. (22)). Using eq. (5:24) with m?, = £ = 0,
the trace and determinant of the 2 x 2 neutral CP-even scalar squared-mass matrix yield,

mi +my = \?, mymy; = Xv's55(1 — R?). (5.42)
Hence, the positivity of the scalar squared masses implies that |R| < 1.

Next, we employ egs. (5.30]) and (5.37) along with |R| < 1 to obtain,

mi +my, = —SM*(1+R) <0, (5.43)

mi, +m3, + A° = 1?1 - R) > 0. (5.44)

Using eq. (5.4) and |c5] < 1, it follows that mi; > —3X\v? and m3, > —3 v?. However,

it is again more useful to provide inequalities that are independent of the vevs. In light of
eq. (540), the requirement that v? and v are strictly positive implies that

mi,R > m3, mi R >m,, (5.45)

The above inequalities are equivalent to

1-R 1-R
<1 T R) (miy +miy) < m3y —mi; < — (1+—3> (m3, +m3,). (5.46)

Comparing eq. (5.40) with @sﬁ and (5.30)), it follows that the mixed phase and the
) Y ]'

inert phase do not coexist
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D. CP properties of the softly broken Zs ® Ilz-symmetric scalar potential with

mi, # 0

Returning to the more general case where m2, # 0, the scalar sector is CP conserving if

and only if Im(Z:Z2) = 0. A straightforward computation yields,

Im(Z:Z5) = —3Ms(1 — R)s35005sin 26 [A(1 — R) + 23]
= —IX (A= A3 = A = As) (A = A3 — Mg+ A5)spgcaa8in 26 . (5.47)

The case of s9g = 0 corresponds to the inert limit, which has already been treated above. In
light of eq. (444), the conditions A; = 0 and A — A3 — Ay = £ )5 correspond to the ERPS4
where a U(1) symmetry is manifestly realized in some basis. In particular, A = A3+ Ay & A5
correspond to GCP3 and GCP3', respectively, whereas A5 = 0 corresponds to U(1)®Ils,
which is equivalent to GCP3 and GCP3' in different choices of the scalar field basis. For
example, GCP3' is related to GCP3 via the basis change specified in eq. (B.1)). These
enhanced symmetry cases will be treated separately in Sections [VIHVIII]

In this section, we shall assume that soz # 0, A # A3 + Ay £ A5 and A5 # 0, in which case

CP is conserved if either (or both) of the following two conditions hold,

cop =0 and/or sin2{=0. (5.48)

1. cos28=0

In the case of cop = 0, it follows that CP is conserved despite the fact that one cannot
separately rephase ®; and ®5 in the Z, ® 1, basis such that all the parameters of the scalar
potential are real if Im(A;[m?,]%]) # 0, as was already noticed in Ref. [37]. To understand
the origin of this result, note that eq. (5.4) implies that m?, = m3, when cys = 0. Together
with the ERPS4 conditions, it follows that the scalar potential is invariant with respect to
a GCP1’ transformation [cf. Tables [Vl and [VI]. Moreover, the condition of ¢y = 0 ensures
that the GCP1’ symmetry is preserved by the vacuum.

When co5 = 0, eq. ([5.24)) is rendered block diagonal, with the 2 x 2 block identified as

the squared-mass matrix of the neutral CP-even scalars. It then follows that

m?% = 2Re(m?,e®) + IX*(1 = R) 4+ Asv?sin® ¢, (5.49)
mie = m?4 — 30 A1 = R) + A+ Xs) (5.50)
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where A = ¢y = v/2 ReH). The squared-mass matrix of the neutral CP-even scalars is

e — A2 (14 R) — Asv?sin® ¢ — 502 sin € cos € 7 (5.51)

—Asv?sin € cos & m% — 3A0?(1 — R) — Asv? cos® €

with respect to the {¢1, @3} basis, where ¢; = vV2 ReH) — v and 3 = v2 ImHY). The

neutral CP-even scalar mass eigenstates are given by,

H = ¢1¢5-0 — ©385-a h = ©1S5-a + ©3C5-a (5.52)

where 0 < 8 —a <7, s5_o =sin(f — «) and cg_, = cos(f — a),

my, = %{mi + (AR — X\5)v? £ \/[m?4 — v2(X + A5 cos 25)}2 + A2vtsin? 2¢ } . (5.53)

with my, < mpg, and ™

Asv? sin 2
Choa = 507 Sin 28 . (5.54)

2\/(m%1 —m3)[m¥ — i M2(1 + R) 4 Asv?sin®¢]

2. sin2=0

In the case of sin 2§ = 0, egs. (5.5) and (E.6) imply that Im[(m?,)?] =2 Rem?, Im m?, =0.
If sin £ = 0 then Im m?, = 0 and all scalar potential parameters are real, whereas if cos £ = ()
then Rem?, = 0 and a rephasing ®, — i®, changes the sign of the real parameter A5 while
removing the complex phase of m%,. Hence a real basis exists,'® which implies that the scalar
potential and the vacuum are CP conserving. The neutral scalar squared-mass matrix given
in eq. (5.24]) is block diagonal when sin 2§ = 0, with the 33 element identified as the squared
mass of the CP-odd scalar, 4 = @3 = /2 Im H).

For sin¢ = 0, it follows from eqs. (5.21]) and (5.24]) that

2Remi,

; — 02, mie = mi + 3(As — Ay)v?, (5.55)
28

m% =+

where the choice of signs corresponds to cos& = 1. The upper 2 x 2 block of eq. (.24]) is

identified as the squared-mass matrix of the CP-even neutral scalars,

4 In obtaining eq. (5.54), we have employed eqs. ([@1) and (@3], where the real quantity Zgv? in these

equations is to be identified with the off-diagonal element of M2 given in eq. (G.5]).
15 A real basis is defined to be a scalar field basis in which the scalar potential parameters and the vevs are

simultaneously real.
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M — M?[1—1s35(1 — R)] — 3 A0 s95095(1 — R) (5.56)
" —%)\’02825025(1 — R) mi + >\5U2 + %)\U 825(1 — R) ’

with respect to the {1, o} basis, where o1 = v/2 Re H) — v and ¢s = V2 Re H. Hence,

my, = —{mA A+ Xs5)v” & \/ [m% + Asv? — Ao? (¢35 + Rszﬁ)} + N2s5055(1 — R)%‘*} ,
(5.57)

with my, < myg, and

o2 1-R
Choa = vesapcap(l = F) . (5.58)

2/(m3 = m3) [m — 2(1 - $s3,(1 - R))]

For cos € = 0, the results of egs. (L.53)-([G.58) are modified by the following substitutions,

+Rem?y = Flmm2,, A5 — —Xs5, R—=>R=Ms+M— X))/, (5.59)

where the choice of signs in front of Imm2, corresponds to sin¢ = £1. Note that R # 1
under the assumption specified above eq. (B48). If R = 1 then the (softly broken) Z, ® I,
symmetry of the scalar potential is promoted to GCP3', as discussed below eq. (5.47).

3. cos28 =sn2 =0

If co5 = sin2¢ = 0 then egs. (19) and (5:20) yield Y3 = Zg = Z7 = 0, corresponding
to an inert limit of the softly broken Z, ® Il,-symmetric scalar potential. If siné = 0, then

one can obtain the scalar squared masses either by taking the siné = Imm?, = 0 limit

of eqs. (0.49)-(EEI) or by taking the cop = 0 limit of egs. (B.50)-(G.51). Recall that we

have identified the neutral scalar mass eigenstates in the convention specified in eq. (5.30).
Taking into account that M?% is exhibited with respect to the {¢1, 3} basis in eq. (E51)
and with respect to the {¢1, w2} basis in eq. (B50]), respectively, it follows that

m; = iM*(1+R), m? = £2Remi, — \s0?,
my = m + Asv” + 2(1 - R), mye =mi + (s — Ao’ (5.60)

If cosé = 0, then eq. (5.60) is modified by applying the substitutions indicated in eq. (5.59).
In the inert limit, the vacuum preserves the I1y symmetry (whereas the Z,; symmetry remains

softly broken since m?, # 0).
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4. Spontaneous vs. Explicit CP violation

Spontaneous CP violation can occur when Im [m%r = 0 (with m?, # 0) and sin 2§ # 0.
In addition, as noted in Appendix [Al below eq. (A.28]), one must assume that A5 > 0 in order
to guarantee that this CP-violating vacuum solution is a local minimum. If Imm?, = 0 and
sin 2 # 0, then eq. (B.6) implies that mf; +m3, + $A(1 4+ R)v? = Asv?. Inserting this result

into eq. ields cos & = Rem?,/(Asv%szcg); i.e., spontaneous CP violation occurs if ,
y 12 BLs
0 < |mi,| < Asv?spes . (5.61)

Likewise, if Rem{, = 0 and sin 2§ # 0, then eq. (5.F) implies that mf, +m3,+3A(1+R)v? = 0.
Inserting this result into eq. (5.6) yields sin & = Im m3,/(Asv%sgcs). Once again, spontaneous
CP violation occurs if eq. (5.67]) is satisfied.

If Im(Z: Z2) # 0 then the scalar potential is explicitly CP-violating. In this case, one must
diagonalize the 3 x 3 neutral scalar squared-mass matrix given in eq. (5.24) to determine
the neutral scalar mass eigenstates. The inert limit cannot be realized in this case, so
the presence of scalar-mediated CP-violating effects necessarily implies that the tree-level
properties of any of the three neutral scalar mass eigenstates must deviate from those of the

SM Higgs boson. This is a special case of the C2HDM that has been explored in Ref. [37].

E. Scalar potential with an unbroken Zs ® Ilz-symmetry

The Zy ® TI, symmetry of the scalar potential is unbroken if m?, = m3, and m?, = 0.
First, we suppose that both vevs are nonzero. Then eq. (B.13) implies that Y3 = 0, which
yields Y3 = Zgs = Z; = 0 in light of eq. (5:20) and the ERPS condition, corresponding to
the inert limit of the Zs ® Ily-symmetric scalar potential. Moreover in light of eqs. (2.10)
and (5.4)), cop = sin2¢ = 0 in the Zy @ Il symmetry limit, and it follows that the vacuum
breaks Z, but conserves II,. The scalar squared masses in the limit of cy3 = sin§ = 0 and
m2, = 0 are given by the m?, = 0 limit of eq. (5.60). Stability of the scalar potential requires
that the squared masses of the scalars are positive, which yields A5 = —|A5| < 0, Ay < |[A5]
and |R| < 1. Likewise, for cop = cos& = 0, the scalar squared masses are given by mij, = 0
limit of eq. (5.60) after replacing A5 — —As and R — R [cf. eq. (5.59)], in which case the
stability requirement yields A5 > 0, \y < X5 and |R| < 1.

If one of the vevs vanishes (i.e., sog = 0) then the Zy ® Il symmetry limit of eq. (5.20)
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corresponds to setting Ya = Y = —3 0% [cf. eqs. (Z12) and (ZI3)], which yields

m% = IR 1), (5.62)

2
which requires that R > 1. The squared masses of H, h and H in terms of m? given in

egs. (B27)—(E.29) remain unchanged. In this case, the vacuum breaks II; but conserves Zo.

F. The landscape of ERPS4—Part I: scalar potential with a softly broken or un-

broken Zo ® Il symmetry

The landscape of scalar potentials in the ERPS4 that respects a softly broken or exact
Zo ® Iy symmetry (but no larger symmetry) is summarized in Table [VTIl

B sin2¢ | m2,, m3, m?, CP-violation? |Higgs alignment comment

S5 # 0 #0 | m2, #m3, complex explicit no Im [m3,] 2 #0

s98#0 | #0 | mi #m3y | Im [m%z]z = 0 | spontaneous no 0 < |mdy| < $A50%s95

sog#0 | #0 | mi #miy | Im [m%z]z =0 no no Imy| > 2A50%s05

co3 =0 #0 | m2, =m2, complex no no m2, # 0
sogcog 70| 0 m?, #m3, | Im [m%zf =0 no no

598 =0 m3, #m3, 0 no yes

cop =0 0 m¥, =m3, | Im [mé]z =0 no yes miy # 0

s95 =0 m2; = m3, 0 no yes unbroken Zy ® Il

cop =0 0 m2; =m3, 0 no yes unbroken Zy ® Il

TABLE VII: Landscape of the ERPS4-Part I: Scalar potentials of the 2HDM with either an
unbroken or softly broken Zo @Il symmetry that is manifestly realized in the ®-basis. In all cases,
A=A = Ao # A3+ A £ A5, where )5 is real and nonzero, A\¢ = A7 = 0, and A\, A + A3, and
A+ A3 + M\ — |A5| are all positive. Note that if m?, is pure imaginary, one can rephase ®5 — i®y
to obtain a new basis where m?, is real and A5 flips sign. An exact Higgs alignment in the ERPS4
is realized in the inert limit where Y3 = Zg = Z7 = 0.

VI. THE U(1)®II; SCALAR FIELD BASIS

Consider the softly broken U(1)®Il,-symmetric scalar potential where A = A\; = Ay and
s = A\¢ = A7 = 0. The softly broken parameters, m?,, m3, and m?,, are arbitrary with m?,

potentially complex. If we demand that the potential is bounded from below, the following
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conditions must be satisfied (modulo the remarks of footnote (),

A>0, A+ A3 >0, A+ A3+ A >0. (61)

A. The softly broken U(1)®II2 or SO(3)-symmetric scalar potential with v; # 0
and vy # 0

We shall first assume that v; and v, are both nonzero, or equivalently sin25 # 0. We

then use eqs. (Z8)—(ZI0) [with A = A\ = Ay] to obtain,

mi, = Re(mle)tan 8 — Iach — L(A3 + \y)v’s3, (6.2)
m3, = Re(mi,e) cot B — $hv?sh — 1(As + Ay)v’ch, (6.3)
Im(m3,e®) = 0. (6.4)
Egs. (62) and (€3] fix the value of 5. In particular,
Cag = 2m§2 —mh (6.5)

Since m2, is the only potentially complex parameter, one can assume without loss of
generality that m?, is real and non-negative after an appropriate rephasing of one of the
two Higgs doublet fields. Hence, eq. (6.4) implies that the scalar sector is CP-conserving.
Nevertheless, in the analysis presented in this section, we find it convenient to retain all
factors of €% for later purposes, which simply means that m2,e® = Re(m?%,e®) > 0, in light
of eq. (64) and the requirement that m?% > 0 [cf. eq. (EI4)].

The corresponding parameters of the Higgs basis are obtained by setting A\s = 0 in

eqs. (B.14)-E.19),

Y, = %ﬂeif) — AW [R+ 3s34(1 — R)] (6.6)
Zy =7y = Aﬁ[l —1s35(1-R)], (6.7)
Z3 = A3+ 3As55(1 — R), (6.8)
Zy =M+ 3As55(1 — R), (6.9)
Zs = 1As34(1 — R)e ", (6.10)
Zg = —Z7 = —3Asapcap(1 — R)e ™, (6.11)
where
R= A?”;A”‘. (6.12)
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Note that R > —1 in light of eq. (61).! The limit of R = 1 corresponds to the softly
broken SO(3)-symmetric scalar potential, where the conditions \; = Ay = A3 + Ay and
As = A\g = A7y = 0 hold for all choices of the scalar field basis.

The Higgs basis parameters Y; and Y3 are fixed by the potential minimum conditions
given in eq. (5.20). Note that Im(Z}Z2) = 0, which implies that a real Higgs basis exists
after an appropriate rephasing of the Higgs basis field Hy. That is, there is no CP violation
(neither explicit nor spontaneous) arising from a scalar potential that exhibits a softly broken
U(1)®Ily symmetry. Using egs. (67)-(6I1), it follows that the following conditions are
satisfied,

[Re(Z:Z8))> + Re(Z: Z8)| Z6|*(Z1 — Zaa) — 2| Z6|° =0 and Im(ZiZ5)=0.  (6.13)

We recognize these conditions as equivalent to eq. ({41]) when applied in the Higgs basis.

The squared masses of the neutral Higgs bosons are obtained by computing the eigen-
values of eq. (B.22). In light of eqs. (G.I0) and (EI1)), it is convenient to take n = —¢ in
eq. (522, since this choice yields Im(Zse™%") = Im(Zge~") = 0. One can then immediately
identity the squared mass of the CP-odd neutral scalar A = 3 = /2 Im H3,

m% = 20°[Zss — Re(Z5e*°)] + Y, = %5262{) : (6.14)
Combining eqs. ([6.2)), (3] and ([EI4) yields an alternative expression,
m} =mi; +miy + A (1+ R). (6.15)
Likewise, the charged Higgs squared mass is given by
mye =Ys + 32507 = m3 — $a0?, (6.16)

after making use of eq. (GI4). Finally, the squared masses of the CP-even neutral scalars,

denoted by h and H, are the eigenvalues of the 2 x 2 matrix,

M — Zyw? Re(Zgei )v?
H — . .
Re(Zge®)v?  m? + Re(Zze*€)v?
2 1.2 1 2
_ A?[1— 3s35(1 — R)] —5AU?s95095(1 — R) (6.17)
1y,2 2 | 1y,2.2 ’ '
—5 A% s9pcap(1 — R)  m% + 3 \v°s34(1 — R)
16 If R = —1 then the quartic terms of the scalar potential exhibit a flat direction. One can then ensure the

stability of the scalar potential in the weak sense [cf. footnote B] if m2, + m3, > 2|m32,| |56, [72].
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with respect to the {1, oo} basis,'” where 1 = v/2 ReH? — v and ¢, = v/2 ReHY. The

neutral CP-even scalar masses are given by,

m%,h = %{mi + %+ \/[m?4 — )\02(035 + ngﬁ)}2 + )\2336055(1 — R)2v? } ; (6.18)

with m;, < myg, and
Av? 1—-R
Cha = visapeap(l = B) . (6.19)
2\/(m§{ —mi)[m¥ — M?(1 — 3s3,(1 — R))]

A stable minimum requires that the scalar squared masses should be non-negative. This

condition implies that

Re(miye®) >0 and m?% > I\0°. (6.20)
In addition, we demand that
Tr M3y = m% + >0, (6.21)
1
— det MG = IN0%s55(1 — R?) + A’ [1 — 3s55(1— R)] > 0. (6.22)

Since m% > 0 by assumption, eq. ([G2I)) is automatically satisfied in light of eq. (E1)).
On the other hand, eq. (622) is satisfied only if R lies below a critical positive value that

depends on \, 3 and m? /v,

Ler<™ay J(mA_ ), Amd (6.23)
— ? Av? Av2ss, '

after employing eq. (G.10).!® Tt follows that eq. (6.22)) is satisfied for all values of 3 if

2

2
—1<R<1+ ;Z;‘. (6.24)

One can fix the parameter space of the softly broken U(1)®Il;y scalar potential by speci-
fying the values of six real parameters: A\, \y, R, 3, ma and v = 246 GeV. By replacing A
with my, (see eq. (131) of Ref. B]) and Ay with mpy=+, the independent parameters of the
softly broken U(1)®Il, scalar potential can be taken as my,, ma, my+, v, R and /3, in which

case m% = m? —mi + \? [cf. eq. (G2I)] is a derived quantity.

17 The computation of the squared-mass matrix of the CP-even neutral scalars in the ®-basis is given in

Appendix
18 Apart from the upper bound iiven in eq. ([G:23)), one can obtain an independent upper bound by imposing

either tree-level unitarity | or a perturbativity constraint. One would then expect R/(47) < O(1).
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B. The inert limit of the softly broken U(1)®II; or SO(3)-symmetric scalar po-

tential

The inert limit of the scalar potential, where Y3 = Zg = Z; = 0, possesses an exact Zo
symmetry despite the presence of squared mass parameters that softly break the U(1) ® Il
symmetry. The inert limit arises if either v; = 0 or vo = 0, but is more general. Indeed,
eqs. (Z2) and (GII)) imply that the inert limit arises if any one of the three conditions,

R =1, cy5 =0, or s95 = 0, is satisfied.

