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THE HOMEOMORPHISM GROUP ON R WITH THE
FINE TOPOLOGY AND SEMI-BOX PRODUCT SPACES

R. A. McCOY

ABsTrACT. The topological group ’H}F(R) of increasing homeo-
morphisms on R with the fine topology is shown to be homeo-
morphic to the semi-box product JR“. Two keys to this argument
are the showing that 1 R“ is homeomorphic to the box product
O(R%)“ (where R¥ is the Tychonoff product) and the writing of
"H}F(R) as a topological sum of ¢ copies of itself, which is used to

show that ’H;{ (R) is homeomorphic to the space IJT (R) of increas-
ing embeddings from R into R. Then an argument is given showing

that I;F(R) is homeomorphic to O(R%)“ by using the fact that

;7 ([0,1]) is homeomorphic to R¥.

1. INTRODUCTION

For a topological space X, the group of (self) homeomorphisms on X
is denoted by H(X). With the compact-open topology, this space H(X)
is a topological group whenever X is either compact or locally compact
locally connected [2]. On the other hand, this space Hz(X) with the fine
topology is a topological group whenever X is a metric space [8] (see also
[3] or [5]). So for the space R of real numbers, both H;(R) and H (R)
are topological groups, although #;(R) has the larger topology.

In this paper, we continue our investigation of the question raised in
[8] as to whether the topological subgroup ’H;{(R) of Hs(R) consisting of
the increasing homeomorphisms is homeomorphic to the countable infinite
product R* with some “product topology.” This question is suggested by
the fact that #; (R) and H; ([0,1]) are known to be homeomorphic to
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2 R. A. McCOY

R with the Tychonoff product topology [1] (see also [3] or [7]). In other
words, this homeomorphism gives ;' (R) a product topology structure,
and we are interested in whether H}F(R) also has a product topology
structure given by some homeomorphism.

The topological properties of H}"(R) are more like those of R¥ with
the box product topology than with the Tychonoff product topology. To
distinguish between these product spaces, let LIR“ denote R* with the box
product topology and let R¥ have the Tychonoff product topology unless
otherwise indicated. For example, neither 7—[? (R) nor OJR¥ is metrizable,
while R“ is metrizable. However, there is one property that 'HJT (R) has
that COR“ does not have, that R“ can be embedded into 7—[? (R) as a closed
subspace, but not into OR“ as a closed subspace [8].

The semi-box product topology on R¥ is introduced in [8], and this
space is denoted by J R¥. This semi-box product topology on R¥ is
strictly finer than the Tychonoff product topology and strictly coarser
than the box product topology. In [8], the space H;{(R) is shown to have
many of the same topological properties as 1R%, and a question left open
is whether H}"(R) is homeomorphic to JR¥. We now give an affirmative
answer to that question.

First, in section 2, we give a definition of the semi-box product topology
and show that the semi-box product JR“ is homeomorphic to the box
product O(R“)%, where R¥ is the Tychonoff product. This way of looking
at JRY is one of the keys to showing that it is homeomorphic to 7—[}' (R).

Then in section 3, we show that a certain kind of function space with
the fine topology, including H}T(R), is homeomorphic to the topological
sum of ¢ copies of itself, where c is the cardinality of the continuum.
This topological sum decomposition of H?(R) allows us to show that
’H}r (R) is homeomorphic to the full group #;(R) and also homeomorphic
to I;I (R), the space of increasing embeddings from R into R. Being able
to use IJJ{(R) is another key to relating ’H;{(R) to JRY.

Finally, in section 4, we give an argument that IJT (R) is homeomor-
phic to IRY by using the fact that H; ([0,1]) is homeomorphic to R¥.
This leads to the result that H;(R), ’H;f (R), Zy(R), and I;{(]R) are each
homeomorphic to JR>.

2. SEMI-Box ProbpucTts ARE Box ProbucCTS

For a topological space X, the semi-box product topology on X has
a base of sets of the form

[TUnx I Rm.

mesS mew\S
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where each R,, is a copy of R and S is a member of the family S defined
as follows. Take any bijection ¢ from w onto a dense subset of the interval
(0,1]. Then S is the set of subsets S of w such that the set of accumulation
points of w(S) in [0,1] is equal to {0}. This definition of the semi-box
product topology on X¢ is independent of the choice of ¢.

The space X“ with the semi-box product topology is denoted by 1 X“.
Unless otherwise indicated, X“ denotes this space with the Tychonoff
product topology and [JX“ denotes this space with the box product
topology (for properties of X, see [6]; and for properties of OX“, see [4],
[9], [10], or [11]). From its definition, we see that the semi-box product
topology is finer than or equal to the Tychonoff product topology and
is coarser than or equal to the box product topology. For X = R, the
semi-box product I R“ is not homeomorphic to either R¥ or [JR“; the
former is because JR¥ is not metrizable, and the latter is because JRY
contains a closed copy of R¥ while OR* does not [8].