1. softly broken SO(3)-symmetric scalar potential (R =1)

The case of R = 1 corresponds to the softly broken SO(3) scalar potential as noted below
eq. [6I2). In light of eqs. [62)—(64), it follows that if syscop # 0 then m2; # m3, and

Re(m?2,e%) # 0. In this case, the squared masses of the Higgs bosons are given by

2 2 2 2 2 2 1y .2
my, = A\v®, my =my, M+ = My — 540", (6.25)

where m? = 2 Re(m?,e®)/so5. The mass degeneracy of H and A arises due to an unbroken
U(1) symmetry of the scalar potential in the Higgs basis (since Y3 = Z5 = Zg = Z7 = 0)
that is preserved by the vacuum. The Iy symmetry remains softly broken (since Y # Y5).

2. The softly broken U(1)®1ls-symmetric scalar potential with cos25 = 0
In the case of cos = 0, eq. ([6.5) implies that m?, = m3,. Eqs. (6.14)—(GI8) yield,
my = 1M*(1+R), mi =m5 + i *(1 - R), miye =m% — t0?, (6.26)

where m?% = 2 Re(m?,e®), in agreement with the A5 = 0 limit of eq. (5.60). In this limiting
case, after rephasing one of the two Higgs doublet fields to set & = 0, the vacuum preserves

the I, symmetry [whereas the U(1) symmetry remains softly broken since m?, # 0].

3. The softly broken U(1)®1ly-symmetric scalar potential with one vanishing vev

The case where one of the vevs vanishes (i.e., so5 = 0) should be treated separately and

implies that m?2, = 0 in light of eqs. (ZI2) and (ZI3). One can check that eqs. (6.7)—(E11)
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remain valid after setting sop = 0. In this case, the U(1) symmetry of the scalar potential
is unbroken, whereas the Iy symmetry is softly broken if m?2, # m2,.

First, suppose that v = 0 and v; = v. Then, eq. (5.20) yields,
m} =Y + s MR, (6.27)

where Y, is a free parameter of the scalar potential that is no longer given by eq. (G.0).
Moreover, eq. (6.3]) is no longer valid since Y, = m3, is independent of the squared mass
parameter m?; only the latter is fixed by the scalar potential minimum condition. The
squared masses of the other scalars are given by eqs. (B.27)-(5.29) by setting A5 = 0,

m; = \v?, my = m3, mie =my — I0”. (6.28)
Note that the U(1) symmetry is preserved by the vacuum, which results in the mass degen-
eracy of H and A. Second, if v; = 0 and vy = v, then it follows that Y5 = m?, is a free
parameter and Y; = m3, = —3 v?. Eqs. (1)) remain valid after setting 8 = 3.

2
Moreover, the Higgs masses given by eqgs. (6.27) and (6.28) also remain valid.

C. The mixed phase of the softly broken U(1)®II;-symmetric scalar potential

with m%z =0

Although the vanishing of one of the two vevs requires that m?, = 0, the converse is not
necessarily true, as previously noted. That is, if m%, = 0, then both an inert phase and a
mixed phase of the 2HDM are possible. The inequalities previously obtained that distinguish
the inert and mixed phases in egs. (.34]), (535) and (546) still apply (after setting A5 = 0),
and again imply that the inert and mixed phases do not coexist. In the mixed phase with
m3, = 0, the scalar potential respects the U(1) symmetry, which is spontaneously broken

by the vacuum. Consequently, m?% = 0 and the other scalar squared masses are given by,

mi,, = 3 0 [14 /3, + R2s3,] mise = —1\0?, (6.29)

with my, < myg. Stability of the vacuum requires that Ay < 0.

D. Scalar potential with an unbroken U(1)®IIz or SO(3) symmetry

The U(1) @ II, symmetry of the scalar potential is unbroken if m?;, = m2, and m, = 0.

Then, as noted at the end of Section [V] the squared mass conditions yield Y3 = Zs = Z7 = 0,
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corresponding to the inert limit of the U(1) ® Ily-symmetric scalar potential.

First, we suppose that both vevs are nonzero. Then in the U(1) ® Iy symmetry limit,
egs. (6.2)-([6.4) imply that (R — 1)cop = 0. Hence, the U(1) ® II, symmetry limit arises in
two distinct cases. If miy = co5 = 0 and R # 1, then egs. (614)-(6.11) yield,

mp = iM*(1+R), mi=3M(1-R), my=0, mj==—3\0". (6.30)

Note that a stable minimum exists if Ay < 0 and |R| < 1. The Il symmetry is preserved
by the vacuum, whereas the U(1) symmetry is spontaneously broken by the vacuum and
results in a massless Goldstone boson.

If m?, = mi, , m? =0 and R = 1, then an SO(3) symmetry is explicitly preserved by
the scalar potential and eqs. (CI4)—(EI7) yield,

m; = \v?, my =m?4 =0, miye = —3\v?. (6.31)

The SO(3) symmetry is spontaneously broken by the vacuum, leaving a residual unbroken
U(1) symmetry, which results in two massless Goldstone bosons, H and A.

If one of the vevs vanishes (i.e., so5 = 0), then setting A5 = 0 in eq. (5.62) and in
egs. (BE27)-([E29) yields,

m; = \?, m2 =m% = IR - 1), miye =m} — 10?, (6.32)

which corresponds to a stable minimum if R > 1. Note that in this case the Il; symmetry
is broken by the vacuum, whereas the U(1) symmetry is preserved by the vacuum and
results in the mass degeneracy of H and A. In the limit of R = 1, corresponding to an

SO(3)-symmetric scalar potential, the resulting scalar masses are again given by eq. (G31]).

E. The landscape of ERPS4—Part II(a): scalar potential with a softly broken or
unbroken U(1)®II; or SO(3) symmetry

Table [VIII provides a summary of the landscape of scalar potentials in the subspace of
the ERPS4 regime where the U(1) ® Iy or SO(3) symmetry of the scalar potential is either
softly broken (m?, # m3, and/or m?, # 0) or unbroken (m?, = m3, and m?, = 0).

It is noteworthy that the tree-level Higgs scalar potential of the MSSM exhibits a softly
broken U(1) ® II, symmetry with m2, # m3,, mi, # 0, so5 # 0 and R = —1 [22, [7§],
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B m2,, m3y | miye’ R |Higgs alignment comment
sogcag 0 | M3 #£mly | >0 | R#£1 no see eq. (6.23)
sagCag # 0 | M3y # miy 0 Rl <1 no m% =0

cop=0 |m3=ml| >0 |R#£1 yes —1 < R<1+2m%/(\?)
sog =0 | m3 #m3, 0 R#1 yes mi =m% >0
cos =0 | m3; =m3, 0 |IR| <1 yes one massless scalar
so5 =0 | m3 =m3, 0 R>1 yes m% =m? >0
sagcas 0 | M3 #£mdy | >0 | R= yes m% =m? >0
cop=0 |m3=ml| >0 |R=1 yes mi =m% >0
sop =0 | m3; #m3, 0 R=1 yes m% =m% >0
m?, =m3, 0 R=1 yes m% =m?% =0

TABLE VIII: Landscape of the ERPS4-Part II(a): Scalar potentials of the 2HDM with either an
unbroken or softly broken U(1) ® Iy symmetry that is manifestly realized in the ®-basis, where
A=A = X, A5 = A = Ay = 0, and CP is conserved by the scalar potential and vacuum. The
parameter m3,e’ is real and non-negative [as a consequence of eqs. (64) and (GI4)]; if m2, = 0
and spg # 0 then a massless neutral scalar is present in the neutral scalar spectrum. The parameter
R = (A3 + M\1)/X > —1; when R = 1 the (softly broken) U(1) ® IIy symmetry is promoted to a
(softly broken) SO(3) symmetry. An exact Higgs alignment in the ERPS4 is realized in the inert
limit where Y3 = Zg = Z7 = 0.

corresponding to the first line of Table [VIIILYY Of course, radiative corrections to the scalar
potential of the MSSM are significant [79] and yield an effective 2HDM scalar potential below

the energy scale of supersymmetry breaking that lies outside the domain of the ERPS4 [8(].

VII. THE GCP3 SCALAR FIELD BASIS

Consider a softly broken GCP3 symmetric scalar potential whose parameters (denoted
with prime superscripts) satisfy the following conditions: N = A| = X\, = Xy + X} + A} and
Im A, = \; = A\, = 0. The softly broken parameters m/3, m)3 and m/3 are arbitrary (with

m}3 potentially complex). If we demand that the potential is bounded from below, then

N >0, N+X; >0, Ap < X (7.1)

19 Since R = —1, the scalar potential stability conditions require that m?, + m3, > 2|m?,| as noted in
footnote Moreover, m3;m3, < |m3,|? in order to have electroweak symmetry breaking B], thereby
excluding m?, = m3,.
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A. The softly broken GCP3 symmetric scalar potential with v; # 0 and vy # 0

Assuming that v} and v} are both nonzero, eqgs. (Z8)—(ZI0) yield,

mi} = Re(mi3e) tan B’ — INv? + Njv?s% sin® €, (7.2)
mi; = Re(mie'™) cot § = JX0* + Xo'ch sin’ (73)
Im(mi3e™) = I\ v?szcq sin2¢’. (7.4)

Eqgs. (T2)—(C4) fix the value of f" and ¢'. In particular,

m'z% m'ﬁ
, = 7.5
€28 mi3 + mb3 + N2’ (7.5)
cosf = 2Rem (7.6)
Sop (M3 +mb3 + Nv?)’
sin¢’ = —2Im i : (7.7)

Sog (M3 + mi3 + (X — Aj)v?]
As noted below eq. (5.6), inserting m’2 = |m/2|e?:z in egs. (Z.6) and (Z7) and imposing
cos? ¢’ +sin? ¢’ = 1 yields an equation that determines the phase 6, in terms of ¢’ and the
other GCP3 scalar potential parameters.

The corresponding parameters of the Higgs basis are obtained by setting R = 1 in
eqs. (B.14)-(B.19),
2 Re(m/2e)

Yy = — N0+ Mo? (1 = 1s35) sin® ¢, (7.8)
Sop/

Zy = Zy =N — N;sy sin® ¢ (7.9)

Zs = Ny + Nysyg sin & (7.10)

= N} + Ais5g sin® ¢ (7.11)

Zs = Xye € (cos &' + icag sin 5’)2, (7.12)

Zg = —Z7 = iXgSop sin ¢lei¢ (cos ¢ +icop sin f’) ) (7.13)

The Higgs basis parameters Y; and Y3 are fixed by the potential minimum conditions given
in eq. (B20). Note that eq. (GI3) is satisfied, as expected. In addition, in the limit of
A5 = 0, we recover the softly broken SO(3)-symmetric scalar potential, where the conditions
AL =My =X, + M) and A\, = A\j = A, = 0 hold for all choices of the scalar field basis.

One can check that CP is conserved in light of the relation,
Z§ = —Ns5g 8in* ' Zs (7.14)
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which implies that Im(ZZZ2) = 0. Thus, there exists an appropriate rephasing of the Higgs
basis such that Z5, Zg and Z; are real. This is remarkable in light of the fact that A5 is
real but m?, can be complex, which implies that one cannot perform a simple rephasing of
the scalar doublet fields in the GCP3 basis to render all parameters real. In light of the CP
invariance of a softly broken GCP3-symmetric scalar potential, it must be possible to find a
residual generalized CP transformation under which the scalar potential and the vacuum in
the GCP3 basis is left invariant. In Appendix [C, we provide an explicit construction of this
residual generalized CP transformation. Of course, the existence of such a transformation is
a foregone conclusion given that the existence of the residual CP symmetry in the U(1)®Il,
basis can be established by inspection.
The scalar masses can now be evaluated. First, eq. (5.21]) is still valid,

2 Re(m/2e") B

2 _ 1 2 _
825/

(N} + A cos2¢') . (7.15)

Next, consider the neutral scalar squared-mass matrix, which is given by eq. (5.22]). Noting
that the complex number, cos&’ + icop siné’ appears in both eqs. (T12) and (7.I3), it is

convenient to define the complex phase 1 via,
cos &’ +icop sing’ = (1 — s3, sin® &) /2™ . (7.16)

In order to make use of eq. (5.22), we must choose a value for 7. Following eq. (5.8]), we
shall transform 7 = —¢ [which was employed in the U(1) ® II5 basis| to the GCP3 basis.
The derivation is provided in Section [VII [cf. eqs. (BE5R)-(®.60)] and instructs us to choose

n=1—¢—1Lr. (7.17)
Inserting this result into eq. (5.22)), it then follows that

Zs = —N5(1 — s34 sin* £)e* (7.18)
Zs = —Nisagsing'(1 — s34 sin® eNV2em (7.19)

In particular, Im(Zse=2") = Im(Zge~") = 0. Thus, we can immediately read off the squared
mass of the CP-odd neutral scale from eq. (5:22),
2 Re(m/2e)

+ Av?sin? ¢’ (7.20)
825/

m124 =Y, + %vz [Zg + Zy — Re(Z5e_2i")]
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where A = 3 = v/2 ImHJ. Combining the results of eqs. (Z.2), (Z3) and (Z.20) yields,
m? = miT +mby + No?, (7.21)
In addition, eqs. (ZI58]) and (7.20) yield,
mye =m% — (N + Ap)o?. (7.22)

The squared masses of the CP-even neutral scalars, h and H are the eigenvalues of the

2 x 2 matrix exhibited below,?

I Zyv? — Im(Zge'€ —¥))p?
H = i S ¢!
—Im(Ze'©=¥))?  m? — Re(Z5e?(&—¥))p?
B (N — Nys3s sin® &' )v? — M2 sgs sin €' (1 — s34 sin®¢')1/2
— 02500 sin &' (1 — s34 sin® &)1/ m% — Nv?(1 — s34 sin* &)

(7.23)

with respect to the {1, po} basis, where ¢; = 2 ReH? — v and @5 = V2 ReHy. The

neutral CP-even scalar masses are given by

mi, = {mA+ —X5) 2ﬂ:\/ (N + X )1)2] + 4N (m4 — Nv?)s3, sin’ f’} , (7.24)

where m;, < mpy, and
Av2s94 sin &'(1 — s2,, sin? £/)1/2
Choa = 57 228 &'( 28 &) . (7.25)
\/(m% —mj) [m3 — (N — Nys3g sin® &) v?]

A stable minimum requires that the scalar squared masses should be non-negative. This

condition implies that
Re(miye™) + I Mv?sogsin®¢ >0 and  m% > LN, + A5)o?. (7.26)
In addition, we demand that

Tr M3 = m? + (N = X)v? >0, (7.27)
1
— det M3 = m4 (N — Nyshgsin® &) — NAjo?(1 — s34 sin® ') > 0. (7.28)
v

20 The computation of the squared-mass matrix of the CP-even neutral scalars starting from the ®’-basis is

much more difficult. Details are provided in Appendix
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Since m?% > 0 by assumption, eq. (Z7) is automatically satisfied in light of eq. (ZI)). On
the other hand, eq. (Z.28) is satisfied if and only if

Lon 2
A, < min {X Ay } . (7.29)

" N2 4 53, 8in” £ (mA — No?)

One can fix the parameter space of the softly broken GCP3 scalar potential by specifying
the values of X', X}, Aj, sop sin¢’, my and v. In particular, once my is fixed, we see that 5’
and &’ do not appear independently in any 2HDM observable. By replacing A with m; and
A4 with mpy+, the independent parameters of the softly broken GCP3 scalar potential can
be taken to be my,, ma, my+, v, \i and syp sin&’. That is, just as in the case of the softly

broken U(1)®IIy scalar potential, the parameter space is fixed by six real parameters.

B. The inert limit of the softly broken GCP3-symmetric scalar potential

The inert limit of the softly broken GCP3-symmetric, corresponding to Y3 = Zg = Z; = 0,
arises if either v; = 0 or vo = 0, but is more general. Indeed, eq. (ZI3]) implies that the inert
limit requires that one of the following three conditions, sqp siné’ = 0, copr = cos&’ = 0, or

AL = 0, is satisfied.

1. The softly broken GCP3-symmetric scalar potential with one vanishing vev

The case where one of the vevs vanishes (i.e., so5 = 0) implies that m/3 = 0 in light of
egs. (212)) and ([2ZI3). Then, setting R = 1 in egs. (5.20)—(5.29) yields,

mi = Nv?, m3 =m?% — \v?, mie =m} — LN+ A)o?, (7.30)

where m?% =Y, + 1Nv? and Y3 is a free parameter. Likewise, if sin&’ = 0, then eqs. (Z20)-

[C23) also yield eq. (T30), where m? = 2| Rem/3|/s2p. ' That is, if sppsing’ = 0 then
eq. ((C30) is satisfied where

2| R, /2
ﬂ , if sin ¢’ = 0 and s9pr # 0,

m? = S2p/ (7.31)
Yé + %)\/’U2 s if Sopr = 0.

Note that if sin &’ = 0, sggrcop # 0 and m)j3 # mb3, then Rem)3 # 0 due to eqs. (T2)—(T4).

21 If sin €’ = 0 then Re(m/3e®’) = + Rem)3 = | Rem}32| after choosing the sign that yields m% > 0.

42



2. The softly broken GCP3-symmetric scalar potential with cos2p’ = cos& =0

Second, if ¢y = cos &’ = 0, then it follows from eqs. (C20)-(7.23) that,

mi = (N — Xp)v?, m3; =m? = £2Imm’3 + Mv mye =m3 — (N + M)’
(7.32)
Using the results of Section [VIII] this case corresponds to sss = 0 in the U(1) ® Il basis.
Then the choice of plus [minus] sign in the expression for m%{, 4 in eq. (T32) corresponds
to =010 = %71’], respectively. Moreover, recall that an unbroken GCP3 symmetry is
equivalent to U(1) ® Zy [cf. Table [VI]. Although the Z, symmetry is explicitly broken
(due to mj3 # 0), a residual U(1)’ symmetry survives that is preserved by the vacuum if

copr = cos & = 0 since,

cosf sinf 1 . 1
=e , (7.33)
—sinf  cosf +3 +3

which results in the mass degeneracy of H and A.

3. The softly broken SO(3)-symmetric scalar potential (N5 =0)

Third, if A = 0, then the softly broken GCP3 symmetry is promoted to a softly broken
SO(3) symmetry. In light of eqs. (T2)—(T4), it follows that if syprcas # 0 then m/? # mb3
and Re(m/2 €') # 0. We then obtain,

2 Re(mize
m; = Nv?, m3 =m? = M : miye =m} — I\ (7.34)
825/
in agreement with eq. ([6.23]), as expected. Using the results of Section [VIIIl this case

corresponds to R = 1 in the U(1) ® Il basis.

C. Scalar potential with an unbroken GCP3 symmetry

Finally, if m{? = m/3 and m}3 = 0 then the GCP3 symmetry is explicitly preserved by
the scalar potential. In light of eqgs. (5.13) and (5.20) and the ERPS condition, it follows
that Y3 = Zg = Z7 = 0, corresponding to the inert limit of the scalar potential. If both
vevs are nonzero, then it follows from eqs. (T2)-(Z4) that Aicas sin® £’ = ALsin &' cos &' = 0.

Consequently, the GCP3 symmetry limit arises in the following three distinct cases.
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First, if Af # 0 and sin &’ = 0, then eqs. (Z30) and (T3T)) yield

m; = Nv?, my = —Agv? m%3 =0, mye = —S(\) + Ap)v?, (7.35)

which corresponds to a stable minimum if A} < 0 and X, < —A.. The GCP3 symmetry is
spontaneously broken by the vacuum, resulting in a massless scalar.