We now show that a semi-box product space can be considered as a
box product space using larger spaces.

Proposition 2.1. For every topological space X, the semi-box product
3 XY is homeomorphic to the box product J(X“)“ (where X% is the
Tychonoff product).

Proof. For each n € w, let

1 1
M=o (Gt
¢ n+2 n+1
Then {N,, : n € w} partitions w into w subsets, each of cardinality w. For
each m € w, let X,;, be a copy of X. Define

o: T1 % =TT T X

mew new meN,

by
<7f}(x)n>m =Tm

for all z € [],,co, Xm, n € w, and m € N,,. Now ¢ is a bijection with
™1 given by

¢71(y)m = <yn>m
for all y € [[,,c,, [1nen, Xm, m € w, and n € w such that m € N,,. For
1, consider ], ., Xy to have the semi-box product topology, consider
[l [Lnen, Xm to have the box product topology, and for each n € w,
consider [],. . N, Xm to have the Tychonoff product topology.

To show that 1 is a homeomorphism, let us first show that for a basic
open set U in [[,,c,, Xm, ¥(U) is a basic open set in [, ¢, [[,nen, Xm-



4 R. A. McCOY

Let

U=[[Unx [] Xm

meS mew\S
for some S € §. Now

@) =T1( II Unx II Xu).
nc€w meESNN,, meN,\S

But for each n € w, SN N, is finite since 0 is the only accumulation point
of ¢(S). So ¥(U) is a basic open subset of [ [, .., [1,nen, Xm-
For the other direction, write a basic open subset of [[, ., [,,en, Xm

V=TI (I Vax II Xu)

n€w meS, meN,\Sn

as

where S,, is a nonempty finite subset of IV,, for all n € w. Then let
S =U{S,:n € w}.
Since each .S, is nonempty and
1 1
$0) < (s 5 )
9(h) < n+2 n+1
it follows that ¢(S) has {0} as its set of accumulation points in [0, 1], and

thus S € S. Now
V) =] Umx I X
meS mew\S

which is a basic open subset of [], . Xy,. Therefore, ¢ is a homeomor-
phism, showing that 17X is homeomorphic to OJ(X%)%. O

It is interesting that for X = R, 13 X% is not homeomorphic to JX*,
but Proposition 2.1 tells us that for X = R¥, J X% is homeomorphic to
00X since (R¥)“ is homeomorphic to R¥. By using this kind of corre-
spondence, we can obtain the next proposition from Proposition 2.1.

Proposition 2.2. For every topological space X and countable cardinal
number n, the box product of n copies of 1 X% is homeomorphic to 1 X“.

Proof. Because of Proposition 2.1, we need to show that the box product
of n copies of OJ(X*“)“ is homeomorphic to J(X*)“. For each i € n and
m € w, let Y,! be a copy of X*. Now the product of n copies of (X“)~

can be written as _
JIBIRER

1EN NEW
Let £ : w — n X w be a bijection. Then for each k € w, let Y3 = Y,
where (i,m) = £(k). So & induces a bijection from [],., [T e, Ysh onto
erw Yk'
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A base of open sets in the box product topology on [[c,, [1c. Y
(where for each i, [],,c,, Y,? has the box product topology) consists of

sets of the form '
11 II v

1EN MEwW

where each U?, is open in Y. Under ¢, these basic open sets correspond
to the basic open sets
10

kew

in the box product topology on [ ], ., Y. This correspondence establishes
the desired homeomorphism. O

Note that if n is finite in Proposition 2.2, the box product there is the
same as the Tychonoff product. In fact, we need the following special case
of Proposition 2.2 for the semi-box product JR%.

Corollary 2.3. The product IJR“ x IR is homeomorphic to JR%.

We also need to know that Rx IR is homeomorphic to JR*. But
this follows from Proposition 2.1 since R¥ x O(R*¥)“ is homeomorphic to
O(R¥)¥ and R x R¥ is homeomorphic to R“.

Corollary 2.4. The product Rx JRY is homeomorphic to JRY.

We end this section by asking the question, is R¥ x (JR“ homeomorphic
to O(R¥)“?

3. TOPOLOGICAL SUM DECOMPOSITION OF FUNCTION SPACES

As shown in [8], ’H? (R) can be written as the topological sum of equiv-
alence classes of an equivalence relation defined on this space. Since we
need to use this property, we include the details of this topological sum
decomposition and do this in a more general setting to allow one to work
with other function spaces with the fine topology.

For topological spaces X and Y, let C'(X,Y") be the set of continuous
functions from X into Y. We write C'(X) for C(X,R). Let C;(X) denote
the set of positive functions in C(X). If Y is a normed linear space with
norm |- | and if F' is a subset of C(X,Y), then the fine topology on F has
basic open sets of the form

B(f,e)={g€ F:|g(z) — f(x)] <e(z) for all z € X},

where f € F' and € € Cy(X). Of course, if Y = R, the norm is the
absolute value. This fine topology is also defined using a general metric
space for Y'; however, we need the linear structure on Y.
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We use the subscript f on a function space to indicate that it has
the fine topology. When X is compact, the fine topology is equal to the
compact-open topology, and, in that case, no subscript on the function
space is used since the topology is to be this common topology.

In the following definition and throughout this section, we assume that
X is a non-compact locally compact o-compact space and Y is a normed
linear space. Then we define a splitting function space to be a subspace
F of C¢(X,Y) for such X and Y, where F' has the property that if f € F
and y € Y, then f+y € F. (Here we identify y € Y with the constant
function on X having value y, and the addition of functions into the linear
space Y is defined as usual.) The term “splitting” refers to the topological
sum decomposition that we now establish for such F'.

Examples of splitting function spaces include, among many others, the
spaces of homeomorphisms H ¢(R), ’H}r(R), Hy([0,00)), H?([O, 00)); the
spaces of embeddings Z¢(R), IJT (R), Zs ([0, 00)), IJJ{([O, 00)); the spaces
of continuous functions C(R), Cy([0,00)). The main restriction is that
the function space has the fine topology.

For a splitting function space F', define equivalence relation ~ on F' by
taking f ~ g provided that for every number ¢ > 0, there is a compact
subset K of X such that |f(z) — g(z)] < e for all z € X \ K. Let E(f)
denote the equivalence class of ~ that contains f.

The next proposition is proved in [8] for the case that F' = C¢(X,Y),
but we give its proof for the sake of completeness.

Proposition 3.1. If F is a splitting function space, then for each f € F,
E(f) is both open and closed in F'.

Proof. To show that E(f) is closed in F, let g € F'\ E(f). Then there
exists an € > 0 such that for every compact subset K of X, there is an
x € X\ K with |g(x)— f(x)| > . Let 6 € C(X) be the constant function
on X with value /2. If h € B(g,0), then for each compact subset K of
X, there exists an € X \ K such that

e <lg(z) - f(2)| <lg(x) = h(2)[ + |h(z) = f(z)| <e/2+[h(x) = f(2)],

and hence |h(z) — f(x)| > /2. This shows that h ¢ E(f), and thus
B(g,6) C F\ E(f). Therefore, E(f) is closed in F.

Since X is a locally compact o-compact space, we can write X =
U{K,, : n € N} where each K, is compact and contained in the interior of
K, 1. To show that E(f) is open in F, first choose an ¢ € C;(X) such
that for every n € N and « € K,,, () < 1/n. Then let g € E(f), and let
h € B(g,€). To see that h € E(f), take any 6 > 0. Now choose an n € N
with 1/n < 6, and let € X \ K,,. Then |h(z) — g(x)| < e(z) < 1/n < 4,
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which shows that h ~ g. Since g ~ f, we have h ~ f, and thus h € E(f).
Therefore, B(g,¢) C E(f), and since g is arbitrary, E(f) isopen in F. O

Corollary 3.2. A splitting function space F is equal to the topological
sum of the distinct members of {E(f): f € F}.

In each of the next three lemmas, F' denotes a splitting function space.

Lemma 3.3. For each f € F andy €Y, E(f) and E(f +y) are home-
omorphic.

Proof. Define o : E(f) — E(f +y) by
olg) =g+y
for all g € E(f). Now g+ y € E(f +y) because, for all z € X,
(g +y)(@) = (F+y)(@)] = lg(z) +y — f(z) —yl = lg(z) — f(z)],
so that o is well defined. Clearly, o has an inverse given by
o 9) =9y
for all g € E(f +y), and o~ is well defined for a similar reason as above.

Therefore, o is a bijection. The continuity of o comes from the fact that
for all g,h € E(f) and all x € X,

|0(9)(z) = a(h)(2)] = |g(z) — h(z)|.

I is continuous so that o is a homeomorphism. ([l

Similarly, o~
Lemma 3.4. For each f,g € F andy €Y, if g € E(f +y), then
feEg-y).

Proof. This follows from the definition of ~ by observing that for each

v € X, [g(x) = (f +y)(@)] = |g(x) = f(x) —y| = |f(z) —g(z) +y|] =
|f(x) = (9 —y)(x)]. O

Lemma 3.5. For each f,g,h € F and y,z € Y, if g € E(f +y) and
he E(g+z), then he E(f+y+2).