Second, if A} # 0, copr = 0 and cos&’ = 0, then eq. (32)) yields,

my = (N =)0ty =i = At mye = 5 (X = X, (7.36)

which corresponds to a stable minimum if 0 < A\f < X" and X, < A,. The mass degeneracy
of H and A is again a result of a residual U(1)" symmetry that is preserved by the vacuum.

Third, if AL = 0, then the GCP3 symmetry of the scalar potential is promoted to an
SO(3) symmetry. In this case,

2 _ /2 2 _ 2 _ 2 1y, 2
m; = Nv?, my =m3 =0, M+ = =507, (7.37)

corresponding to a stable minimum if A\ < 0. In particular, the SO(3) symmetry is sponta-
neously broken down to U(1), which yields two massless scalars H and A.

If only one of the two vevs is nonzero (i.e., sos = 0), then eqs. (2.12)) and (2.13) yield
mi3 = 0. Setting R =1 and Y; =Y, = —3Xv? in egs. (5:26)-(5:29), we end up with

mp = XNv?,  mi=-\Nov*,  mi=0, myr=—3(\]+ ), (7.38)

which coincides with the mass spectrum given in eq. (Z35). If in addition we set A} = 0,

then we obtain the mass spectrum of eq. ([L.37).

D. The landscape of ERPS4-Part II(b) and (c): scalar potential with a softly

broken or unbroken GCP3 or SO(3) symmetry

Tables [X] and [X] provide summaries of the landscape of possible scalar potentials in the
subspace of the ERPS4 regime where the GCP3 or SO(3) symmetry of the scalar potential
is either softly broken (m/? # m/3 and/or m/3 # 0) or unbroken (m)3 = mb43 and m}% = 0).
Using the results of Section [VIIIl, one can check that each entry of Tables [X| and [X] can be
matched up with a corresponding entry of Table [VITIl (and vice versa).

The analysis presented in this section can be repeated for the closely related GCP3' basis,

where \] = X, = A + X} — AL and Im A[ = Ay = A, = 0. Details are left for the reader.
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o '3 mi2, mh3 miZe’’ |Higgs alignment comment

sogcag #0 | sin2¢ #0 | mj? #mb} | complex no
sogcag #0 | cos€ =0 | mi3 #mb real no

copr =0 | sin2¢ #£0 | mi3 = mb3 | real (#0) no

copr =0 sing’ =0 | mj3 =mb3 | real (#0) yes

copr =0 cosé’ =0 | mi2 =mh3 | real (#0) yes m% =m% >0
sogcag #0 | sing =0 | mj3 #mb3 | real (#0) yes

S2pr =0 mit # ma; 0 yes

sop # 0 sing =0 | mi2 =mb3 0 yes one massless scalar

copr =0 cosé =0 | mi? =mh} 0 yes m% =m% >0

8950 =0 mi3 = mb3 0 yes one massless scalar

TABLE IX: Landscape of the ERPS4-Part II(b): Scalar potentials of the 2HDM with either an
unbroken or softly broken GCP3 symmetry that is manifestly realized in the ®-basis. In all cases,
A=A =Xy = M+ Ny + AL, (with Af real and nonzero) and Ay = A\, = 0, and CP is conserved by
the scalar potential and vacuum. An exact Higgs alignment in the ERPS4 is realized in the inert
limit where Y3 = Zg = Z7 = 0.

I mi2, mh3 mh3e’€’  |Higgs alignment| — comment
sogrcap # 0 | mi3 #mh3 | real (#0) yes m% =m? >0
cogr =0 | mi2 =mh3 | real (£ 0) yes mi =m% >0
sog =0 | mi% #mb} 0 yes mi =m% >0
mi2 =mb3 0 yes m% =m?% =0

TABLE X: Landscape of the ERPS4-Part II(c): Scalar potentials of the 2HDM with either an
unbroken or softly broken SO(3) symmetry that is manifestly realized in the ®-basis. In all cases,
A= XN =X, =N, + X, and \j = \; = N, = 0, and CP is conserved by the scalar potential and
vacuum. In all cases of an unbroken or softly broken SO(3) symmetric scalar potential, an exact
Higgs alignment is realized as a consequence of Y3 = Zg = Z7 = 0.

VIII. TRANSFORMING BETWEEN THE U(1)®II, BASIS AND GCP3 BASIS

In Ref. M], it was shown that the U(1)®Ily and GCP3-symmetric scalar potentials are
in fact the same scalar potential expressed in different scalar field bases. In this section, we
extend this result to the softly broken U(1)®Ily and GCP3-symmetric scalar potentials by

providing an explicit mapping between the corresponding scalar potential parameters.

45



Consider the following unitary transformation,
et 1 —
Ve \—i 1)’

where the phase ¢ is determined in eq. (813). Starting from the U(1) ® I, basis defined in
Section [Vl it then follows that (independently of the choice of ¢),

U=

(8.1)

N =MN=XN=01+R), (
Ny = A3+ 3A(1—R), (
Ny = M+iIN1-R), (
AL = —%A(I—R), (
Ag = —A7=0, (

where R = (A3 + \)/A. In particular, Ay = X — Ay — X is real and Ay = N, = 0,
corresponding to the GCP3 basis defined in Section [VIIl In addition, the corresponding

soft-breaking squared mass parameters are,

mi] = %(mfl +m3,) + Imm3, (8.7)
m;% = %(mi + m§2) — Im mé ) (8.8)
mi3 = Remi, + Li(m3, —mi,). (8.9)

Finally, the vevs in the GCP3 basis are given by

I
UV =

i , L o .
¢ (vl — ivge’g) , vhye = —e"z’i(vl + 7;’112626) , (8.10)

V2 V2

where v] = veg and v}, = vsg are real and positive. Hence,

1 . N1/2 1 . N1/2
cgr = —=(1 4 s9psin , spr = —=(1 — s93sin , 8.11
5 \/5( 25 5in §) 8 \/5( 26 8In.§) (8.11)
and it immediately follows that
3y =1 — s35sin’ €. (8.12)

By convention, 0 < ' < %7? (or equivalently, sin 25" > 0).
The phase ¢ is determined by the positivity of v]. Hence, it follows that

. —i{
ip _ _ Cpt1sge 313
‘ (1+ s9psin&)/2” (8.13)
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Then, eq. (8I0) yields,

e 1 Cp+isggcosé
€> S = ——= . (814)
V2 (14 55 sing)l/2

Likewise, the relative phase £ is given by,

€ S9p COSE — 1Cop

= . 8.15
(1 — s34sin®£)1/2 (8.15)
That is,
. —Co3 , S98 COS &
Consequently, egs. (812) and (RI6]) yield,
Sop/ sin 5, = —Co8 . (817)

Finally, if g = i?‘(‘ and sin{ = =1, then one of the vevs vanishes. It then follows that
sop = 0, in which case £’ is indeterminate if s = 0 and &' =0 if ¢y = 0.
Using egs. (83), (B12) and §IH), it is instructive to note that

2Re(m3e€) 2 Re(mdy)syscos € + cop(m, — m?)

8.18
Sap 1 — s3,sin¢ (8.18)

In light of eq. (€4)), it follows that
Rem?, = Re(m?,e™) cos & + Im(m3,e™) sin & = Re(m?,e) cos € . (8.19)

Hence, after using eqs. (62) and (6.3)) for m3, —m?, and eq. (8I9) for Re m?,, it then follows
that eq. (8I8) yields,
2Re(m2e’)  2Re(mhe)  A?*(1— R)ci,

. 8.20
Sapr Sap 2(1 — sgﬁ sin? €) ( )
In particular, eq. (Z.20)) yields,
m5 = 2Re(myye™) Re(m/3e®) + Agv? sin? ¢ = 2 Retmipe™) Re(mi,e®) ; (8.21)
Sop/ 528

after employing eqs. ([81) and (8I0). Comparing with eq. (6.I4), we see that one obtains
the same result for m% in the GCP3 basis and the U(1)®II, basis respectively, as required.
Note that the same conclusion can be drawn by plugging the results of eqs. ([8.2)), (871) and

[B8) into eq. (.2T]), which reproduces the result of eq. ([6.15).

For completeness, we check that the scalar mass spectrum derived from the softly broken

U(1)®Il; and GCP3-symmetric scalar potentials coincide, as required. Plugging in the
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results of egs. (84) and (B3 into eq. (T22) reproduces the result of eq. ([GI6) for m?,.. To

check the squared masses of the neutral CP-even scalars, we plug the results of eqs. (82)
and (8X) into eq. (T.27)), which reproduces the result of eq. (6.21I]). Finally, we plug in the
results of egs. (82)), (8H) and (8I7) into eq. (T.2])), which reproduces the result of eq. (6.22).

As a final check of our computations, one can verify that the invariant quantities, Y5,

Z1, ..., Zy, | Zs|, | Zs| and ZzZZ2 are independent of the choice of basis. For example, starting

from the GCP3 basis,

Zi 75 = = Nsyg sin® | Zs P = = AP35 sin® (1 — s34 sin” €)? = 1A% (1 — R)’¢34554 , (8.22)

in agreement with eqs. (G.I0) and (GI1). One can also check that all the other invariants
yield the same values in the GCP3 and U(1)®II, bases.

Given a softly broken U(1) ® Il,-symmetric scalar potential that is displayed in the
U(1) ® I basis where the softly broken symmetry is manifestly realized, it may turn out
that the scalar potential is invariant under some discrete or continuous subgroup of U(1)®I1s.
It is of interest to determine implications of this invariance for the scalar potential parame-
ters when expressed in the GCP3 basis. We proceed by assuming that the scalar potential,
which is specified in eq. (CI]) in terms of squared mass parameters Y,; and dimensionless

parameters Zy, .q [defined in eq. (C.4))], is invariant under the transformation,
D, — X 5P, of — olx) . (8.23)

That is [cf. eqs. (C1) and (C.8)],

Y = XY XT, 7=(X®X)Z(X"e XT"). (8.24)

Consider a change of scalar field basis specified by U [e.g., U specified in eq. (81 trans-
forms the U(1) ® I1, basis into the GCP3 basis|. In light of eqs. (C7)) and (CJ)), Y' = UYUT
yields the squared mass parameters in the new basis, and Z' = (U®U)Z(UT@U") yields the

dimensionless parameters in the new basis. In the new basis, the symmetry transformation
matrix X will be denoted by X’. That is, Y’ = X'Y’ X'l since the parameters in the new
basis are invariant with respect to the transformations induced by X’. It then follows that

UYU' = X' (UYU') X', which yields
Y = (U'X'U)Y (U X'U). (8.25)
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Comparing this result with eq. (824]), we can conclude that
X' =CUXUT, (8.26)

where the complex phase factor ¢ is arbitrary and can be chosen for convenience as it
corresponds to an additional hypercharge U(1)y transformation, which has no effect on the
scalar potential parameters. One can now check that 7/ = (X’ ® X")Z/(X'T @ X'T) by
inserting eq. ([826) for X’ and evaluating the products and hermitian conjugates according
to eqs. (CI0) and (CIT).

We shall now employ eq. (820) in several examples. First, suppose that the softly broken
U(1) ®1II,-symmetric scalar potential is invariant with respect to Zy. Using Table[l it follows
that X = ((1) 0 ) Hence, when transformed to the GCP3 basis using U specified in eq. (81]),

and choosing e = —i, it follows that,

0 1
X = , (8.27)
~1 0

which corresponds to the IT, symmetry defined in Table [Vl This is easily checked using
eqs. (B1)-(®9). In particular, if Imm?2, = 0 and m?, # m2,, then it follows that m/? = m}2
and Rem/2 = 0 [cf. Table [V]].

Second, suppose that the softly broken U(1) ® Ils-symmetric scalar potential is invariant
with respect to II,. Using Table[l, it follows that X = ((1) (1]) Hence, when transformed to
the GCP3 basis using U specified in eq. (81]), and choosing e = 1, it follows that X’ = X.
That is, the scalar potential in the GCP3 basis also exhibits a Il symmetry. This is easily
checked using eqgs. (B7)-([®3). Namely, if m3, = m3, and Imm?, = 0 [cf. Table [II], then
the same relations also hold for the primed parameters.

Third, suppose that the softly broken U(1) ® Ily-symmetric scalar potential is invariant
with respect to U(1). Using Table [l it follows that X = (

e—10

0 _1 1
0 ew), where —5m < 0 < 7.

Transforming to the GCP3 basis using U given in eq. (81]), and choosing e’ = 1, we obtain

cosf sinf

X' = ; for —im <6 < im, (8.28)

—sinf cos@

which defines the U(1)’ symmetry transformation. In particular, if \; = Ay and m2, = \5 =
Xé = A7 = 0 then eqs. B2)-®T) yield, mj3 = mb3, Remj3 = 0, Xy = N — \; — \] is real
and \j = A7 = 0, which are the constraints due to U(1)" as indicated in Table V1|
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As our final example, we reconsider the residual unbroken symmetry in the case of a softly
broken U(1) ® Ilo-symmetric scalar potential when co5 = 0. Below eq. (6.26]), we noted that
in this limiting case, after performing a rephasing to set £ = 0, the residual symmetry of the
scalar potential and vacuum was IlI;. However, in this example, we shall keep £ arbitrary.

In order to accommodate & # 0 we define a new discrete symmetry,
Héa) Dy — e, P, — €“®;,  where « is a fixed real parameter. (8.29)

Note that when Héa) is applied twice, one obtains the identity. This means that for any fixed
value of «, the H;a) symmetry is equivalent to a Zy symmetry that is manifestly realized in
a different scalar field basis.

Of course, for a = 0, we regain the Il symmetry. Moreover, up to an overall hypercharge
U(1)y transformation, the II;, symmetry corresponds to a = %71 If the scalar potential in

the ®-basis is invariant under Hé‘”, then it follows that,

m%l = mgg ) Im(m%2eia) =0, A=\ , Im()\562io¢) =0, A7 = )\26—21'01 .

(8.30)
In light of eq. (G.4), it follows that for cop = 0, the residual symmetry of the softly broken
U(1) ® IIy-symmetric scalar potential and vacuum is Hgg) (for any fixed value of §).
Suppose that the Héo‘) symmetry is unbroken by the scalar potential in the U(1) @ Il
basis. Then, we can deduce the corresponding symmetry in the GCP3 basis. In this example,
X = <59a ez)ia >, where « is a fixed real parameter. Hence, when transformed to the GCP3
basis using U specified in eq. (8)), and choosing ¢ = 1, it follows that

, sin v COoS (v
X' = : for a fixed real value of . (8.31)

cosa —sina

Without loss of generality, we may take —%7‘(‘ <a< %71’ (since @« — a+7 yields a hypercharge
U(1)y transformation). We shall denote this symmetry by,

ﬁéa) o P = Oysina+ Pycosa, Dby — Oy cosax — Pysinar. (8.32)
Note that for @ = 0 [a = 3x], the ﬁé‘“’ symmetry coincides with Ily [Z,]. That is, ﬁéa)
provides an interpolation from the Il; to the Zy symmetry.

Imposing the ﬁé‘“’ symmetry on the parameters of the scalar potential in the ®-basis for
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a fixed value of o # 0, %w, it follows that,

Immi, = ImAs =Im A =ImA; =0, (8.33)

m3, —m3, = 2tanaRem?,, (8.34)

A1 — Ao = 2tanaRe(X\g + A7), (8.35)

A+ A2 —2(A3+ A+ Reds) = 4deot2aRe(Xg — A7) . (8.36)

Applying the above results to the softly broken GCP3-symmetric scalar potential, we set
N =N =X =N+ XN, + ) and Im A\, = A\j = X, = 0. Note that eqs. ([833)([B30]) are
consistent with these constraints. In addition, the softly broken GCP3-symmetric scalar
potential preserves the ﬁéa) symmetry in two cases: (i) if m/3 is real and nonzero then
m)? # mb3 [in which case, « is determined from eq. ([834)]; or (i) if m{%2 = 0 then m/? = m}2
(in which case ﬁéa), which is a symmetry of the scalar potential for all values of «, is promoted
to an unbroken GCP3 symmetry).

For example, in the inert limit of the softly broken GCP3-symmetric scalar potential,
where sygcog # 0, sin& = 0, mi? # mb2 and m/3e is real [See Table [X], we see that
the conditions for the ﬁ;a) symmetry are satisfied. Moreover, one can show that the ﬁ;a)
symmetry is unbroken by the vacuum as follows. Using eqs. (7.2))—(74]) under the assumption
that sin &’ = 0, it follows that m/2e®®" = m/2 cos &’ = +m'2 is real (where + corresponds to

¢ =0or ¢ =m, respectively), and

2m'2cos
mi3 —m)? = £ 1220 (8.37)
825/

Hence, eq. (834) yields tana = £ cot24’. In the convention where —%7? < a< %7? and

0<p < %w, it follows that sin @ = £ cos 2" and cosa = sin 23, or equivalently

o= (ir—20) . (8.38)
The ﬁ;a) symmetry is unbroken by the vacuum if
V] V]
X == . (8.39)
vhe't vhe't

where the =+ sign reflects the fact that {(®Y), (®9)} is equivalent to {—(®Y), —(P9)}, as the

two are related by a hypercharge U(1)y transformation. After using the value of o obtained
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in eq. (B838) to determine X’ [cf. eq. (B3], it follows that the ﬁéa)

by the vacuum since the following equation is an identity,

symmetry is unbroken

:l:Cgﬁf Sap/ Cpr _ Cpr

Sapr FCapr :l:Sﬁ/ :l:Sﬁ/

(8.40)
Consequently, one can conclude that the ﬁé‘“’ symmetry is responsible for the inert limit
(and the attendant exact Higgs alignment) in this case.

In some applications, it is useful to invert the relations obtained in eqs. (82)—([&3). This

can be achieved by starting from the GCP3 basis and employing the unitary transformation

e_id’ 1 1
Ul = (8.41)
V2 i 1
The resulting U(1)®II, basis parameters are,
A= N=\L, (8.42)
A3 = Aj+ AL, (8.43)
A= N+ AL (8.44)
AR = N+, (8.45)
As = A=A =0. (8.46)
In addition, the corresponding soft-breaking squared mass parameters are:
miy = 5(mi] +myy) — Immf3, (8.47)
My = 5(mi] + mb3) + Imm3, (8.48)
miy = Remy3 — Li(mi3 —mi7). (8.49)
Finally, the vevs in the U(1)®II, basis are given by
v = e (U/ + ! eiﬁ/) Vo€’ = e_i(Zﬁi (v/ — ! eisl) (8.50)
\/§ 1 2 ) \/§ 1 2 ) .
where v; and vy are real and positive. Hence,
1 . 1/2 1 . 1/2
cg = —=(1—s9psin&)”’", sg = —=(1+ s9psin&’)"'", 8.51
5 \@( 29 sin ') 8 \/5( 25 i &) (8.51)
and it immediately follows that
s55 =1 — 855 sin*¢’. (8.52)
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By convention, 0 < 8 < 27 (or equivalently, sin 26 > 0).

The phase ¢ is again fixed by the positivity of vy, which yields

Cpg — i85/6_i§/
(1 — s9p sin&’)t/2’

and is consistent with eq. (8I3) after employing eqs. (851 and (855). Then, eq. (8350)
yields,

e =

(8.53)

. . ,
i€, _ L Cop — 1Sy cos§ (8.54)
B — . .

\/i (1 — Sap sin 5/) 1/2

Likewise, £ is given by,

ie _ Sam cos§ +icyy Q55
‘ (1 — s34 sin®&)l/2" (8.55)
That is,
siné = Cop cos € = S2 COS & (8.56)
(1 — s34 sin®&)1/2’ (1 — s34 sin®&)1/2" '
Hence egs. ([852) and (R.50]) yield,
Sopsiné = cop . (8.57)

Once the U(1)®II; basis parameters have been derived, one can perform one further rephas-
ing to remove the phase ¢ (which is unphysical). Finally, if 5/ = iﬂ' and sin &’ = +1, then
one of the vevs vanishes. It then follows that sy = 0, in which case £ is indeterminate if
sg=0and { =0if cg =0.