Proof. To see that h € E(f +y + z), let € > 0. Since g € E(f +y) and
h € E(g + z), there exist compact subsets K7 and K5 of X such that

l9(x) = f(z) —yl <e/2
for all x € X \ K3, and
|h(z) —g(x) — 2| <e/2
for all x € X \ K. Then if K is the compact set K; U K5, we have
|h(x) = f(x) =y — 2| < [h(x) — g(x) — 2| + [g(x) — f(z) —y| <e
for all z € X \ K, showing that h € E(f,y, 2). O
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Proposition 3.6. A splitting function space is homeomorphic to the topo-
logical sum of m copies of itself, where m is the cardinality of Y.

Proof. Let F be a splitting function space. Define relation ~ on F' by
taking f ~ g provided that there exists a y € Y such that g € E(f + y).
Now =~ is clearly reflexive, so lemmas 3.4 and 3.5 guarantee that it is
an equivalence relation. Let G(f) denote the equivalence class of ~ that
contains f, and note that G(f) = U{E(f +y):y€Y}.

We want to show, for f € F and y,z € Y with y # z, that E(f +y) #
E(f+ 2); or equivalently, f+vy ¢ f+ 2. But this follows because for each
re X,

(f+y)(@) = (f+2) @) = f(z) +y— flx) —z[=ly—2[>0
and because X is not compact. Now since each E(f + y) is both open
and closed in F', we have

Gf)=e{E(f+y):yeY}
for all f € F. Also note that all the summands in this topological sum
are homeomorphic to each other because of Lemma 3.3.

Let F* be a subset of F, obtained by a choice function, such that
F*NG(f) is a singleton set for all f in F. Then, for each f € F, there is
ag e F*NG(f),sothat g € E(f+y) for somey € Y. Then f € E(g—vy)
by Lemma 3.4, so that E(f) = E(g —y) C G(g). This shows that

F=U{G(f): feF}.
But if g, h € F* with g # h, then g and h cannot be in the same G(f) for
any f € F, and hence G(g) # G(h). It now follows that
F=&{G(f): feF}.
Let 5:Y XY — Y be a bijection. Then
F=o{e{E(f+y):yeY}: feF*}
=®{B{E(f +L({z,w))) : (z,w) €Y xY}: f e F*}
={e{{BE(f+B8(z,w):2€Y}: fEF*}:we Y}
Now for each w € Y, ®{E(f + 8({z,w))) : z € Y} is homeomorphic to

@{E(f+vy) : y € Y} since both consist of the same number of summands
that are all homeomorphic to each other. So for each w € Y, if

F, =d{®{E(f+B8({zw))):2€Y}: fe F},
then F, is homeomorphic to
S{{E(f+y):yeY}: feF}
=®{G(f): feF"}
=F
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We have

F={F,:weY},
so that F' is homeomorphic to the topological sum of m copies of itself,
where m is the cardinality of Y. |

If Y = R for a splitting function space F', then Proposition 3.6 says
that F' is homeomorphic to the topological sum of ¢ copies of itself, where
c is the cardinality of the continuum R.

Since 2 x m = m for an infinite cardinal number m, we have the
following corollary to Proposition 3.6.

Corollary 3.7. A splitting function space F is homeomorphic to F & F.
Corollary 3.7 now applies to H¢(R) since
Hy(R) = Hj (R) & Hf (R),
where one of the H?(R) is identified with the decreasing elements of
Hy(R).
Corollary 3.8. The space Hy(R) is homeomorphic to 7—[}' (R).

Let Z;(IR) be the space of embeddings of R into R, and let Z;r (R) be the
subspace consisting of the increasing embeddings. Proposition 3.6 allows
us to relate 7—[}' (R) to I;' (R), the latter of which is easier for us to use.

Proposition 3.9. The space IJT(]R) is homeomorphic to H}'(]R).

Proof. Let R be the two-point compactification of R obtained by adding
oo and —oo, and let
R={(r,s) eRxR:r< s}
For each (r,s) € R, let Z(r, s) be the subspace of IJJ[ (R) defined by
— + R E — : —
I(r,s) ={9 € I/ (R) : mgrjloog(x) =r and zlgrgog(x) = s}.

Obviously, Z(—o0,00) = HJT (R) with the same topology.
We need to show that for each (r,s) € R, Z(r, s) is an open and closed
subspace of I;-r (R) that is homeomorphic to Z(—o0, 00), and hence homeo-

morphic to ’H? (R). It then follows that
I7 (R) = &{Z(r,s) : (r,s) € R},

so that I;F(R) is homeomorphic to the topological sum of ¢ copies of
'H;{(R), and Proposition 3.6 implies that I;{(R) is homeomorphic to
Hf(R).
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To show that Z(r,s) is open and closed in I;' (R), let o € CL(R) be

defined by
1
7=y

for all z € R. Now if g € IJf(R) and h € B(g,0), we have

Am h(e) = Hm_g(x) and  lim h(z)= Jim g(x).