The scalar masses obtained in the U(1)®II, basis and the GCP3 basis were derived by
applying eq. (B22)). In employing this equation, a specific value of 1 was chosen. The
eigenvalues of M? are independent of this choice. However, the identification of H and A
depend on this choice in the inert limit. For a consistent treatment of the two basis choices,
one should also transform 7 when changing the scalar field basis according to eq. (B.8).
In particular, given the choice of n = —¢ that was employed in the U(1) ® Ily basis, the
corresponding 7’ in the GCP3 basis is given by

e — (det U} = etogic — (@ + iswe P loay cos€ + icay) (8.58)
(1 — s9psin &) (1 — s34 sin? ¢)1/2 7 '

after employing eq. (8] to obtain det U = ¢*¢ and making use of eqs. (853) and (B.55).
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The numerator of eq. (858) can be simplified with a little algebra,

(cor +isge™)?(sap cos & +icag) = €% [coprcos€ +i(sap — sin€’)] (sop cos & +icap)
= ¢ (copsin € +icos€)(1 — sypsin’) .

= '@ (1 — sppsin€)(1 — s34 sin® &)2, (8.59)

where we have used eq. (7I0) in the final step. Inserting this result back into eq. (858)
yields
W=y —& -3, (8.60)

which justifies the choice of 7 that was employed in eq. (T.I7)). Note that if sy = 0, then
one of the two vevs in the GCP3 basis vanishes. If cog = 1, then eq. (T10) yields ¢ = & and
we conclude that 7 = —im. If ¢33 = —1, then ¢ = ¢ = 0 (since in this case (99) = v/v/2
is real and positive) and we again find that ’ = —i7. That is, e 2" = —1, which is the
motivation for the choice of 7 employed in obtaining eqs. (5.26)—(5.29).%2

For a satisfying check of eq. (860), one can compute the value of Z5 in the GCP3 basis
starting from its value in the U(1) ® Il basis given in eq. (6.I0). In performing this com-

putation, one must remember to rephase Z5 as indicated in eq. (BI0). After making use of

eqs. (B42), (84H), (B60) and (TI6), it then follows that

Zs = hs3s(1— R)e e % = —\[(1 — s34 sin*¢')e*”

= Me (1 — s34 sin®&)e™ = e (cos &' + icag sin&')?, (8.61)

in agreement with eq. (T.12).

Although cases in which one of the two vevs vanish appear to be isolated from the
parameter regimes in which both vevs are nonvanishing, in fact the two parameter regimes
can be regarded as being continuously connected. For example, starting from the GCP3
basis, the parameter regime in which one of the two vevs vanishes (i.e., sog = 0) implies
that m}3 = 0 due to eqgs. (ZI2) and [ZI3).>* In light of eq. (89), it follows that in terms

of the U(1)®II, basis parameters, Rem?i, = 0 and m3, = m3,, but in general Tm m3, # 0.

22 1f 595 = 0 in the U(1) ® 15 basis then Zs = 0, in which case mpy = m4 and the results of egs. (5.26)(5.29)
do not depend on the choice of 7.
23 Note that it follows that the ratio Re(m}3e’’)/sap that appears in eq. (Z20) is indeterminate, in which

case it can be replaced by m? — \v? sin? &', with m? being regarded as a free parameter.
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Moreover, eq. ([6.5]) then yields § = iﬂ'. As expected, this parameter regime can be identified
as the inert limit, independently of the basis choice. Nevertheless, it is clear that g = iﬂ'
is continuously connected to other regions of the parameter space in the U(1)®Il, basis.
Similarly, the case of one vanishing vev in the U(1)®II; basis corresponds to sgg siné = =£1,
which implies that §’ = iﬂ' in the GCP3 basis. Finally, the inert limit in the U(1)®II, basis

when R = 1 corresponds to the inert limit in the GCP3 basis when A\; = 0.

IX. THE HIGGS ALIGNMENT LIMIT

The neutral scalar squared-mass matrix, M?, given in eq. (5.22) is expressed with respect
to a basis of neutral scalar interaction eigenstates, {v/2 ReH{ —v, ReH), ImH3}, where HY
and HY are the neutral components of the Higgs basis fields. The neutral scalar interaction
eigenstate, o1 = v2ReH) — v, possesses tree-level couplings to SM particles that coincide
precisely with those of the SM Higgs boson. Consequently, if the mixing of ¢; with ReH9 and
Im H9 were to vanish exactly, then ¢; would be a mass eigenstate with tree-level properties
that are indistinguishable from those of the SM Higgs boson. In this case, the direction of
1 in field space is exactly aligned with the direction of the vacuum expectation value v.
Hence, the limit of zero mixing described above is called the Higgs alignment limit ]

In light of eq. (5:22)), it follows that the Higgs alignment is realized exactly if and only
if Zg = 0, in which case we can identify m7 = Zjv*. In this limit, the masses of the
two other neutral scalars are not immediately constrained (beyond experimental bounds
based on the absence of any newly discovered scalar states at the LHC). Although the
observed Higgs boson at the LHC is SM-like, the precision of the current data allows for
10%-20% deviations from SM behavior of the Higgs boson couplings to vector bosons and
third generation quarks and charged leptons Jj] . Thus, the present Higgs data requires
only an approximate Higgs alignment, which allows for a small mixing of (¢, with the other
two neutral scalar interaction eigenstates. This small mixing can be achieved in one of two
ways—either |Zs| << 1 or Yy > v?% The latter corresponds to the decoupling limit of the
2HDM 42, g]

For example, if CP is conserved then the squared-mass matrix, M?, of the neutral scalars,
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expressed with respect to Higgs basis fields, breaks up into a 2 x 2 block and a 1 x 1 block,

Zl’U2 Z6U2 0
M= | Za? w3+ Zs? 01| (9.1)
0 0 m3

Once again, we see that Zg = 0 corresponds to exact Higgs alignment, whereas approximate
Higgs alignment is realized when |Zg| < 1 and/or m4 > v.
Diagonalizing the 2 x 2 block yields the CP-even Higgs mass eigenstates H and h,

H Co0 —Sh-a V2 Re HY — v
_ B B 1 ’ (9.2)
h 56—a  CB-a V2Re H3
where m;, < mpy, cs_o = cos(f — a) and sz_, = sin(f — «) in a convention where

0<pB—a<mn In a real ®-basis with real non-negative vevs, (®%) = v,/v/2 (a = 1,2),
tan § = vy /v and « is the mixing angle that diagonalizes the CP-even Higgs squared-mass
matrix when expressed with respect to the {v/2Re ® — v;, v2Re ® — v,} basis. Never-
theless, the quantity sg_, is independent of the choice of the scalar field basis.

After diagonalizing the matrix M2, the neutral CP-even scalar masses are given by,

m%vh = %{mi +(Z1 + Zs)v* & \/[mi —(Z, - Z5)’U2:|2 + | Zg|?v? } , (9.3)
where m;, < my, and
—Z60? m? — (Zy — Zs)v?
SB_QCB_OC = m s C%—a — S%—a = m2 — m2 . (94)
H h H h

We shall henceforth assume that h ~ /2 Re H? — v is SM-like and thus should be identified
with the observed Higgs boson with m;, ~ 125 GeV. Under this assumption, it follows from

eq. %’chat} cs—o — 0 in the Higgs alignment limit. Indeed, one can use eq. ([@.4)) to

derive [82, 183], 2
Cha = , 9.5
T T )~ Zo?) (9:5)

in a convention where sz_, > 0. Having identified h as SM-like, it follows that m3, > Zjv?,

which confirms that cs_, — 0 in the Higgs alignment limit.?*

24 If H were SM-like (with my > my,) then m% — Z;v? in the Higgs alignment limit, in which case eq. ([@.5])
would not be very useful. Indeed, in this case sg_o, — 0 in the Higgs alignment limit, and a more
useful formula to replace eq. would be sp_o = —Zgv?/+/(m% —m2)(Z1v2 —m3) in an alternative
convention where cg_, > 0 ﬁ

However, in the conventions adopted in this paper h is always SM-like
in the Higgs alignment limit in light of eq. (B30, irrespective of the mass ordering of h and H.

26



One can now ask the following question—is there a symmetry that can be imposed on
the 2HDM scalar potential such that the Higgs alignment limit is exact, corresponding to
the condition that Zsz = 0. In fact, it is straightforward to identify the complete list of all
possible symmetries that enforce the Zg = 0 condition in the 2HDM by noting that the
scalar potential minimum condition [cf. eq. (520))] would then imply that Y3 = 0. Thus, in
light of eq. (513]), the Higgs alignment limit is exact if

Y; = [%(m%Q - mfl)sw — Re(m%zeig)cw — iInrl(m%ze’f)}e_i5 =0. (9.6)

A sufficient (but not necessary) condition for satisfying eq. (O.6]) can be obtained by setting
m3, = 0, in which case either so5 = 0 or m?, = m3,.

If sy5 = 0, then the Zy symmetry is unbroken by the vacuum. This corresponds to the
IDM, where an unbroken Z, symmetry is present in the Higgs basis, which implies that
Y; = Zg = Z7 = 0. In the IDM, the Higgs basis field H, is odd under the Z, symmetry,
whereas H; along with all other SM fields are Zs-even. If in addition, one imposes the
condition Z5 = 0, then the IDM scalar potential will exhibit an unbroken U(1) symmetry
that is preserved by the vacuum (resulting in a mass-degenerate pair of inert neutral scalars,
mpg = m,). In both cases, one can identify ¢; = v/2 Re H? — v as the SM Higgs boson at
tree level. Deviations of the properties of ¢, from that of the SM Higgs boson can arise due
to the other Higgs fields (beyond ¢;) contributing to radiative loop corrections to physical
observables (e.g., the charged Higgs boson loop that contributes to @3 — 7y decay).

Note that if m%, = m3, and m}, # 0 then one can achieve Y3 = 0 by simultaneously
imposing a Ily symmetry and a GCP1 symmetry in the ®-basis. Consulting Table [TI], these

symmetries taken together yield the following constraints on the scalar potential,
mi =m3y,  mip A ER, A =X, =M €eR. (9.7)

Such a scalar potential does not lie within the ERPS4. One can now determine the scalar

potential minimum conditions (see eq. (E3) of Ref. @]), which yield
cop =0 and sing=0. (9.8)

Hence, a scalar potential whose parameters satisfy eqs. ﬁ} and ([@.8) yields Y3 = 0
.

Moreover, eqs. (EI)-(E.G)
are satisfied after employing eqgs. (@.7) and (0.8)), which implies that Y3 = Zs = Z; = 0.

[cf. eq. ([@6)], corresponding to an exact Higgs alignment
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That is, the scalar potential parameters of eq. (@.7) corresponds to the IDM in a particular
scalar field basis. Indeed, one can adopt a definition of the IDM scalar potential as corre-
sponding to the existence of a scalar field basis in which the II, and GCP1 symmetries are
both manifestly preserved by the 2HDM scalar potential and vacuum.

If s95 # 0 then eq. ([@Q.6) is automatically satisfied if m?, = 0 and m}; = m3,. Consulting
the results of Table [TI] it follows that exact Higgs alignment is automatically implemented
if the 2HDM scalar potential respects one of the following symmetries: Zy ® Iy, U(1)®11s,
SO(3), GCP2, or GCP3. Of course, given that GCP2 is equivalent to Z, ® Il in a different
scalar field basis and GCP3 is equivalent to U(1)®Ily in a different scalar field basis, it
follows that there are three inequivalent symmetries of the 2HDM scalar potential beyond
the IDM that yield exact Higgs alignment. What is common to these three inequivalent
symmetries is that they all reside in the ERPS.

The conditions that m?, = m3, and m?, = 0 imply that the symmetries identified above
are preserved by the scalar potential. In particular, in the ERPS (where A = A\; = Ay and
A7 = —Xg), eq. (A10) of Ref. [37] yields,

Zg = e‘ig{—%swcw()\ — Aags) + %’ngB Im(\5e%¢) + Cap Re(ge™) + icop Im()\(;e’{)} , (9.9

where A3i5 = A3 + Ay + Re(A5¢%%). We have already noted that the inert limit of the
scalar potential in the ERPS regime, where exact Higgs alignment is achieved, corresponds
to Y3 = 0, which then implies that Zs = 0 via eq. (.20) and Z; = 0 due to the ERPS
conditions. For example, in the case of a Zy ® Il,-symmetric scalar potential, applying the
conditions exhibited in Table [Tl yields the expression for Zg given in eq. (B.I19). Because
m2, = m3, and m?, = 0, it automatically follows that Y3 = 0 which implies that Zs = 0.

The vanishing of Zg [although not immediately evident from eq. (@Q9))] is a consequence of

the scalar potential minimum conditions of the ERPS which yield,
M1 — R)cop = Assopsin2 =0 or s95 =0, (9.10)

where R = (A3 + Ay + A\5)/\. Since R # 1 and A5 # 0 (otherwise, the symmetry group of
the scalar potential is larger than Z, ® Il,), it then follows that either ¢y = sin2¢ = 0 or
sop = 0. Inserting these conditions in eq. (9.9)) along with the Zy ® IIy symmetry conditions,
ImA; = X\g = A7 = 0, yields Zg = 0 as expected.

In the case of an unbroken U(1) ® ITy symmetry, we simply add one additional condition,

As = 0 to the scalar potential parameters (while maintaining R # 1). In this case, eq. (3.10)
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implies that either cog = 0 or sg3 = 0 (with no restriction on ¢, which is an unphysical phase
that can be rephased away), and again eq. (@.9)) yields Zs = 0.

It is instructive to consider the GCP3-symmetric scalar potential, which can be obtained
from the Z, ® Ily-symmetric scalar potential by adding one additional constraint, R = 1
(while maintaining A5 # 0). The case of an unbroken GCP3 symmetry is not physically
distinct from the previous case since it is equivalent to a U(1) ® Il symmetry in a different
scalar field basis. The minimum conditions of the GCP3-symmetric scalar potential (where

we now employ primed parameters) yield,
Nocop sin® € = Nisop sin2¢’ =0 or s9p =0. (9.11)

These conditions guarantee that Zg = 0 [cf eq. (Z13)], independently of the parameters
of the GCP3-symmetric scalar potential. In particular, exact Higgs alignment is achieved
for all values of 4’ in cases of an unbroken and some softly broken GCP3-symmetric scalar
potentials, in contrast to the cases of Zy ® Iy and U(1) ® Iy where exact Higgs alignment
is satisfied only when 8 =0, 17 or i7.%

In Refs. |39, ], Higgs alignment enforced by a symmetry is defined to be “natural” if
Zs = 0 is achieved independently of the value of 5. Based on the discussion above, this defi-
nition eliminates the Zy @ 1y, GCP2 and U(1) ® IIy-symmetric scalar potentials from the list
of potentials that exhibit a “natural” Higgs alignment.?® In particular, the GCP3-symmetric
scalar potential exhibits a “natural” alignment in the sense of Refs. , @], whereas the
U(1) ® Ilp-scalar potential does not. However, this distinction is problematical given that
the GCP3-symmetric and U(1)®Ily-symmetric scalar potentials are physically equivalent

and can be transformed into each other by an appropriate change of scalar field basis (as

shown explicitly in Section [VITI). To avoid such an undesirable feature, a better definition

25 The reader might wonder how it is possible that exact alignment can be achieved for all values of 3’ but
only special values of /5 in light of the fact that the U(1) ® Iy and GCP3-symmetric scalar potentials can
be transformed into one another by an appropriate change of basis. The answer can be seen by examining
eq. B52). Employing eq. (T.11)) with A; # 0, it follows that either sin &’ = 0, in which case all values of 5’
are permitted, or copr = cos&’ = 0. Using eq. (852), it follows that the possible values of 5 correspond

to either =0 or cop = 0.
26 In Refs. ﬂ%ﬁ, ], the maximal symmetry groups associated with the GCP3 and SO(3)-symmetric scalar

potentials, which exhibit a “natural” Higgs alignment, are identified as Zy ® O(2) ® O(2) and O(3)®0(2),
respectively. In addition, if the U(1)y hypercharge gauge coupling ¢’ = 0 in the gauge covariant kinetic
terms of the scalar fields, then an SO(3)-symmetric scalar potential with Ay = A5 = 0 (cf. Table [XTII)

yields an SO(5)-symmetric scalar Lagrangian that also exhibits a “natural” Higgs alignment.
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of “natural” alignment in the spirit of Refs. @, M] would be to require that the conditions,
Y; = Zs = 0, should be independent of the scalar potential minimum conditions. Under
this stricter definition, the GCP3-symmetric scalar potential would not exhibit a “natu-
ral” Higgs alignment. In contrast, the SO(3)-symmetric scalar potential with m?, = m2,,
mi, =0, \; = Ay = A3+ Ay and A5 = \g = A\; = 0 does satisfy Y3 = Zs = 0 independently of
the scalar potential minimum conditions [cf. eq. ([@9)] and thus would exhibit a “natural”
Higgs alignment according to the stricter definition proposed above.

However, our preference is to employ the concept of naturalness as introduced by ‘t Hooft
in Ref. [86], which implies that a small parameter of a theory should be considered natural if
the symmetry of the Lagrangian is increased by setting the parameter to zero. In the present
context, the small parameters are the potentially soft-breaking parameters, m3; — m3, and
m3,, of the ERPS4 that could potentially generate departures from exact Higgs alignment.
All symmetry groups of the ERPS—GCP2, Z, @ II,, GCP3, U(1) ® II, and SO(3)—yield
an exact Higgs alignment naturally in the sense of ‘t Hooft. Indeed, exact Higgs alignment
realized in this way is stable under renormalization group running, which is further evidence
that the symmetry based approach that we have adopted is correct.?”

The conditions that m?; = m3, and mj, = 0 are sufficient but not necessary for exact
Higgs alignment. In particular, exact Higgs alignment arises in any inert limit of the 2HDM.
Thus to obtain a complete classification of 2HDM scalar potentials that yield an exact Higgs
alignment due to a symmetry, it suffices to enumerate the inert limits of the softly broken
Zo @11y, U(1)®IIy or GCP3, and SO(3)-symmetric scalar potentials.?® These results can be
found in Tables [VII] VITI] [X] and Xl We proceed to list all the relevant subcases below.

Given a softly broken Z, ® Ilo-symmetric scalar potential, exact Higgs alignment arises
in two subcases, as shown in Section [} (i) sos = sin2¢ = 0, m};, # m3, and m?, = 0,
which preserves a Z, symmetry that is unbroken in the vacuum, and (ii) cys = sin 2§ = 0,
m?, = m3, and Im [m%zf = 2Rem?y Imm2, = 0, which preserves a II, [II5] symmetry if

Imm?, = 0 [Rem?, = 0] that is unbroken in the vacuum. In the absence of soft breaking,

27 In general, renormalization group running does not preserve the scalar field basis. However, the group
theoretic properties of the symmetries of the scalar potential, whose specific realization may change in

different choices of the scalar field basis, do not depend on the basis choice.
28 The possibility of natural Higgs alignment in the presence of soft symmetry-breaking squared mass terms

has also been treated in Ref. [85].
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the constraints on the scalar potential parameters due to Il and II, are identical. The Zs,
II, or II, residual symmetries are responsible for maintaining the exact Higgs alignment.

Given a softly broken U(1) ® Il,-symmetric scalar potential, exact Higgs alignment arises
in two subcases, as shown in Section VIt (i) so5 = 0, m}; # mi, and m}, = 0, which
preserves a U(1) symmetry that is unbroken in the vacuum, and (ii) c25 = 0, m3, = m3,
and m?, # 0. In light of eq. (64)), one can rephase ®; — e *“®, to achieve a real basis, in
which case the scalar potential in subcase (ii) preserves a Ily symmetry that is unbroken in
the vacuum. If one does not remove the (unphysical) parameter £, then eq. (830) can be
used to identify the unbroken vacuum symmetry as Hg), which is Il in the rephased scalar
field basis. In the case of an unbroken U(1) ® Ily-symmetric scalar potential, the U(1) ® I,
symmetry is spontaneously broken down to U(1) if so5 = 0 or to Il if cop = 0.

Although a softly broken GCP3-symmetric scalar potential is equivalent to a softly broken
U(1) ® IIy-symmetric scalar potential in a different basis, it is instructive to enumerate
the cases in which a softly broken GCP3-symmetric scalar potential exhibits exact Higgs
alignment. Using the results of Section [VII], exact Higgs alignment arises in four subcases
in terms of the primed GCP3 basis parameters: (i) sogr = 0, m{3 # mb3 and m}3 = 0, which
preserves a Zy symmetry that is unbroken in the vacuum; (ii) cop = cos&’ = 0, mj3 = mb3
and Tmm}% # 0, which preserves a U(1)’ symmetry that is unbroken in the vacuum,; (iii)
cop = sin& = 0, m}? = mb3 and Rem/3 # 0, which preserves a II, symmetry that is
unbroken by the vacuum; and (iv) sggrcap # 0, sin& = 0, mi3 # mb3 and Rem}3 # 0,
which preserves a ﬁ;a) vacuum symmetry, where a = (%7‘(‘ — 20 ) cos¢ = £ (%71’ — 20 )
This result is derived in Section [VIII, where the ﬁéa) symmetry is introduced in eq. (8.32)
and the relation that yields « in terms of ' is obtained in eq. (838)). Finally, in the case
of an unbroken GCP3-symmetric scalar potential, the GCP3 symmetry, which is equivalent
to a U(1)’ ® Zy symmetry, is spontaneously broken down to U(1)" [Zs] if cop = cos&’ = 0
[s95 = 0], or to ﬁéa) with o = £ (37 — 20') if 595 # 0 and cos &’ = +1.

Finally, we examine the case of a softly broken SO(3)-symmetric scalar potential. We
noted above that in this case Zg = 0 independently of the scalar potential minimum con-
ditions. This means that all softly broken SO(3)-symmetric scalar potentials exhibit exact
Higgs alignment, since the scalar potential minimum conditions will guarantee that Y3 = 0

even when m?, # m3, and/or m?, # 0.

Below eq. (6.20]), we noted the presence of mass-degenerate scalars, H and A, which was
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attributed to a Peccei-Quinn U(1) symmetry in the Higgs basis, H; — Hi, Ho — €*%H, (for
any value of 0 < § < 7), which is unbroken by the vacuum.?® It is instructive to ascertain the
precise form of the U(1) symmetry in the ®-basis. To accomplish this, we employ eq. (8.20),

where the unitary matrix
— e i(&+m)
c e s
v=| " N (9.12)
e®sg e ey
transforms the Higgs basis into the ®-basis. The phase €™, which appears in eq. (5.9) and
reflects the freedom to rephase the Higgs basis field Hso, cancels exactly when eq. (820) is
applied. Starting with X = (2 ), we make use of eq. (820) with ( = —0 to obtain
cos —icogsing  —ie %sy5sin0
X = Y 2 . (9.13)
—ie 595 sin 6 cos ) + icog sin 0
Thus, in the ®-basis characterized by tan = [(®9)/(®})| and ¢ = arg[(D})*(DY)], the
Peccei-Quinn symmetry, which we designate by U(1)y (to remind the reader that it has
been first applied in the Higgs basis), is given by

U(l)y : Oy — (cos @ —icyzsind) Py — ie‘i§s2g sinf @, ,

by — —7;67;5825 sin @ @, + (cos @ + icypsin ) D, . (9.14)

Imposing the U(1)y symmetry on the parameters of a general 2HDM scalar potential in

the ®-basis yields the following constraints,

Im(m3,e®) = Xs = X = Ay =0, (9.15)
)\E)\lz)\gz)\3+)\4, (916)
m2, —m3, = 2cot 28 Re(m?ye®). (9.17)

These constraints correspond to a softly broken SO(3)-symmetric scalar potential and scalar
potential minimum conditions [cf. eqs. (L2)—(T4) with A = A3 + A4 and A5 = 0]. Moreover,

C . &
x| Pz 7 (9.18)

sge’ sge’

29 The version of the Peccei-Quinn symmetry transformation that is used here corresponds to U(1)pq given
in Table [ followed by a hypercharge U(1)y transformation, which is also a symmetry of the vacuum in

the Higgs basis.
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which confirms that the vacuum is invariant under the U(1)y transformation (up to an overall
hypercharge U(1)y transformation that has no effect on the scalar potential parameters).

We conclude that for a generic softly broken SO(3)-symmetric scalar potential, a U(1)y
subgroup remains unbroken and is responsible for the mass degeneracy of H and A as well as
the exact Higgs alignment.?® In the case of an unbroken SO(3)-symmetric scalar potential,
the SO(3) symmetry is spontaneously broken down to U(1)y, in which case both H and A
can be identified as massless Goldstone bosons (of opposite CP quantum numbers).

This completes the classification of all unbroken or softly broken symmetries of the 2HDM
scalar potential that yield an exact Higgs alignment. This classification is summarized in
Table [XIl Many aspects of this table can be easily understood by employing the results of
Appendix [El Applying the ERPS4 conditions (A = Ay and A7 = —)\g) in eqs. (E.I)—-(E.6),
the parameters of the scalar potential in the ERPS4 regime in the ®-basis satisfy,

Im(mi,e) = 0,
(my — m%l)sw = 2 Re(meeig)cw )
cas Re(Nge™) = Lsag005[A — A3 — A — Re(Ase”®)] |
cop Im(Nge™) = —3s95 Im(N5e**).
Egs. (@I19)-(@22) provide the necessary and sufficient conditions for the inert limit of the
scalar potential in the ERPS4 regime, thereby producing an exact Higgs alignment.

One can check that all the entries listed in Table X (including the first two lines, which
correspond respectively to the Zs-symmetric IDM and the U(1)-symmetric IDM, outside
of the domain of the ERPS4) satisfy the four conditions specified in eqs. (Q.19)—(@.22]).
For example, starting from the softly broken or unbroken GCP2-symmetric scalar potential
transformed to the basis in which A5 is real and \¢ = A; = 0, one easily obtains the following

correlations of the parameters 8 and £ for the symmetry cases listed in Table [XI],

Zoy Q115 : SopS2e =0 Or Sopcop =0, (9.23)
U(l) @1y : SopCap =0, (9.24)
GCP3: SoprSaer =0, (9.25)
SO(3) : no constraints. (9.26)

30 Tn the case of sas = 0, the ®-basis coincides with the Higgs basis (up to a possible discrete Iy transfor-
mation), in which case U(1)y reduces to the standard U(1)pq symmetry.
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Symmetry soft breaking parameter residual unbroken symmetry of
constraints scalar potential vacuuim
Zo none 598 =0 Zo Lo
U(1) none 598 =0 U(1) U(1)
Zo @11y m%l =+ m§2 s95 =0 Zo Zo
Zo ® 115 Re m%2 #0 cog =sing =0 11, 11,
Zo @ 113 Imm2, #0 cop = cos§ =0 IT,, IT,,
Zo @11y none s95 =0 Zo @ 1la oo
Zo @ 1Ilg none cop =sin2§ =0 Zo @ 15 11,
U(1)®I miy # m3, s2p =0 U(1) U()
U(1)®II, Re(m3,e%) # 0 c3 =0 Hgg) Hgg)
U(1)®Iy none 598 =0 U(1)®Iy U(1)
U(1)®II, none co3 =0 U(1)®II, 11,
GCP3 mi2 % mb3, Remi3 £ 0  |sggcap # 0, sing =0 ﬁ;a) ﬁ;a)
GCP3 mi3 # mh3 sopr =0 Zo Zs
GCP3 Rem}2 # 0 cop =0, sing’ =0 11, 11,
GCP3 Imm}3 #0 copr =0, cosg =0 u(1) u(1)
GCP3 none sop =0 U(1) ® Zs 7o
GCP3 none sop # 0, sing’ =0 U(1) @ Zq ﬁéa)
GCP3 none copr =0, cosg’ =0 U(1) @ Zq U1y
SO(3)  |mi3 # mb3, Re(m/3e®’) #0 SoprCopr # 0 U(1)y U(1)y
SO(3) Re(m/3e®") #0 copr =0 U(l)y U(l)y
50(3) i3 £ i3 S35 = 0 u() ()
SO(3) none none SO(3) U(1)u

TABLE XI: Classification of symmetries of the 2HDM scalar potential that yield exact Higgs
alignment, where the tree-level properties of one of the neutral scalar mass eigenstates coincide
with those of the SM Higgs boson. Note that m?, = m32, and Re(m?2,e%) = Im(m%,e) = 0
(and similarly for the primed parameters) unless otherwise indicated. The unprimed parameters
correspond to the Zy ® Iy or U(1) ® Iy basis, whereas the primed parameters correspond to the
GCP3 basis. All such basis choices are consistent with the ERPS4 with Ag = A7 = 0 and real \5;
the corresponding parameter constraints for the softly broken GCP2-symmetric scalar potential
are given in egs. ([@.J9)—([@22). In cases where the residual symmetry is given by ﬁg]), the value
of a = (%7? - 24 ) cos&’, where cos¢’ = 41. Although separate listings are provided for scalar
potentials that exhibit the U(1) ® IIy or GCP3 symmetry (either of which may be softly broken),
they represent the same scalar potential expressed in two different choices of the scalar field basis.



One can then employ eqgs. (@19) and (@.20) to determine the allowed soft breaking due to

m?, # m3, and/or m?, # 0 that is consistent with exact Higgs alignment.

X. IMPLICATIONS OF CUSTODIAL SYMMETRY

One of the possible symmetries of the scalar potential that does not appear in Table [1]
is custodial symmetry. This symmetry is necessarily violated by the hypercharge U(1)y
gauge interactions.?! Nevertheless, in the limit of ¢’ — 0 this is a potential symmetry of the
bosonic sector of the 2HDM. Given that custodial symmetry is an approximate symmetry
of nature in light of the small deviation of the electroweak p-parameter from its custodial
symmetric value of p = 1, it is of interest to consider the possibility that the 2HDM scalar
potential respects the custodial symmetry. In more detail, if the 2HDM scalar potential
is symmetric under SU(2),®SU(2)x transformations where SU(2), is identified with the
SU(2) part of the electroweak gauge group and SU(2)g is a global symmetry group, then
after the symmetry breaking of SU(2), the residual custodial symmetry can be identified
with an unbroken diagonal SU(2)., r global symmetry.

Details of the SU(2),®SU(2) g transformation laws are given in Ref. B, Q] As shown

in Ref. [52], a ®-basis exists for any 2HDM custodial symmetric scalar potential such that,?
A= Re)s and mf2, )\5, )\6, A7 € R. (101)

Hence, all 2HDM custodial symmetric scalar potentials are explicitly CP conserving. In the
case of an unbroken Zo-symmetric scalar potential where m?, = A\s = A\; = 0, one is always

free to rephase ®y — 1®P5,3 in which case the custodial symmetry condition of eq. (I0.)

31 That is, the custodial symmetry is violated by the gauge covariant kinetic term of the scalar fields that is

proportional to ¢'.
32 1f Ay = )5 in the ®-basis where A5 € R, then Ay = )5 in any real basis, ® = U®, such that U is a

real orthogonal matrix. However, if m2, = A\¢ = A7 = 0, then one can perform a basis transformation
where U is unitary but not real orthogonal that still preserves the reality of the basis. For such basis
transformations the relation Ay = A5 is no longer preserved. Eq. (I02) provides a trivial example of
this. A more interesting example is provided by the basis transformation that converts eq. (I0I0) into
eq. (IOII). Of course, if U is not real orthogonal, then the basis transformation will not preserve the

reality of the vevs.
33 Although this rephasing maintains the reality of the scalar potential parameters, it introduces a relative

phase, £ = %ﬂ', in the vevs.
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specializes to

>\4 = +Re )\5 and 77’732 =Im )\5 = >\6 = >\7 = 0. (102)

Additional information is provided by minimizing the scalar potential and determining
the Higgs basis. Then, as shown in Ref. |53], the scalar potential respects the custodial

symmetry if the Higgs basis parameters satisfy,
Zy= Zse ™ cR, Yie " = —1Zse " € R, Zze "M e R, (10.3)

where the phase 7 represents the freedom to rephase the Higgs basis field H,. It follows
that one can choose 1 such that the parameters of the scalar potential in the Higgs basis
are all real, which implies that GCP1 is a symmetry of the scalar potential and vacuum. In

particular, in a real Higgs basis, eq. (I0.3]) yields two possible solutions,

Zy = Zs, (10.4)

Zy = £75, and Ys=Zg=Z:=0. (10.5)

Eq. (I04) is a consequence of choosing 7 = 0 (mod 7). In the case of Y3 = Zg = Z7 = 0,

1
2

the condition Z; = —Z5 is now possible by choosing 7 = =7 (mod ), as indicated in
eq. (I0A). Note that if the Yukawa interactions are neglected then the sign of Z5 in a real
Higgs basis is not physical since one can always redefine Hy — ¢Hs while maintaining the
reality of the Higgs basis. Thus, eq. (IILH) can be understood to mean that Z, = 4+|Z5| in
a real Higgs basis, which corresponds to two physically inequivalent conditions.

Moreover, employing the results of eq. (I0.3]) in egs. (B.21)—([6.23)), it follows that if Zg # 0
then we can identify the squared mass of the CP-odd mass eigenstate as corresponding to the
33 element of the squared-mass matrix M? given in eq. (5:22), namely m% = m3,.. If Z5 = 0,
then M? is diagonal; nevertheless, one can determine the CP properties of the neutral
Higgs mass eigenstates via the three-scalar and four-scalar interaction terms assuming that
Z7 # 0 ]69]. One can again confirm that the CP-odd mass eigenstate corresponds to the 33
element of M2, in which case we also conclude that m? = m3,..

Finally, in the case of a custodially symmetric scalar potential with Y3 = Zg = Z7; = 0, an
exact Higgs alignment is realized and we can identify m7 = Z;v? following the convention

of eq. B30), and m3 4, = m¥y. + 3(Zs & Zs)v>. Although the CP-quantum numbers of

H and A are of opposite sign, there are no bosonic interactions that can uniquely identify
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which of the two states H and A is CP-even and which is CP-odd, as previously noted in
Section [Vl Ultimately, the CP-quantum numbers of H and A may be fixed by the Higgs-
fermion Yukawa couplings (if these interactions are CP conserving), except in special cases
where the ambiguity persists [cf. eq. (B31))]. Assuming that the CP-quantum numbers of
H and A are unambiguously determined by the Yukawa couplings, then the sign of Zj; is
promoted to a physical parameter in the case of Y3 = Zg = Z; = 0. It then follows that [53],

m124 1fZ4:Z5 and ZGZZ7:O,

m%{ if Z4 = —Z5 and Z6 = Z7 = O,

in a real Higgs basis. In particular,

myp < mgyg if Z4:—Z5, ZﬁIZ7IOEll'ld m%ﬁ >Zl’U2,

mp >my  if Zy = —Zs, Zg = Z7 = 0 and mys < Z1v°. (10.7)

Indeed, the transformation Ho, — iHo changes the sign of Z5 while also changing the scalar
Yukawa coupling into a pseudoscalar Yukawa coupling and vice versa.

In this section, we propose to classify all 2HDM custodial-symmetric scalar potentials that
exhibit exact Higgs alignment due to an unbroken or softly broken symmetry. All such scalar
potentials will satisfy the Higgs basis conditions given in eq. (I0.5). If the parameters of the
corresponding Higgs potential lie in the ERPS4 regime, then this classification amounts to
supplementing the results of Table [XI with the conditions of custodial symmetry.

As a first step, we review the classification of custodial symmetric 2HDM scalar potentials
first obtained in Refs. [59, 87] (and recently reproduced in Ref. [88]). If the scalar potential
respects a custodial symmetry, then the Higgs Lagrangian can exhibit seven additional global
symmetries in the limit of ¢’ = 0 beyond the symmetries listed in Tables [ and [Il Three
of the seven symmetries correspond to GCP1, the Peccei-Quinn U(1) and IIy, which when
combined with the custodial symmetry yield maximal symmetry groups of SO(3), SO(4) and
Zs ® O(3), respectively [87]. The case of GCP1 corresponds to the minimal implementation
of custodial symmetry in the most general 2HDM scalar potential. Indeed, the custodial-
symmetric scalar potential of the 2HDM must be CP conserving as noted below eq. (I0.2). A
custodial symmetric, IIo-symmetric scalar potential is equivalent to a custodial symmetric,

7, symmetric scalar potential in another scalar field basis. To validate this remark, we first
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combine eq. ([0 with the constraints of the IIy symmetry shown in Table [Tl to obtain,

m%lzmgz, )\1:)\2, )\4:Re)\5, )\6:)\7,

Imm?, =ImA;s =ImAg =ImA; =0, (10.8)

in the ®-basis. We now transform to a new basis by defining ® = (®; + ®;)/v/2 and

®l, = (By — ®1)/v/2. In this new basis, the corresponding scalar potential parameters are

m)? = m?, — Reml,, mhs = m3, + Rem?,, mp3 =0,
A= 100 + A3+ 20+ 4)) Ay = 3(M 4 As+ 20 — 4Xe)
AQZ%()\1+)\3—2)\4), )\QZRGAQZ%(M—)\?), Im Ay = \g = A7 =0, (10.9)

which combines the constraints of eq. (I0.]) with the constraints of the Z, symmetry.

The remaining four symmetry cases of Ref. [87] correspond to Z, ®I1,, U(1) ® I, GCP3
and SO(3), which when combined with custodial symmetry [cf. eq. (I0.2])] yields a maximal
symmetry group of Zs ® Zs @ SO(3), O(2) ® O(3), Zy @ O(4) and SO(5), respectively.** In
light of eq. (@), each of these symmetry cases corresponds to the inert limit in the ERPS,
and thus satisfy eq. (I00) in a real Higgs basis. The case of O(2) ® O(3) requires some
clarification. In Table 1 of Ref. [87], the constraints on the scalar potential parameters

corresponding to the O(2) ® O(3) symmetry are,
miy = ma,, mi, =0, A= =g, As=Xs=A=0.  (10.10)

This is a U(1) ® IIy-symmetric scalar potential, but it does not satisfy eq. (I0.]). However,
if we transform to the GCP3 basis then eqs. (8.2)—(8.9) yield,

m2 =mb3, mZ=0, AL =2 =M, + )\, + Re A, N = Re )\l
ImA, =X =X\, =0, (10.11)
which corresponds to custodial-symmetric, GCP3-symmetric scalar potential.

We are now ready to present the classification of custodial-symmetric 2HDM scalar po-

tentials that satisfy exact Higgs alignment due to an unbroken or softly broken symmetry.

34 Since a GCP3-symmetric scalar potential is a U(1) ® Ila-symmetric scalar potential in a different scalar
field basis, one cannot unambiguously associate O(2) ® O(3) and Zs ® O(4) with either ERPS symmetry.
A physical criterion for distinguishing these two maximal symmetry groups is provided by the two Higgs
basis conditions specified in eq. (I0.I9) and exhibited in Table XTIl and in the discussion that follows.
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Exact Higgs alignment requires Y3 = Zg = 0, and then to achieve Higgs alignment via a
symmetry also requires Z; = 0. Two immediate examples are the IDM with either an un-
broken Zs or U(1) symmetry in the Higgs basis. Supplementing these two examples with
the condition that Z, = +75 yields a custodial symmetric scalar potential with exact Higgs
alignment.