Since h is any element of B(g,o), it follows that if g € Z(r,s), then
B(g,0) CZ(r,s),andifg € I}F(R)\I(r, s), then B(g,0) C I?(R)\I(r, s).

To show that each Z(r, s) is homeomorphic to Z(—o0, 00), we consider
three cases.

Case 1: If r > —oo and s < oo, then define o : Z(r, s) = Z(—00, 00) by
T T
alg)(@) = tan (—— (9(a) 1) ~ )

for all g € Z(r, s) and = € R. The inverse of « is given by
T

a—l(h)(y) =r+ Sﬂ;r(arctan (h(x)) + 5)

for all h € Z(—o0,00) and y € R.
Case 2: If r > —oo and s = oo, then define o : Z(r, s) = Z(—00, 00) by
a(g)(z) = log (g(z) —r)
for all g € Z(r, s) and = € R. The inverse of « is given by
a”H(h)(y) = +exp (h(z))
for all h € Z(—o00,00) and y € R.
Case 3: If r = —o0 and s < oo, then define o : Z(r, s) = Z(—00, 00) by
a(g)(z) = —log (s — g())
for all g € Z(r,s) and = € R. The inverse of « is given by
a”H(h)(y) = s —exp (— h(z))
for all h € Z(—o00,00) and y € R.

Now tan, log, and exp are all strictly increasing continuous functions
with strictly increasing continuous inverses, so « is a well-defined bijection
in all three cases.

To show that « is continuous, let g € Z(r,s) and let ¢ € CL(R).
Because o~ ! is a strictly increasing continuous function, if § is defined by

§ = min{g —a~"(a(g) —¢),a " (alg) +¢) — g},
we have § € C1(R). Also, if h € B(g,d), then
a_l(a(g) —5) <g—-0<h<g+0< a_l(oz(g)—l—e),
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so that applying the strictly increasing function « gives
alg) —e < a(h) < alg) +e.

This says that a(h) € B(a(g),e) and shows that « is continuous. The
continuity of a~! can be argued in a similar manner so that « is a homeo-
morphism. O

Now Corollary 3.7 and Proposition 3.9 apply to obtain the following.
Corollary 3.10. The space Z7(R) is homeomorphic to Hs(R)

Similar arguments show that Corollary 3.8, Proposition 3.9, and Corol-
lary 3.10 are also true with R replaced by the closed interval [0, c0). In the
next section, we show that all of these function spaces are homeomorphic
to JR¥.

4. THE HOMEOMORPHISM GROUP ON R Is
A SEMI-Box ProbDucCT

In order to simplify the notation in some of the proofs in this section,
instead of using the space If+ (R), we use the space IJJ{ ([0, 00); 0) which is

the subspace of the space IJT([Q 00)) of increasing embeddings of [0, co)
into R that consists of those g such that g(0) = 0.

Lemma 4.1. The space I;F(R) is homeomorphic to R x I)T([O,oo);O)
X I)T([O, 00);0), and I}L([O, 00)) is homeomorphic to R x I;“([O, 00);0).
Proof. We argue only the first part of this statement since the last part
has a similar proof. Define A : I;{(R) - R XI]T([O, 00); 0) ><If+ (10, 0);0)
by
)‘<g) = <’I"7 g+,g,>
for all g € Z(R), where r = ¢(0), and g4 and g_ are defined by
g9+(t) = g(t) =7
g-(t) =r—g(-t)
for all ¢ € [0, 00).
Now A is easily seen to be a bijection with inverse given by
A ((r by ha)) = g
for all (r,h1,hs) € R x I]T([O,oo);O) X I;[([O, 00); 0), where g is defined
by
T ift=0,
g(t) = hi(t) +r, ift >0,
r—ha(—t), ift<0
for all ¢ € [0, 00).
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To show that \ is continuous, let g € I;' (R), let (r,g+,9-) = A(g), and
let

V=(r—0r+09) xB(g+,et+) X B(g—,e_)
be a typical neighborhood of A(g) in R x IJJ[([O,OO);O) X IJJ{([O,OO);O),
where § > 0 and e;,e_ € C4([0,00)). Then if ¢ € C(R) is chosen so
that £(0) < 4, e(t) < ey (t) for all ¢ > 0, and e(t) < e_(—t) for all t <0,
it is straightforward to check that A\(B(g,¢)) C V.