In light of the classification of custodial symmetric scalar potentials discussed above, we
now consider cases in which additional unbroken or softly broken symmetries are present.
It is clear that at minimum, a softly broken Z, symmetry that is manifestly realized in the
®-basis must be present. Consequently, let us consider a softly broken Z,-symmetric scalar
potential in the ®-basis that is distinct from the Higgs basis which satisfies Y3 = Zg = Z; = 0.
Since A\¢ = A7 = 0 holds in a ®-basis such that sos # 0, the ERPS4 conditions must be
satisfied as we now demonstrate.

First, we shall employ eqs. (A.26)-(A.28) of Ref. B] with s95 # 0, A\¢ = A7 = 0 and
Zg = Z7 =0 to obtain,

S23 [Zlc% - ZQS% - 234025 - Re(Z562i5)c25 - ZIITI(Z5€2Z§)} = O, (1012)
S23 [leé — ZQC% + Z34025 + Re(Z5e2i§)c2g -+ iIm(Z5e2i§)} =0 , (1013)
where Z34 = Z3 + Z;. Adding and subtracting these two equations yields,
Sgﬁ(Zl - Zg) = 0, (1014)
sog{eap|Z1 + Zo — 2Z34 — 2Re(Z5€**)| — 20 Im(Z5e*)} = 0. (10.15)
Moreover, we can use eqgs. (A20) of Ref. B] along with eq. (B.20)) to obtain,
miye = 1Yy — Y1)s05. (10.16)
It follows that
Im(m?,e®) = 0. (10.17)

Imposing the scalar potential minimum condition given by eq. (ZI0), it follows that either
sin2¢ = 0 or A5 = 0. If Ay = 0 then the only remaining complex parameter of the scalar
potential, m2,, can be arbitrarily rephased. Thus without loss of generality, we may assume

2i¢ _

that sin 26 = 0 holds in all cases, or equivalently e +1. Moreover, having assumed that
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sop # 0, we see that eqs. (I0I4) and (I0IH) yields Z; = Z; and Im Z5 = 0. That is, the
Higgs basis parameters satisfy the ERPS4 conditions!3?
In the case of sygcap # 0 and €** = +1 (and Zg = Z; = 0), eqs. (I0I4) and (I0I5) yield,

Zl = ZQ = Zg + Z4 + Z5 and Im Z5 =0. (1018)

Hence, the quartic terms of the scalar potential satisfy the GCP3 or GCP3’ symmetry
conditions in the Higgs basis. If we now also impose the custodial symmetry condition,
Zy = £Z5, where the sign choice is uncorrelated with the + sign appearing in eq. (I0.I8),

then it follows that two relations are possible that are physically distinguishable,
Z1 = Z2 = Z3 -+ 2Z4 or Z1 = Z2 = Z3 . (1019)

Moreover, we can use eqgs. (A21)—(A28) of Ref. @] along with eq. (I0.18) to obtain the

scalar potential parameters in the $-basis,
N=Z; fori=1,2,...,7. (10.20)

When Y; = Zg = Z; = 0, it is always possible to rephase the Higgs basis field, Hy — iHo,
such that 7y = Zy = Z3+ Z4+ Z5. Then, in a GCP3 basis (where parameters in the ®-basis
are indicated with prime superscripts), eqs. (I0.19) and (I0.20) respectively yield,

M ==X+ A+ A5, where A} = %, (10.21)
or

N =N, =\, where X, = —\L . (10.22)

In both cases, the GCP3 conditions are manifestly realized by the quartic terms of the
scalar potential in the ®-basis. In light of eq. (ITII]), in the case of unbroken GCP3 and
custodial symmetry, eq. (I02])) yields a maximal symmetry group of O(2) ® O(3) in the
classification of Ref. Q] To determine the maximal symmetry group of the scalar potential
whose parameters satisfy eq. (I0.22), we transform to the U(1) ® 1 basis. Then eqs. (8.42)—
®4Q) yield A\; = Ay # Az and Ay = A5 = A\g = A7 = 0, corresponding to a maximal symmetry

group of Zs ® O(4) in the classification of Ref. [87]. Note that the custodial symmetry is

35 As expected, if sog = 0 then eqs. (I014)) and ([0.I5) are automatically satisfied, in which case no enhanced

symmetry beyond Zs is present for generic parameters of the scalar potential.
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preserved in the presence of soft breaking of the GCP3 symmetry by allowing for m/3 # 0
subject to the condition, mb3 — m)? = 2mi3cap /sop [cf. eqs. (T2) and (T3))].

If Z5 = 0, then eq. (I020) together with the custodial symmetry condition Z; = +Z;
imply that A, = AL = 0. In light of eqs. (I02I) and (I0.22), the SO(3) conditions are
manifestly realized by the quartic terms of the scalar potential. Indeed, in this case the
quartic terms are given by V 3 %A(CI)ICI)l + ®1®,)2, which corresponds to the maximally
symmetric SO(5) limit of the 2HDM (after including the gauge covariant kinetic terms of
the scalar fields with ¢’ = 0) analyzed in Ref. [39]. Soft breaking of the SO(3) symmetry
due to m}3 # 0 is again allowed subject to the condition, mb3 — m}3 = 2m/3cap /s2p.

In the case of cyp = sin2¢ = 0, eqs. (10.14)) and (I0.I7)) yield Z; = Z; and Im Z; = 0.
Hence, the quartic terms of the scalar potential in the real Higgs basis satisfy the Z, ® II,
symmetry conditions. Using eqs. (A21)—(A25) of Ref. [37], we obtain

AL =N =2 — %(Zl — Z315) , Ai =2+ %(Zl — Zs), fori=3,4,
Ns = Zs £+ (21 — Zass) Xags = Z1 + W2y = Zsas) X = A7 =0, (10.23)

where Zays = Zs + Zy + Z5 and Asas = A3 + Ay & As. Assuming that Z; # Zs45 (otherwise,
eq. (I0I8) is satisfied and we return to the previous case), it follows that \; # A3a5. That is,
the Zo @115 symmetry of the quartic terms of the scalar potential of the ®-basis is manifestly

realized. Soft breaking of the Zy ® II, symmetry due to m?, # 0, where m?, is real [pure

imaginary] if sin& = 0 [cos & = 0], is allowed subject to the condition m?; = m3,.
If we now impose the custodial symmetry condition, Z, = +75, then it follows that two

parameter relations are possible,

)\1 = )\2 7é 5\345 s where )\4 = :i:)\g, s (1024)
or

)\1 = )\2 = )\3, where )\4 7& :i:)\g, . (1025)

Eqs. (I024) and (I0.28) are related by a change of scalar field basis. For example, if
sin{ = 0 then we replace the £ sign with a plus sign in the above expressions. Starting
from eq. (I0.25) and employing eq. (8) to transform ® — ® = U®, the scalar potential

: - R s
parameters in the new basis satisfy my;, = ms,, mf, # 0 and

Xl == Xg — )\3"‘%()\4—)\5), Xg - >\3—%()\4—)\5> y X4 — X5 - %()\44‘)\5) . (1026)



Higgs basis conditions custodial additional scalar maximal
(all cases satisfy symmetry real ®-basis Lagrangian symmetry
Ys=2Z2¢=2;=0) conditions constraints symmetry group

Zy =175 #0 s98 =0 Zs Zo @ O(3)
Zy=275=0 s98 =0 U(1) SO(4)

7 = Zo # Zsys Zy=*+Z5#0 |copsin2f =0, A=Az 0r My =FX5| Zo @Iy | Zo® Zo ® SO(3)

71 = Zy # Zsys Zy==x75#0 s98 =0, Ay = £X5 Zo @1y | Zo ® Za ® SO(3)

1 =Jy=Us+27y |Zy==x7Z5#0 8 =0, A= A3, \y #0 U(1l) ® Iy 0(2) ® O(3)

Z1=1Jy =13 Zy==x75#0 8 =0, A # X3, Ay =0 U(1) ® Iy Zy @ O(4)

Iy =Zy # U3 Zy=25=0 s98 =0, A # A3, \g =0 U(1) ® Iy Zy ® O(4)

Zy=Uy=Z3+2Zy Zy=275#0 sopsing =0, Xy = A\, #0 GCP3 0(2) ® O(3)

Zy=1Zy =13 Zy=—75#0 Sopsing =0, Xj = =X, #0 GCP3 Zy ® O(4)

71 =Jy # 73 Zy=Z5=0 | copp =cos& =0, N; =X, #0 GCP3 Zs @ O(4)

71 =1Jy= U3 Zy=275=0 M=X=0 SO(3) SO(5)

TABLE XII: Classification of 2HDM scalar potentials that possess an unbroken custodial symmetry
and satisfy the inert conditions, Y3 = Zg = Z7 = 0, thereby exhibiting exact Higgs alignment.
The Higgs basis field Ho has been rephased such that Zs is real.
scalar Lagrangian symmetry that is manifestly realized in the ®-basis is shown along with the

In the symmetry limit, the

corresponding maximal symmetry group (that includes the custodial symmetry in the limit of
]. Excluding the first two lines of the
table, all entries correspond to the ERPS4 regime. The corresponding ERPS symmetry may be
softly broken if m2; # m3, and/or m?, # 0 as indicated in Table XIl Since GCP3 is equivalent to
U(1) ® I, when expressed in a different scalar field basis, there is a one-to-one mapping between

g — 0) according to the classification provided in Ref.

their corresponding entries above that is consistent with the results of Section [VIII}

Since Az + Ay + A5 — Ap = 2)5, eq. (I024) is satisfied in the ®-basis, assuming that A5 # 0.
However, if A5 = 0, then A\; = Ay = A3+ Ay + )5 is satisfied, corresponding to a softly broken
GCP3-symmetric scalar potential in the ®-basis. The case of cosé = 0 can be similarly
treated by rephasing ®; — i®,, and yields a softly broken GCP3’-symmetric scalar potential.

Finally, if s9p = 0, then one can impose the unbroken or softly broken symmetries of the
ERPS4 and the custodial symmetry condition directly in the Higgs basis. In Table XTIl we
provide a complete classification of the 2HDM scalar potentials that possess an unbroken
custodial symmetry and exhibit exact Higgs alignment. For convenience, we have included
entries corresponding to both U(1)®I1; and GCP3, which correspond to physically equivalent
points in the ERPS4 in light of the results of Section [VITIL
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It is noteworthy that two maximal symmetry groups are associated with both U(1) ® Iy
and GCP3. These two cases are distinguished by the corresponding Higgs basis conditions.
Indeed, one can check that O(2) @ O(3) is physically distinguished from Z, ® O(4). In
particular, in the cases of softly broken or unbroken U(1) ® IIy and GCP3-symmetric scalar
potentials, O(2) ® O(3) is associated with the mass relation, my+ = my # m4. In contrast,
Zs ® O(4) is associated with the mass relation my+ = m4, which includes the possibility of
mpyg+ = my = my if in addition Z, = Z5 = 0. The latter is an example of the more general
result that any custodial symmetric 2HDM scalar potential with 7, = Z5 = Zg = Z; = 0
exhibits a Peccei-Quinn U(1) symmetry that is unbroken by the scalar potential and vacuum

and thus possesses a scalar spectrum where H* is degenerate in mass with both H and A.

XI. CONCLUSIONS AND FUTURE DIRECTIONS

There is a fascinating region of parameter space of the 2HDM that can be implemented by
imposing the generalized CP symmetry, GCP2, on the quartic terms of the scalar potential,
which enforces the relations, Ay = Ay and A\; = —Xg. We call this region the ERPS4,
generalizing the exceptional region of the parameter space (ERPS) of the 2HDM introduced
in Refs. ‘j ], where the GCP2 symmetry is also respected by the quadratic terms of the
scalar potential and yields the additional constraints, m?, = m3, and m3, = 0. That is, the
ERPS4 is the parameter space of a softly broken GCP2-symmetric scalar potential. In this
paper, we have provided a comprehensive study of the many interesting properties of this
2HDM parameter regime, including limiting cases of the ERPS4 parameters that extend the
unbroken or softly broken symmetries of the scalar potential beyond GCP2.

We have enumerated the basis invariant conditions that characterize the softly broken
GCP2 symmetries and their extensions and evaluated the scalar squared masses and neutral
scalar mixing matrices in each of these cases. We have discussed intricacies that arise when
scalar potentials originating from two different symmetry conditions yield physically equiv-
alent results. In such cases, although the parameter constraints imposed by the symmetry
conditions may differ, one can show that a unitary transformation relates the scalar field
bases in which each of the symmetries is manifestly realized. Indeed, a GCP2-symmetric
scalar potential is related by a unitary basis transformation to a scalar potential that is

invariant with respect to Zy ® I, and a GCP3-symmetric scalar potential is related by a
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unitary basis transformation to a scalar potential that is invariant with respect to U(1) @Il,.
These considerations persist even if the corresponding symmetries are softly broken.

The equivalence of the softly broken GCP2 and Z, ® Il; symmetries, as demonstrated
below eq. ([@.20), does not yield a simple analytic formula that relates the parameters of the
GCP2 basis and the Z,®I1; basis. In this work, our analysis of the ERPS4 always starts from
the Zs ® Ily basis, from which all subsequent special cases can be analyzed. In contrast,
the translation between the GCP3 basis and the U(1) ® Il; basis can be made explicit,
and a translation between the parameters defined in each of the two basis choices has been
provided in Section [VITIl The results for the softly broken SO(3)-symmetric scalar potential,
which are different limiting cases of the GCP3 and U(1) ® IIy basis choices, ultimately yield
identical results given that the form of the softly broken SO(3)-symmetric scalar potential
is invariant with respect to an arbitrary unitary transformation of the scalar field basis.

In examining the CP-invariance properties of scalar potentials in the ERPS4, we en-
countered an interesting feature that runs contrary to a statement usually found in the
literature. In a softly broken Z, ® Ily-symmetric scalar potential where the magnitudes of
the two neutral scalar field vevs are equal, we originally noticed in Ref. [37] that the scalar
potential and vacuum were both CP conserving even though the relative phase between the
potentially complex parameters m?, and A5 could not be removed by separate rephasings of
the scalar fields ®; and ®,. In contrast, outside of the ERPS4 regime, it is straightforward
to show that if A\¢ = \; = 0 and Im()\’g [m%z]z) # 0, then the corresponding scalar potential
is explicitly CP violating. We were able to identify an alternative definition of CP, denoted
by GCP1’ in Tables [V] and VI, which provides an explanation for why the softly broken
Zy & Ily-symmetric scalar potential with vy = vy always preserves a CP symmetry.

Perhaps even more astonishing was that in a softly broken GCP3-symmetric scalar po-
tential with Im(Xg [mf2]2) # 0, the scalar potential and vacuum are always CP-invariant
independently of the vevs. In this case, the identification of the relevant CP transformation
law is more obscure (see Appendix[C]). Of course, this result becomes almost trivial by trans-
forming to the U(1) ® I, basis, where a simple rephasing can be performed to remove all
potential complex phases from the corresponding scalar potential parameters. Moreover, in
both CP-conserving examples above where Im(Xg [mf2]2) # 0, a more general unitary trans-
formation of the scalar fields exists that can transform directly to a real scalar field basis in

which the CP invariance of the scalar potential is manifest. Because the scalar potentials of
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the ERPS4 are quite constrained, such a unitary transformation is still consistent with the
parameter constraints imposed by the softly broken Z, ® Il and GCP3 symmetries.

A very important subset of the ERPS4 is the so-called inert limit where the Higgs basis
parameters satisfy Y3 = Zg = Z7 = 0. In this parameter regime Higgs alignment is exact,
which means that there exists a neutral scalar whose tree-level properties coincide with those
of the SM Higgs boson. Indeed, the LHC Higgs data have already confirmed at the 10%—
20% level that the properties of the observed Higgs boson (of mass 125 GeV) are consistent
with the predictions of the Standard Model. Consequently, any phenomenologically viable
extended Higgs sector must exhibit at least an approximate Higgs alignment. One can
achieve an approximate Higgs alignment automatically in the decoupling limit where the
masses of all additional scalars are significantly larger than 125 GeV. However, it is of
interest to consider the possibility of approximate Higgs alignment without decoupling,
as this scenario would provide more options for potential discoveries of new scalars of an
extended Higgs sector in future LHC runs. Higgs alignment without decoupling can be
achieved without a fine-tuning of scalar sector parameters if a symmetry is present that
can enforce the Higgs alignment. Thus, in the 2HDM it is especially useful to provide a
complete classification of all such symmetries. The simplest example of a 2HDM with this
property is the IDM which possesses an unbroken Zs or U(1) symmetry in the Higgs basis.
All other 2HDM scenarios that provide a natural explanation for exact Higgs alignment lie
in the ERPS4 regime. The complete classification has been provided in Table X1l

A phenomenologically viable extended Higgs sector must also be consistent with precision
electroweak constraints. The observation that the electroweak p-parameter is approximately
equal to one strongly suggests that the scalar potential should be invariant under a custodial
symmetry. The ERPS4 enters in these considerations as well, since one of the two ways to
satisfy the requirements of custodial symmetry is provided by the inert limit. Thus, combin-
ing the requirements of exact Higgs alignment and custodial symmetry yields a classification
of 2HDM scenarios that is exhibited in Table XTI

Finally, there is one aspect of the 2HDM that has been almost completely ignored in our
comprehensive study of the ERPS4—mnamely, the Higgs-fermion Yukawa interactions. There
is a reason for this neglect. In a 2HDM with one generation of quarks and leptons, it is
not possible to construct a Yukawa Lagrangian that respects a GCP2 symmetry or any of

its symmetry extensions. If three generations of quarks and leptons are present, then it is
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possible to construct a set of Yukawa interactions that respect a GCP2 or GCP3 symmetry
by positing transformation laws that involve fermions of different generations. However, all
such constructions are inconsistent with the constraints of experimental observations with
the possible exception of one very special implementation of the GCP3 symmetry in Ref. [89].
It is not clear whether these remarks also hold if one were to construct a Yukawa Lagrangian
that respects a Zs ® Iy or U(1) ® I1y symmetry. Scalar Lagrangians that are constrained by
symmetries that are physically the same when only the scalar sector is considered might be
different once fermions are included. This possibility is presently under study [90].

If there is no phenomenologically successful 2HDM Yukawa Lagrangian consistent with
the ERPS4 regime, then there are two possible approaches. In one approach advocated
in Refs. @, @], the ERPS4 conditions are imposed at the Planck scale. The Yukawa in-
teractions represent a hard breaking of the symmetries responsible for the ERPS4 regime.
Hence, renormalization group evolution down to the electroweak scale will generate an ef-
fective 2HDM that deviates from the ERPS4 but might retain some of its best features
(e.g., approximate Higgs alignment and approximate custodial symmetry). The second ap-
proach follows the proposals of Ref. 70, @], where vectorlike quark and lepton partners are
introduced in an extended Yukawa Lagrangian. In this case, one can construct a Yukawa
Lagrangian that is consistent with the ERPS4 regime (even in a one generation model of
fermions and the vectorlike partners). To ensure that the vectorlike fermions are sufficiently
heavy to avoid current LHC search limits, one can introduce explicit mass terms for the vec-
torlike fermions, which then generate the soft-breaking squared mass terms of the ERPS4.

In either of these two approaches, one can determine parameter regimes that are consistent
with observed Higgs boson phenomena, while setting useful targets for precision Higgs studies
at the LHC and future Higgs factories now under development. It is also of theoretical
interest to seek out ultraviolet complete models that include the Yukawa sector to ultimately
explain the origin of the fundamental symmetries that underlie the approximate symmetries
governing the 2HDM at the electroweak scale.?® We shall defer such matters to future

studies. Given that the ERPS4 provides a simple framework for the scalar potential of an

extended Higgs sector with a reduced number of free parameters, we would anticipate that

36 For example, attempts to construct ultraviolet complete models that yield Higgs alignment without de-
coupling in the 2HDM can be found in Refs. M]
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useful correlations could emerge, such as relations among various three-scalar couplings, if

deviations from SM Higgs properties are detected and/or new scalar states are discovered.
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Appendix A THE POSSIBILITY OF SPONTANEOUS CP VIOLATION

Consider the case of an explicitly CP-conserving, softly broken Zs-symmetric scalar po-
tential written in a real scalar field basis, where A\¢ = A\; = 0 and the two potentially complex

scalar potential parameters, m?, and \s, are real and nonzero. In this case, spontaneous CP

violation is possible [68, 199, 1100].37 It is instructive to examine the minimum and stability

conditions under the assumption that (®9) = v;/v/2 and (®9) = vgei‘iﬁ\/ﬁ, where v and vy

are real and positive. Following the analysis of Appendix B of Ref. [42], the vacuum value

of the scalar potential is

1,2 2,1 2 2 92 1/y .4 4y 1 2.2 1y 2,2 2
Viac = 57107 +5MaU5 —Mip0102 €0S §+ 5 (A1) +Aov3) + 7 (A3 +As— A5 )vivy + 5 50705 cos™ § .

(A.1)
The scalar potential minimum conditions are
MWaae 2 2 1y ,3 41 2
0= or My 101 — Mgl COSE + 5 A10) + 5A3450105 (A.2)
1
a‘/;zac 2 2 1 3 1 2
2
1 a‘/Vac 3
= = 5 — % (m7y — Asviva cos§) sin €, (A4)

37 Spontaneous CP violation is also possible if m?, is purely imaginary and A5 is real. In this case, one can

redefine ®5 — i®5, which renders m%Q real while transforming A5 — —\5 and £ — £ + %w.
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where A345 is defined below eq. ([27). The vacuum is CP conserving if sin 26 = 0 @, 101],%8
whereas the vacuum is potentially CP violating if sin 2 # 0.

First consider the case of sin2¢ = 0. Having excluded m?%, = 0 from consideration
(cf. footnote [B8]), it follows that sin & = 0. Without loss of generality, we may take cos& = 1
by rephasing ®; — —®, (which also changes the sign of m?, but otherwise has no effect on

the other scalar potential parameters). Then, eqs. (A2]) and (A3)) yield,

v
mi; = m%zv_z — 3M07 — 3 (A5 + Aa £ As)vs (A.5)
1
v
mz, = 7"7321)_: - %)\205 - %()\3 + Ay + As)vi (A.6)

The stability conditions can be discerned from the Hessian. Computing the relevant

second derivatives,

82‘/\73C
502 — mi 4+ 23X 4+ (A5 + A+ Xs)vj = m12 + Av? (A.7)
i
82VVaC—mZ+§)\v2+l()\ + Mg+ A5)vf = mi —I—)\v (A.8)
(921% — [l T A2V T 5 A3 4 5)Y1 12 22, :
82‘/Vac
8'1)18’1]2 = _m12 ()\3 + )\4 + )\5)2}1”2 ; (Ag)

after applying the results of eqs. (A.5) and (A.6]). Thus, the Hessian matrix is given by

H— m12 2 + )\1'&11 —m%Q + ()\3 + )\4 + )\5)'[111)2 . (Al())

—miy + (As + Aa 4 Xs)v1va m12 U\l
Stability requires that Tr H > 0 and det H > 0. In addition, we demand that the squared
masses of the neutral Higgs bosons should be positive. Using the results of Ref. ‘j], the
following quantities all must be positive,

mh = <m12 )\5> : (A.11)

U1V2
m; +my = mi + \vp + Agv; (A.12)

2
m
mim%{ = U—; [)\11)11 + )\2’031 + 2()\3 + )\4)1)%’03} + [)\1)\2 — ()\3 + >\4)2] U%U% . (Al?))

Note that the trace and determinant of the Hessian matrix are related to the squared masses

38 If cos € = 0 then eq. (A)) yields m?, = 0. In this case the Zs symmetry of the scalar potential is explicitly

preserved and spontaneous CP violation does not occur ] (see also Theorem 23.3 of Ref. [68]).
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of the neutral scalars,

TrH = m; +my + \sv?, (A.14)
2 2
det H = mim?% + A5 {()\5 + %) vIv3 4+ Mvp + Avy| (A.15)

Next, consider the case of sin2¢ # 0. In this case, it is convenient to replace eq. (A.4)

with
o 1 av;/ac N2
“wdcosé W

which yields m2, = A\sv1v5 cos €. Inserting this result into egs. - , it follows that
y 12

(—=miy + Asviva cos€) (A.16)

mi = —%Alv% - %O\:& + A — >\5)U§, (A.17)
my, = —%)\203 - %()\3 + A1 — As)07 . (A.18)

The elements of the 3 x 3 Hessian matrix are given by the following second derivatives,

2,
88UV;C = mi; + 3007 4+ $(As 4 Ay + A5 cos 28)vs = \of + Asv3 cos® €, (A.19)
1
2,
88UV;C = M3y + 3205 + 3(A3 + A+ A5 cos 28)v] = Aav3 + As07 cos” &, (A.20)
2
2
O Voo _ —m3,cos & + (A3 + Ay + A5 cos 28)v1va = (A3 + Ay — Assin? )vyvy, (A.21)
81)18’02
1 *Viae  Asvivs (A.22)
v20(cos )2 w2 ] '
1 0V 50103 cos €
Z - A.23
v Qv10 cos € v ’ ( )
1 Ve  Asvivgcosé (A.24)
vOvdcosE v ' '
Thus, the Hessian matrix is given by,
A1€h + Assfcos? € (A3 + Ay — Assin? €)spes A50?5505 COS &
H =0 | (A\g + Ay — Assin® &) spc5 Aas3 + Asch cos? & Asspcgcosé | (A.25)
As555C5 O & A555C5 O & A555C5

where sg = vy /v and ¢z = vy /v. Stability requires that H is positive definite. By Sylvester’s

criterion [102], it follows that the principal minors must all be positive. A necessary (al-

though not sufficient) condition is that all diagonal elements of H must be positive. In light

of eq. (22), we conclude that A5 > 0 is a necessary condition for spontaneous CP violation.
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Appendix B AN INVARIANT CHARACTERIZATION OF THE ERPS4 AND
CONSEQUENCES FOR CP SYMMETRY

In eq. (A20), we provided an invariant characterization of the ERPS4 that is defined by
A1 = Ay and A\; = —\g, which if realized in one scalar field basis is then satisfied in all scalar

field bases. Using eq. (@3] and employing the identify,
057051 = 25ad5bc - 5ab60d> (B].)

it follows that the ERPS4 invariant can be rewritten in terms of the quartic coefficients of

the scalar potential,

Z=1Te(20 + 292) - L(Te 20 4+ T 2?)? (B.2)

8
where, following Ref. ], we have defined

M+ A+ A7
OveLabed = Labbd = ; (B.3)

)
ad
A At M

A+ A Ag + A
ZIE? = 5acZab,cd = Zab,ad == ! ’ 0 ! s (B4)

As+A A+ A
and the Z .4 are defined in terms of the quartic couplings of the scalar potential in eq. (C.4]).
One can simplify eq. (B.2]) using the symmetry properties of the Zg .4 to obtain a slightly

more compact form than was originally obtained in Ref. [29],

Z=1T{(ZW)?} = L[Tr 20) = L — Ao)® + [Ae + M]?. (B.5)

D=

As noted below eq. (£20]), the ERPS4 corresponds to the invariant condition, Z = 0, which
implies that Ay = Ay and \; = —\g. This condition is invariant with respect to changes in
the scalar field basis, ®, — U,;®,, for any U € U(2). Thus, if A\; = Ay and A7 = —\g in one
basis, then the same relation holds in any scalar field basis. In particular, it holds in the
Higgs basis, which implies that Z; = Z5 and Z; = —Zg.

One can make an even stronger statement that for any scalar potential of the ERPS4,
there exists a scalar field basis where A\¢ = A\; = 0 and Im A5 = 0 (the latter after an

appropriate rephasing of ®,), which defines the Zy ® IIy basis of Section [Vl A simple proof
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of this statement was provided below eq. (£20). Moreover, if CP is conserved then the
scalar field basis in which \¢ = A7 = 0 can be explicitly identified, as shown in Appendix B
of Ref. [37] and summarized below.

The first step is to go to the Higgs basis of the ERPS4 where 7, = Z5 and Z; = —Zg. If
Zg = 0 then it trivially follows that \s = A\; = 0 in the Higgs basis. If Zz # 0, then consider
a U(2) transformation from the Higgs basis to the ®-basis with neutral vevs v;/v/2 and
v2€% /4/2 where v; and v, are positive, tan 3 = vy /vy, and 0 < & < 27, It is straightforward

to derive a ®-basis expression for \¢ = —\; in terms of Higgs basis parameters,

Ne€™ = L805005[ 21 — Z3s — Re(Z5e*)] — Lisog Im(Z5e™™) + cap Re(Zoe™) + icog Im(Zge™)

(B.6)
where Z34 = Z3+ Z4. We now search for values of # and £ such that A\g = 0. Moreover, since
A7 = —Xg in the ERPS4, it follows that if (5,€) yield \¢ = 0 then so does (%71’ - B,&+ ),
corresponding to the interchange of the scalar doublet fields, ®; <+ 5.

Since Zg # 0, we may write Zg = |Zs|e'%. It is then convenient to define
=640, (B.7)

where € is defined modulo 7. In the case where CP is preserved by the scalar potential
and vacuum, Im(Z:Z2) = 0, as noted above eq. (5.417).%° Inserting e’ = €' Z;/|Zs| and
Im(Z:ZZ) = 0 into eq. (B.G), we search for values of 8 and & such that,

sog Re(ZEZ8) sin 26 = 2c95]Zg|* sin €, (B.8)
$25C25 || Z6|*(Z1 — Zsa) — Re(Z2 Z§) cos 2] = —2cup|Zs|” cos €. (B.9)

We can immediately obtain one solution to eq. (B.8)), sin& = 0 or equivalently cos& = 1.
The twofold ambiguity was anticipated in the remarks below eq. (B.6). Inserting cos¢ = +1
into eq. (B.9) yields a quadratic equation for cot 2/,

Re(Z:77)

2
2|Z6‘C0t Qﬁﬂ: (Zl—234— |Z6|2

) cot 2 —2|Zg| =0, (B.10)

which possesses two real roots whose product is equal to —1. As a result, one ends up with

four choices of (,&), where 0 < 8 < 17 and cos{ = =£1, for which egs. (B:8) and (BJ) are
satisfied.

39 If CP is violated, then Im(ZZZ2) # 0 and the existence of the scalar field basis where \g = A7 = 0 can be

identified numerically, although no simple analytic expressions exist for § and & |37, .
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Moreover, additional solutions can be found if sin& # 0, in which case one can divide

eq. (B) by sin. Solving eq. (B) for cy5/s95 and inserting this result into eq. ([B9) yields
cos 5{ [Re(Z: Z8)? + Re(Z5 Z3)| Zs|*(Z1 — Zsa) — 2\26\6} =0. (B.11)

One immediate solution to this equation is cosé = 0, which we can then plug back into
eq. (B.8) to obtain cos 23 = 0. Thus, we learn that (5 = iﬂ', € = %7?) and (f = iﬂ', € = %7?)
are also solutions to eqs. (B.S) and (B.9).

The above results are consistent with the result of Section[Vl Eq. (519) provides a relation
between Zg and the scalar potential parameters of the Zy ® Ily basis, which is of the form

Zg = (x +iy)e . Thus, x + iy = |Zs|e® and we can identify,

-y A5 sin 2€
t =2 = _ ) B.12
ans x [A(1 = R) + 2X5sin® ] cag ( )

Taking into account the values of (3,&) obtained above that provide solutions to eqs. (B.8)
and (B.9), we see that siné = 0 corresponds to sin2¢ = 0 and cosé = 0 corresponds to
cas = 0. Since this analysis was based on the assumption that Im(ZZZ3) = 0, we have

reproduced the result of eq. (5.48)).
It is now instructive to compute Im(Af[m,]?) in the Z; @ Il basis. Using eq. (B11) of

Ref. [37], written in a slightly different form under the assumption that c¢s5 # 0, we obtain
. Zg|v 595 sin € 2Y,\*> 2V
Im()\s[mf2]2) — _MTf{Qw (’U—;) — ’U—22 [s%BZl + (1 — 30%5)234} — CgﬁRg
4

2Y; 4c .9z
+ <Zl + 'U—22) Rg, + 234(234036 - legﬁ) - STLLB|ZG|2 sm2 f} s (B13)
26

where - -

Re(Z2Z2) cos 2 + Im(Z: Z2) sin 2€
|Z6|” '

Under the assumption that Im(ZZZZ) = 0, the results obtained above imply that either

sin€ = 0 or cosé = 0. If sin& = 0 then it immediately follows that Im(A\f[m?2,]?) = 0. That

Rs = Re(Z5e**) = (B.14)

is, one can rephase the scalar doublet fields in the GCP2 basis to obtain a scalar potential

whose coefficients are all real in a scalar field basis where the vevs are also real. In contrast,

40°1f c4p = 0, then the expression given in eq. (B11) of Ref. dﬁ] is more useful.
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if cos £ = 0, which implies that cys = 0 as noted below eq. (BII), then eq. (BI3) yields,

v} Z, 2Y 2 Y- Re(Z* 72
i~ 2) 1B

(B.15)

which is generically nonzero. Thus, it follows that if g = iw and Imm?, # 0 in the GCP2

basis, then one cannot remove all complex phases from the scalar potential with a simple
rephasing of the Higgs doublet fields. Nevertheless, the scalar potential and vacuum are CP
conserving since Im(Z Z2) = 0 implies that a real Higgs basis exists (i.e. all Higgs basis scalar
potential parameters are real after an appropriate rephasing of the Higgs basis field H,).
In the analysis presented above, we used eq. (B.I1)) to conclude that cos& = 0. However,
there is an alternative solution to eq. (BII)) where the coefficient of cos ¢ vanishes. Indeed,
this alternative solution corresponds to the case of the softly broken GCP3-symmetric 2HDM
where eq. (6.13) is satisfied. In this case, division of eq. (B.8)) by sin¢ is permitted when

sin & # 0, which yields
cos & = | Zs|? cot 23
- Re(Z325) -

Plugging this result into eq. (BI3) yields Im (\5*[m}3]?) # 0 for generic values of the scalar

(B.16)

potential parameters and §. In particular, in the GCP3 basis (where the scalar potential
parameters are designated with prime superscripts), there exists a residual CP invariance
despite the fact that Im(A;*[m{3]?) # 0 when sin¢’ # 0, independently of the value of j3'.
In contrast, A5 = 0 and Zg = | Zs|e' = £|Zsle™* [cf. eq. (GIT))] in the U(1)®II, basis, in
which case eq. (B.1) yields sin & = 0.

Appendix C CP INVARIANCE OF THE SOFTLY BROKEN GCP3-SYMMETRIC
SCALAR POTENTIAL

The softly broken GCP3 scalar potential contains a complex parameter, m/3, in a basis

in which the only other potentially complex parameter, AL, is taken to be real. Moreover,
there is a relative phase between the two vevs. Thus, naively one would conjecture that
the scalar sector of the softly broken GCP3-symmetric 2HDM is CP violating. However,
we have demonstrated that by changing the scalar field basis, this scalar potential can be

transformed into a softly broken U(1)®II, scalar potential in which A; = 0. Then, one can

rephase either ®; or @, to remove the phase of m2,, which yields an explicitly CP-conserving
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scalar potential. Moreover, one can show that the scalar potential minimum condition in
the explicitly CP-conserving basis yields two vevs with no relative complex phase. Hence,
it follows that the softly broken GCP3-symmetric 2HDM is explicitly CP conserving, and
the vacuum also preserves the CP symmetry. These observations imply that in the original
GCP3 basis, one should be able to identify a residual generalized CP transformation under
which the GCP3 scalar potential and vacuum are invariant. The purpose of this Appendix
is to provide the explicit construction of this generalized CP transformation.

We begin by rewriting eq. (2) following the notation of Ref. @],
V(®) = Vs (Do) + 5 Zca( P5 @) (2ea), (C.1)

where the indices a, b, ¢ and d can take one of two values 1, 2 (with an implicit sum over
barred and unbarred index pairs of the same letter), and hermiticity and symmetry under

the interchange of barred and unbarred indices imply that

Yp = (Yia)", Zaped = Zedab = (Zvade)” - (C.2)
Note that as a matrix,
Yy, Y, m? —m?
Yy — 11 12 _ 11 12 : (C?))
Y5 Yoo _(m%z)* m§2

where the minus sign in the definition of m2, is conventional. It is convenient to assemble
the elements of the tensor Z,.q into a 4 x 4 hermitian matrix (denoted by Z) as follows.

First, we introduce a slightly different notation for the components of 7,
Zac,bd = Zai)c&a (04)

where the first pair of indices of Z,.pq consists of unbarred indices and the second pair
consists of barred indices. In this notation, it is conventional to omit the bars in the second
pair of indices.** With this notation, each element of a row of the matrix Z is denoted by a
pair of subscripts. These index pairs arranged in the order 11, 12, 21 and 22, and similarly

for the pair of subscripts denoting each element of a column of Z. The matrix Z is then

41 The reader is cautioned that in contrast to eq. (C4)), the symbol Z,, .q employed in Ref. ] is equivalent

to Z,p.q without an interchange of the indices b and c.
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given by,

Zua Zujiz Zu2 L Al A6 As A
VA Z VA VA DY D PRI VDY
g | Zen Zre Zua Zun| (A A M (C.5)
Zoa1 Zoiie  Zoior L2122 A A A3 A7
Zopn Zaiz Lo 422922 A5 AN A

Under a basis transformation,

o, » @ =U,

a

3Dy ol — ¢ = @gUga, (C.6)

where U € U(2) is a 2 x 2 unitary matrix (U-Uy,s = dz). Under this unitary basis transfor-

mation, the vevs are transformed as (%) — (®'0) = U;(®Y). Moreover, the gauge covariant

a

kinetic terms of the scalar fields are invariant under a unitary basis transformation, whereas

the coefficients Y,; and Zg q transform covariantly with respect to U(2) transformations as

Yy = Y5 =UgzY, Ul = (UYUY),, (C.7)

Zabed = Zhpea = Uae Usg Zeg s U}E Ul =[UeU)Z(UT e U] (C.8)

ab,cd’

where the Kronecker product of two 2 x 2 matrices is a 4 X 4 matrix given in block matrix

form by,
AnB ApB
AB=|"" S (C.9)
A B  AnB

The Kronecker product of two matrices satisfies the following properties [104]:

(A® B)(C ® D) = AC ® BD, (C.10)
(A2 B)' = A'® BT, (C.11)
(A B)' =A"®B", (C.12)
(A B '=A"@ B!, if A7 and B! exist. (C.13)

In particular, if A and B are unitary then so is A ® B. The Kronecker product A ® B can

be represented by a rank four tensor whose components are given by,
(A ® B)ab,cd = AacBbd y (014)

where a row of the matrix A ® B is denoted by a pair of subscripts that are arranged in

the order 11, 12, 21 and 22 (and similarly for the pair of subscripts denoting the columns of
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A ® B). This convention yields the 4 x 4 matrix representation of A® B given in eq. (C9).
Hence, it follows that,

Uae Upg Zegpn Ut Ul - = (U@ U ) apeg Zeg pn(UT QU ppca = [(U0U) Z(UT@UT)] (C.15)

ab,ed’

as indicated in eq. (C.8)). That is, egs. (C.1) and (C.g)) are equivalent to the matrix equations,
Y'=UYUT, 7' =UeU)Z({U e U. (C.16)

It is common to consider the standard CP transformation of the scalar fields as
O, (t; &) — O (4 X) = Oy (t; —T), (C.17)

where we shall no longer distinguish between barred and unbarred indices, and the reference
to the time (¢) and space (Z£) coordinates will henceforth be suppressed. However, in the
presence of several scalars with the same quantum numbers, U(2) basis transformations
can be included in the definition of the CP transformation. This yields the generalized CP
transformation (GCP) ﬂ&, 105],*2

PECY — X, D) = e X ()T (C.18)

PHIGCP

a

= XL = e X (@) (C.19)

where X is an arbitrary unitary matrix of unit determinant and v € R. We will indicate
below eq. (C28) how the complex phase factor ¢ is determined.