To show that A~! is continuous, let (r, hy,hs) € R x I}*‘([O,oo);O) X
I/ ([0,00);0), let g = A1 ((r, h1, hs)), and let & € C4.(R). Definee, e €
C+([07 OO)) by

er(t) =€e(t) and e_(t) =¢e(-t)
for all t € [0,00). Then if 6 = ¢(0) and
V= (’I“ — 5,7‘ + (S) X (h1,8+) X B(hQ,&‘_),
we have V is a neighborhood of (r, hq, ha) such that A\=1(V) C B(g,e). O

Now we have all the tools that we need to show that H}F(R) is homeo-
morphic to O R¥ by showing that If([O,oo);O) is homeomorphic to
O(R“)“. Since we are going to use the fact that 7 ([0,1]) is homeo-
morphic to R¥, we need to relate ZT ([m,m + 1]) to HT([0,1]) for each
m € w. To this end, define

H ={{a,b) e R? :a < b}
as a subspace of R2.
For each m € w, define
Gm I ([m,m+1]) — H x H*([0,1])
by
$m(f) = ((f(m), f(m +1)), h)
for all f € Z%([m,m + 1]), where h € H*([0,1]) is defined by

_ J@4+m)—f(m)
h(t) = Feman=r(m)
for all t € [0,1].

Also, for each m € w, define
Ut H x HT([0,1]) = 7 ([m,m + 1))

by

b (((a,b),h)) = f
for all ((a,b),h) € H x H*([0,1]), where f € ZF([m,m + 1]) is defined
by

f(s) = (b—a)h(s —m) +a
for all s € [m,m +1].
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Lemma 4.2. For each m € w, ¢, and v, are homeomorphisms that are
inverse to each other.

Proof. To show that ,,¢,, is the identity on I*( m,m + 1] ) t f €
It ([m,m+1]), let b € HT([0,1]) be such that <(f(m) f(m+1)),h) =
Om(f), and let f' = ¢ (f). Then for each s € [m,m + 1],
f'(s) = (f(m+1) = f(m))h(s —m) + f(m)
_ N fls=m+m)— f(m)
= Um+ 1) = fm) T — Fom)
= f(s).
SO Yy érm is indeed the identity on ZF ([m, m +1]).
To show that ¢y,1y, is the identity on H x HT([0,1]), let ((a,b),h)

€ HxH([0,1]), let f = ({{a,b),h)), and let b’ € HT([0,1]) be such
that ((f(m), f(m +1)),1") = ¢u(f). Then

f(m)=(b—a)h(m —m)+a = a,

f(m+1)=0b—-a)h(m+1—m)+a=1b,
and for each ¢ € [0,1],

+ f(m)

L St m)— f(m)
"= ot 1)~ fm)
ft+m)—a
o b—a

(b—a)h(t+m—m)+a—a
b—a

= h(t).
This shows that ¢, is the identity on H x HT ([0, 1]), so it follows that
¢m and 1), are bijections that are inverse to each other.
To show that ¢, is continuous, let f € I“‘([m, m + 1]), let n €
HT([0,1]) be such that ((f(m), f(m+1)),h) = ¢m(f), and let € > 0, so
that U x V is a typical neighborhood of ¢y, (f) in H x HT ([0, 1]) where

U= (f(m) —E,f(m)+5) X (f(m—|—1) —E,f(m—i-l)—i-a) NnH
and
V ={n e 1" ([0,1]) : |h(t) — h(t)| < for all t € [0,1]}.
Define c
5= min{e,z(f(mntl) ff(m))},
and
W=A{f €Zt(Imm+1]):|f(s)— f(s)| <6 for all s € [m,m+ 1]},
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which is a neighborhood of f in Z* ([m, m + 1]).
To see that ¢, (W) C U x V, let f/ € W and let »' € HT([0,1])
be such that ((f'(m), f'(m+ 1)), k') = ¢ (f’). Then

[f'(m) — f(m)| <o <e
and
Fm+1)— fm+1)| <6 <e,
so that
<f’(m),f’(m+ 1)> el.
Also for each t € [0, 1],

, f’t—!—m—f’m fE+m)— f(m
R
| fCm) = fm) b+ m) - £m)
Flm D)~ Fm) ~ Jmt 1)~ fom
L FEm) — fm)  fm) — fm) ‘
Fom T D)~ fom) ~ fom + 1)~ fm)
, , fm+1) = f(m) = f'(m+1) + f'(m)
< (Ft+m) = f(m) f(m+1)—f(m))(f’(m+1)—f/(m))‘

This shows that h' € V, so that ¢.,(f') € U x V, and hence ¢,, is

continuous.

To show that v, is continuous, let ((a,b),h) € H x H*([0,1]), let
= 1/1m(<<a,b>, h>), and let ¢ > 0. Now

W=A{f €T (Imm+1]):|f(s)— f(s)| < e for all s € [m,m+1]}
is a typical neighborhood of f in Z+ ([m, m—+ 1]), and we can assume that
e < 2(b— a). Define

. (€ €
d=min {3 55— )
define
U=(a—4d,a+6) x(b—6b+d)NH,
which is a neighborhood of {a,b) in H, and define
V={n" e H*([0,1]) : |W(t) — h(t)| < 6 for all t € [0,1]},

which is a neighborhood of & in HT([0,1]).
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To see that ¥, (U x V) C W, let ((a’,b'),n’) € U x V. Then

, €
— <
la" —al < ¢ 1
! <£
|b b|<(5747
and
, €
_ <
’h (t) h(t)‘ <9 b—a)

for all t € [0,1]. Soif f' = 1y, (((a’,V'), '), then for each s € [m,m+1],
b —a)n m)+a — (b—a)h(s —m) — a
v —ad )l (s —m) — (b—a)h(s —m)| + |a' —a
v —a')n m) — (V) —a')h(s —m)

+ (' —a')h(s —m) — (b—a)h(s —m)| + Z

< (O = d)|W' (s —m) = h(s —m)| +|b' = b||h(s — m)|

(
(s —
(s —
(f

S

+|a’ — al|h(s — m)| —&—Z

r_o % ¢ _ €
< (b a)8(b—a)+2’h(8 m)‘+4
Leb—a, 3
~—8b—-a 4°

Now
bV—ad' =b—b+b—a+a—d
< -b|+(b-a)+|d —d
<%+(b—a)
<2(b;a)+(bfa)
=2(b—a),
so that

sh-d ¢
8b—a 4’
and it follows that | f'(s) — f(s)| < ¢, and hence f’ € W. This shows that

Yy, is continuous and completes the proof that ¢, and v, are homeo-
morphisms that are inverse to each other. O

Proposition 4.3. The space IJT([O, 00); 0) is homeomorphic to O(R¥)%.
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Proof. For each m € w and a € R, define
Um(a) : (a,00) x HY([0,1]) = ZT ([m,m + 1])
by
¢m(a) (<b7 h>) = Um (<<a, b>, h>)
for all (b,h) € (a,00) x HT([0,1]). Let Z%([m,m + 1];a) be the image
of Y, (a); that is, ZT ([m,m + 1];a) is the subspace of Z% ([m,m + 1])
consisting of f such that f(m) = a. So
Um(a) : (a,00) x HY([0,1]) = ZT ([m,m + 1];a)
is a homeomorphism by Lemma 4.2. Let
Pm(a) : I (Im,m+ 1];a) — (a,00) x HT([0,1])
be the inverse of v, (a); that is,
¢m(a)(f) = (bm(f)

for all f € Tt (m,m + 1];a).

Since HT([0,1]) is homeomorphic to RY [3], we have a homeomorphism

a: 1([0,1]) —» RN
Now for each a € R, define
B(a) : (a,00) x H'([0,1]) - R x RY = R¥
by
B(a)((b, 1)) = (log(b — a),a(h))

for all (b,h) € (a,00) x H*([0,1]). Then S(a) is a homeomorphism. For
T = {Tm)mew In RY, we distinguish the first coordinate of x and write
r = (z0,2n) in R x RY where xy = (2,,)men. Let

v(a) : R — (a,00) x HT([0,1])
be the inverse of (a), which is given by

v(a)(z) = (a+ exp(zo), 2 (zn))
for all x = (X )mew € R¥.

Now we define
K I}"([O, 00);0) — O(R*)*

as follows. For each g € ZJ}"([O, 00); O), take n(g) = = (™) mew Where
for each m € w,

2™ = B(g(m)) b (9(m)) (lim,m+1))-

Note that for each m € w,
g|[m,m+1] € I+([m,m + 1};g(m))a

so that ™ is a well-defined element of R%.
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We also define
¢ : OR?)” — Z7 ([0, 0); 0)
as follows. For each z = (™), € O(RY)¥, take {(z) = g, where g is
defined by induction as follows. First, define g(0) = 0. Now, suppose that

m € w and that g(s) is defined for all s € [0,m]. Then define g(s) for all
s € [m,m+ 1] by

9(s) = Y (g(m))v(g(m)) (z™) (s).
To show that g is a well-defined member of I}'([O, 00); O), we check that
for all m € w,
m) = (g(m))y(g(m)) (<$?,x&">)(m)
m) + exp(zg'), o (zF)) (m

m) + exp(ag’)), o (afy )>)( )

This defines two maps n and { that are inverse bijections to each other,
as we show next.