Note that the transformation ®, — ®SCF where ®%°F is given by eq. (CIR), leaves
invariant the gauge covariant kinetic terms of the scalar fields. The GCP transformation of

a scalar field bilinear yields
PICPPECP — X Xi(0.01)T, (C.20)

which does not depend on the complex phase factor . Under this GCP transformation,

the quadratic terms of the potential may be written as

Vo ®ICCPDECr — v, X* X, @l D, = XpgVi X2 0L, = X, VX500,
= (XY X):, @10, (C.21)

42 For early work on generalized CP transformations, see Refsﬁ—@ Generahzed CP transformatlons
in the context of the 2HDM have been treated in Refs. @ @ @ @ @
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after making use of the hermiticity of Y [cf. eq. (C2)] and appropriately relabeling the
indices. A similar argument can be made for the quartic terms, by employing the properties
of the Kronecker product given in eqs. (C.I10)-([C13). We conclude that the scalar potential
is invariant under the GCP transformation exhibited in eq. (CI8) if and only if the scalar

potential coefficients obey

Yo, = X0 YeaXay = (XTY X)), (C.22)
Zapea = XeaXgpZeg,inXpeXna, (C.23)

or equivalently,
v =XVX, 7' = (X" XNZ(X ® X). (C.24)

Finally, we must check to see whether the GCP symmetry is preserved by the vacuum,

in which case the following condition must be satisfied,
(@) = 7 X (D]°) . (C.25)

The complex phase factor ”7 will be chosen subject to the convention where (®9) is real and
non-negative. The latter can always be arranged by performing an appropriate hypercharge
U(1)y transformation on the scalar doublet fields, which has no effect on the coefficients of
the scalar potential.

So far, we have assumed that all statements apply in the ®-basis. If we now perform a
basis transformation to the ®’-basis as indicated by eq. (C.0l), then we can express the scalar

potential in terms of the ®'-basis scalar potential parameters,
V(@) = Yo (P @}) + 5 Zgcpa( D ©) (P ), (C.26)

where Y, and 7/, are given by eqs. (C.7) and (C.8), respectively.

Suppose that V(®) is invariant under the GCP transformation of Eq. (CI8) with the
matrix X. Eq. (C22) guarantees that Y* = XY X. Now, eq. (C1) relates the coefficients
in the two bases through Y = UTY'U. It then follows that U'Y"*U* = XT(UTY'U)X, which
implies that

Y™ = (U XTUNY'(UXU") = XY’ X', (C.27)

where X’ = UXU". A similar argument can be made for the quartic terms, by employing

the properties of the Kronecker product given in egs. (CI0)-(CI3)). Thus, we conclude that
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V(®') is invariant under a new GCP transformation with matrix
X =e"UXUT. (C.28)

The phase 4/ is not fixed by this computation and must instead be determined by examining
eq. (C:29) in the ®'-basis in a convention where (®,°) is real and non-negative.

To construct the residual GCP transformation that is a symmetry of the softly bro-
ken GCP3-symmetric scalar potential, we begin our analysis in the U(1)®II, basis. The
parameters of the quadratic part of the scalar potential are specified in eq. (C3]), where
Yio = |Yi2|e?2 is potentially complex.*® In addition, the parameters of the quartic part of

the scalar potential satisfy [cf. eq. (CH])],
A=Zun = Zno, A3 = Zi212 = Zan 21, M = Zign = Za12, (C.29)

and all the other Z, .4 vanish. The softly broken U(1)®Ily-symmetric scalar potential is

invariant with respect to a GCP transformation with matrix,

, 1 0
X = . (C.30)
O 6—2i912

The phase v = —f;» has been chosen in anticipation of eq. (C.33]) below.
To establish the presence of the residual GCP symmetry, we first verify that eq. (C22)

is satisfied,

Y |Vip|e~ 2 B 1 0 Y1 Yot 1 0
V1|2 Vi o 0 g2t Vi~ i012 Vi 0 -2
(C.31)
Next, we verify that eq. (C.23) is satisfied,
A0 0 0 1 0 0 0 A0 0 O 1 0 0 0
0 X3 XN O B 0 e?z 0 0 X3 XN O 0 e 2012 0 0
0 M A 0 Jo 0 e 0 ||o A ox 0f]o 0 e g
0 0 0 A 0 O 0 etife 0 0 0 A 0 0 0 e~ 41012
(C.32)

43 Here, we are assuming that Y15 # 0. In the case of Yi» = 0, one can choose v = ¢ and replace 15 with —&
in the definition of X given in eq. (C30) to ensure that egs. (C31), (C32) and (C33) are all satisfied,
thereby establishing invariance of the scalar potential and the vacuum under the residual generalized CP
transformation.
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Finally, the GCP symmetry is preserved by the vacuum if eq. (C.25]) is satisfied. The vevs
are given by v, = (v, vye’t ), where v; and v, are positive and ¢ is determined by the scalar
potential minimum condition [cf. eq. E4)], Im(Yi9e®) = 0, which yields sin(6;5 + &) = 0,
under the assumption that Yio # 0 [cf. footnote [d3]. It then follows that 612 +& = 0 mod T,
which demonstrates that eq. (C.25]) is indeed satisfied. That is,

10
- R (C.33)

v9e's 0 e %0 voe ™%

In the GCP3 basis, A\, = A} — Ay — A} is real and nonzero. Now, it is not immediately
obvious that the softly broken GCP3-symmetric 2HDM preserves a CP symmetry, since
Im(Af[m?y)*) # 0, which implies that one cannot rephase the scalar doublet fields to remove
the phase of m?,. Nevertheless, we know that CP is a symmetry of the softly broken GCP3-
symmetric scalar potential and vacuum since it corresponds to a softly broken symmetric
U(1)®I1,y scalar potential expressed in a different basis. Thus, it should be possible to
explicitly construct the residual generalized CP transformation that preserves the softly
broken GCP3-symmetric scalar potential and vacuum by employing eq. (C.28)), with U given
by eq. (8I). Indeed, we will construct X’ below and explicitly verify that eqs. (C.24])
and (C.25) are satisfied when expressed in terms of the GCP3 basis parameters.

Egs. B1) and (C28) yield,*

s | —S12 Ci12

e X = —ie" : (C.34)

where s15 = sin 015 and ¢15 = cos 615, Using eq. ([8.49), which we can rewrite as
Yiz = ReYj, + %Z(Yéz - Yy, (C.35)
it follows that
Re Y], Yy, = Vi)
Ci2 = > ) S12 = >
\/(Re Vi)™ + 1(Ysy = Y1))? 2\/(Re Vi)™ + 1(Ysy = Y1))?

One can check that eq. (C.22)) is satisfied in the GCP3 basis by rewriting this equation as,

(C.36)

Y/ Y/s —s c Y/ Y/ —s c
11 12 12 12 11 12 12 12
— =0. (C.37)
/ / / /
Yi, Yy €12 Si2 Y5 Yy Cla  S12

44 In obtaining eq. (C.34]), we have absorbed the phase ¢ [cf. eq. (8])] into the definition of /.

89



To verify eq. (C31), we multiply out the left-hand side above to obtain,

C12 S12
2512 Re Y/, — c12(Y3y — Y7))] =0, (C.38)

S12 —Ci12

which is equal to the zero matrix after making use of eq. (C.36)).
Next, we check the validity of eq. (C.23)) in the GCP3 basis. The explicit form of X' ® X’

is given by
5%2 —S12€12 —S12C12 C%g
X'@ X = —S12€12 —8%2 C%g S12€12 (C.39)
—S12€12 C%g —8%2 S12€12
C%g S12€12 S12€12 8%2
In the GCP3 basis,
N 0 0 N—=X =X
7' = ! A i ! (C.40)
0 X, A 0
N—=XNo—= X, 0 0 N

Indeed, eq. (C.23]) is satisfied in the GCP3 basis, independently of the value of 6.
Our final check involves confirming the validity of eq. (C.25) in the GCP3 basis. This
computation will then determine the phase v/. Before performing the computation, we shall

record an important result that is a consequence of the scalar potential minimum condition

that is used to fix £. In light of eqs. (7.5) and (Z.6), it follows that?®

C12Cop/
cos¢ = — 22 (C.41)
512524/
after employing eq. (C.30).
Thus, we must verify
Cp L —S12  C12 Cpr —7;6217/ (—81265/ + 0128ﬁ/€_i§,)
i — _Zel'}/ , — » " . (042)
62g Sp Ci2  Si12 6_26 Sp —1e¥ (01205/ -+ 81285/6_7{ )

We can immediately determine ' from the equation for cg in eq. (C42),

—ie" = —s19 + 196 tan g (C.43)

45 Eq. ([CAI) can also be deduced from eq. (858)) after making use of tan ¢ = — tan 5, which is a consequence
of the scalar potential minimum condition, sin(f12 + &) = 0, obtained above eq. (C33)).
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One can verify that —sio + c12¢’€ tan B’ is a complex number of unit modulus after making
use of eq. (C.41]), which provides one independent check of the validity of eq. (C.42). The
explicit form of the residual GCP symmetry in the GCP3 basis has now been fixed.

Finally, we must verify the second complex equation for ¢’ sz given in eq. (C.42),
Spr = —Z'6i(’y/_£l) (01206/ + 81285/6_%/) . (C44)

Straightforward algebra shows that eq. (C.44]) is an identify after making use of eqs. (C.41)
and ([C43) to eliminate cos ¢’ and ™.
Thus, we have verified that the scalar potential and vacuum of the softly broken GCP3-

symmetric 2HDM are invariant with respect to a residual GCP transformation with matrix

—S12 C12

e X = (clgeigl tan 3’ — 512) , (C.45)
Ci2  S12

where s15 and ¢5 are given by eq. (C.36]) and 5 and & are determined by the GCP3 scalar
potential parameters as indicated in eqs. () (Z77). Note that although the form of ' X’
depends on the parameters of the softly broken GCP3 scalar potential, our calculation
demonstrates that for any choice of the parameters (and in particular for any choice of the
parameters that softly breaks the GCP3 symmetry), there exists a residual GCP symmetry
characterized by the matrix e’ X'.

These results are not surprising given that we knew from the beginning that the softly
broken GCP3-symmetric scalar potential is equivalent to a softly broken U(1)®IIs-symmetric
scalar potential where the residual CP symmetry transformation law is identified as GCP1,
after removing all complex phases from the coefficients of the scalar potential parameters
by an appropriate rephasing of the scalar doublet fields. Nevertheless, it is satisfying to
explicitly identify the residual GCP symmetry of the softly broken GCP3-symmetric scalar
potential independently of the relations between U(1)®II, basis and the GCP3 basis obtained
in Section [VITI

Appendix D SCALAR SQUARED MASS MATRICES IN THE ®-BASIS

In Sections [VIl and [VII the neutral scalar squared mass matrices were evaluated in the

Higgs basis. Of course, the same scalar squared masses can be obtained by computing the
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eigenvalues of the neutral scalar squared mass matrices evaluated in the ®-basis (under the
assumption that sop # 0). This computation provides a check of the results obtained in
Sections [Vl and [VII]

For example, for a softly broken U(1) ® IIy-symmetric scalar potential, the calculation of
the eigenvalues of the neutral scalar squared-mass matrix is most easily done after rephasing
m2, as described below eq. ([6H). In this case, one obtains m?% = 2m2,/sss and the squared

masses of h and H (with my < my) correspond to the eigenvalues of the 2 x 2 matrix,

M = miass + Av'cs ol = Qe M)

—55Cp [m% — (A3 + >\4)02} mic% + )\1)28%
with respect to the {\/5 Re @) —veg, V2Re @) — vsB} basis. One can verify that eqs. ([6.21])
and (6.22]) are satisfied, as these equations are independent of the choice of scalar field basis.
For a softly broken GCP3-symmetric scalar potential (where parameters and fields are
denoted with prime superscripts), the computation of the neutral scalar squared-mass matrix

in the ®’-basis (where sys # 0) is more challenging. After employing the GCP3 condition,

Ay + N, = XN — A, the 4 x 4 neutral scalar squared-mass matrix is given by,

Z—Z:R’ + Nvcg, —cos¢[R — (N = Ny sin® &)v?sgep |
M2, — —cos&'[R — (XN — Nysin® & )v?sgep ] j—g:R’ + (Nsjcos® & + Ncj sin? ¢')v?
sAEU?s%, sin 26/ sin &' [R' + Mv?sgcg sin® ¢
—sin¢'[R' — (L' — N cos® & )v?sgicp | sNv?s3, sin 2¢’
5A5v?s, sin 2¢/ —sin'[R' — (L' — N, cos® & )v?spcp |
sin &' [R' + Mu?sgcg sin® £ SN02s%, sin 2/ (D.2)
R — A5v* 5%, cos 2 —cos&'[R' — Mv?sgeg cos? €] s

Cﬁl
—cos&'[R' — Mv?sgeg cos? '] E_ZR/ + (X% sin* €' — M3, cos® &' )v?
with respect to the {\/§ Re @ —vcg, v/2 Re @) —vsg cos €, v/2Tm P /2 Im @ —vsy sin 5’}
basis, where
R = Re(m/2e), L'=)N—2)\sin”¢. (D.3)
The next step is to identify the neutral Goldstone boson, which resides in the Higgs basis
field H;, and corresponds to the eigenvector of M%;, with zero eigenvalue,
1

% G =ImH) = —sp sin& Re @y + cg Im @ + 55 cos &' Tm @Y . (D.4)
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Defining the real orthogonal matrix,

1 0 0 0
0 cos¢’ 0 sin ¢’
R = : : : (D.5)
0 cg sin¢’ sg —cg cos’
0 —sgsing cpr sg cos &’

one then finds that RM%,RT is a matrix with respect to the rotated basis whose fourth row
and column consists entirely of zeros (due to the Goldstone boson). Removing the fourth

row and fourth column yields a 3 x 3 squared-mass matrix,

Z—Z:R/ + )\/122626, —R' + L'v?*spcgy %)\/51)285/ sin 2¢’
M?V?) - _R, + L,U2861CB/ E—ZR, + >\,U28% %)\/51)206/ Sin 25, s (D6)
ANV s g sin 28 INvZ ey sin 26/ %C/ﬁ, — Av? cos 2¢

with respect to the {v/2Re ®?—vcg, V2 Re(e ' @) —vsg, v2[sg Im & —cg Im(e™ @4)] }
basis.

The normalized eigenstate corresponding to A is given by,

sg cos &’
1
A= —Cpgr COS 6/ ) (D7)
]_ - S%B/ Sln2 5‘/ . /
v —Cop SIN§
with corresponding eigenvalue,
R 12 i€’
m% = Re(maye® ) + Mo?sin® ¢ (D.8)
85/05/
in agreement with eq. (C20). In particular,
A = (1—s35sin® &) 7?V2{sp (cos ¢ Re @ — ey sin ¢’ Im @1°)
+cg[cap sin €' Tm(e ' DY) — cos &' Re(e ' @) }
= (1 - s35sin*¢) /22 Im[i(cos € + icop sin ') (sp @Y — cpre ™ 0F)]
= V2Im[ie" (55 @} — cye @ @) = V2Im[e™ (—spe™ @ + cyDY)]
= V2ImH), (D.9)

after making use of eqs. (5.7)), (Z.16]) and (R.G0).
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One can then identify two other mutually orthogonal normalized vectors orthogonal to A,

Cpr ] —SprCopr sin 5/
V2ReH) —v = Sgr and V2ReHI =

Cpr Copr sin 5/ )
]_ - S%ﬁ, Sln2 5‘/ /
0 v —cosé

where the identification of the vectors above with the Higgs basis fields follows the same

(D.10)

procedure that yielded eq. (D.9). Hence, if we construct a 3 x 3 real orthogonal matrix
O whose rows are given by the transposes of the column vectors exhibited in eqs. (D.10)
and (D7), respectively, then it is straightforward to verify that OM3%,0OT is a block diagonal
matrix with respect to the {v2Re H}—v, V2Re H3, vV2Im H}} basis. The upper 2 x 2 block

of OM3;07 can be identified with the 2 x 2 CP-even neutral scalar squared-mass matrix,

(X _ )\/5836, sin2 5')1}2 _X5U252ﬁ’ sin é—/(l _ S%B’ sin2 5/)1/2

1/2

2 _
Min = —MNjv? 59 sin €' (1 — s34 sin* &) m% — Mo (1 — s34 sin* &)
(D.11)
which reproduces the result of eq. (.23), and the squared mass of the CP-odd scalar, m?
[which is given by eq. (D.8)], is the 33 element of OM3,07.
Clearly this is not the preferred method for computing the squared masses of the neutral
scalars that derive from a softly broken GCP3-symmetric scalar potential, in light of the

much simpler Higgs basis computation given in Section [VII

Appendix E THE IDM IN THE ®-BASIS

The inert doublet model (IDM) can be defined as a 2HDM in which the 2HDM Lagrangian
and vacuum are invariant under a Z, symmetry, Hi; — H1, Ho — —Ho, in the Higgs basis.
In particular, H, is odd under the Z, symmetry, whereas all other fields of the 2HDM
(i.e., Hi, the gauge bosons, and the fermions) are even under the Zy symmetry. Of course,
one is free to transform the scalar field basis from the Higgs basis to an arbitrary ®-basis
by employing the unitary matrix U given in eq. (@12).

Suppose one is given a 2HDM scalar potential in a ®-basis, where the vevs of the scalar
fields yield tan 3 = [(®9)/(®?)| and ¢ = arg[(®J)*(®J)]. What are the conditions on the
scalar potential parameters that imply that the model under consideration is the IDM? To

answer this question, we start in the Higgs basis with Y3 = Zg = Z; = 0, as mandated
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by the Zy symmetry. Employing eqs. (A18)—(A28) of Ref. B], it then follows that in the

®-basis, the scalar potential parameters must satisfy the following conditions,

Im(mie®) = 0, (E.1)

(miy —m7))sas = 2Re(mize’)ess (E.2)

Cap Re[()\ﬁ — )\7)ei§} = 5525025 [)\1 + Ay — 2(>\3 + A+ Re(>\5e2i§))] , (E.3)
cop Im[(Ag — A7)e”] = —so5 Im(A5e™), (E.4)
C2p Re[()\g + )\7)ei§} = %Sw()\l — Aa), (E.5)
Im|[(X + A7)e”] = 0. (E.6)

Note that if the scalar potential parameters satisfy eq. ([@.7) then egs. (EI)-(E.Q) yield
cop = sin§ = 0 as expected based on the corresponding scalar potential minimum conditions.

When written in a generic ®-basis, the form of the Z, symmetry that is respected by the
scalar potential and vacuum becomes somewhat obscure. Nevertheless, it is straightforward
to check that if eqs. (EI)-(E.0) are satisfied, then the scalar potential and vacuum are

invariant with respect to the following discrete symmetry of order 2 in the ®-basis,
ZQH : (I)l — C2Bq>l + 6_i6825®2 , (I)g — 6%825(1)1 — CQB@Q, (E?)

which can be obtained from eq. (@I4) by setting 0§ = %w and applying a hypercharge
U(1)y transformation to remove an overall factor of —i. Note that the square of the Zsy
transformation is equal to the identity, as advertised. As a final check, note that if we set

cop = siné = 0 [cf. egs. (O.7) and (O.8))], then we can identify Zoy with II,.
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