To show that (7 is the identity on IJ}"([O, 00); O)7 let g € I}'([O, 00); 0),
let = n(g), and let ¢’ = ((z). Now ¢’(0) = 0. Suppose that m € w and
that ¢')(s) = g(s) for all s € [0, m]. Then for s € [m, m + 1],

9'(s) = Y (g'(m)y(g'(m)) (=) (s)
)
)B(g(m))¢m (g(m)) (g|[m,m+1]) (8)

So ¢'(s) = g(s) for all s € [0,00), and hence ¢’ = g, showing that (7 is
the identity on I}" ([O, 00); O).

To show that n¢ is the identity on O(R¥)%, let z = (2™),,,,, € O(R¥)¥,
let g = ¢(z), and let y = (y")mew = n(g). Then for each m € w,

y™ = B(g(m)) dm (9(m)) (gl pmm+1))
= B(g(m))ém (9(m)) (¥ (9(m) 7 (g(m) () )

So y = z, and thus n( is the identity on O(R*)“. Therefore, n and ¢ are
bijections that are inverse to each other.
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To show that 7 is continuous, let g € I}"([O, 00); 0), let x = n(g), and

let
v=JJum
mew
be a basic open set in OJ(R“)% that contains z; in particular, each U™ is a
neighborhood of 2™ in R¥. Now for each m € w, since 8(g(m)) ¢ (9(m))
is continuous, there exists a neighborhood V™ of g|(m sm41] in It ([m, m+
1]; g(m)) such that

B(g(m))dm (g(m)) (V™) C U™,
We may assume that each
vt ={fe I+([m,m—|—1];g(m)) S| f(s)—g(s)] < e for all s € [m,m+1]}

for some number ¢,, > 0.
Define decreasing sequence (d,,)me, of positive numbers by induction
so that &g = g¢ and, for each m € w with m > 0,

O = min{dpm—_1,Em }-
Now define ¢ € C4 ([0, 00)) by letting
£(5) = b — (3o — By 2)(5 — )
for each m € w and s € [m, m + 1]. Then take
V{g € I} ([0,00);0) : |¢'(s) — g(5)| < &(s) for all s € [0,00)},

which is a neighborhood of g in I]T([O, 00); 0). Since for each n € w, we
have 4, < &,,, it follows that for ¢’ € V,

g/|[m,m+1] cevm

for all m € w. Therefore, n(V) C U, so that 7 is continuous.
To show that ¢ is continuous, let € O(R¥)¥, let g = ((z), and let

V={q¢€ I}r([Opo);O) 19’ (s) — g(s)] < &(s) for all s € [0,00)}
be a basic open set in I}"([O, 00); O) that contains g. For each m € w, let
€m = min{e(s) : s € [m, m + 1]},
and let
Vvt ={f eIt (Im,m+1];9(m)):[f(s) — g(s)| <emVs € [m,m+ 1]},
which is a neighborhood of g|(m,m+1) in ZF([m, m 4 1]; g(m)). Note that
if g € I}'([O, 00); O) with ¢'|m,m41) € V™ for all m € w, then ¢’ € V.

Since ¥, (g(m))’y(g(m)) is continuous, for each m € w, there exists a
neighborhood U™ of 2™ in R“ such that

Y (g(m))y(g(m)) (U™) C V™.
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Then let

v=[Jv™
mew
which is a neighborhood of z in O(R¥)“. It follows that ((U) C V, so
that ¢ is continuous. Therefore, 1 is our desired homeomorphism from

IJT ([0, 00);0) onto CI(R¥)~. O

Theorem 4.4. Function spaces H(R), H? (R), Hy ([O, oo)), ”H;{ ([O7 oo)) ,
Z¢(R), I;{ (R), Z; ([0, 0)), and ij ([0,00)) are each homeomorphic to the
semi-box product JRY.

Proof. Corollary 3.8, Proposition 3.9, and Corollary 3.10 show that 7 ¢(R),
’H}F(R), Zy(R), and IJJ{ (R) are homeomorphic to each other. Similarly, we
have ’Hf([O,oo)), "H}"([O,oo)), If([O,oo)), and I}"([O, oo))
homeomorphic to each other. Also, since IJT ([O7 00); O) is homeo-
morphic to O(R¥)“ by Proposition 4.3, it now follows that If+ ([O, 00); 0)
is homeomorphic to JR“ by Proposition 2.1. So by Lemma 4.1, IJJ[(R)

is homeomorphic to R¥x JR“x JR“. Then Corollary 2.3 and Corol-
lary 2.4 show that Z; (R) is homeomorphic to J R¥. Also by Lemma

4.1, I]T ([O, oo)) is homeomorphic to R¥x JR“, so that by Corollary 2.4,
I]T([O, 00)) is also homeomorphic to JR*. O

We can now say that the semi-box product JR% gives a product topol-
ogy structure on the topological homeomorphism group 7 ;(R). This
leaves the question as to whether this is also true for spaces more general
than R.
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