STOCHASTIC MODEL FOR ULTRASLOW DIFFUSION
MARK M. MEERSCHAERT AND HANS-PETER SCHEFFLER

ABSTRACT. Ultraslow diffusion is a physical model in which a plume of diffusing
particles spreads at a logarithmic rate. Governing partial differential equations for
ultraslow diffusion involve fractional time derivatives whose order is distributed over
the interval from zero to one. This paper develops the stochastic foundations for
ultraslow diffusion based on random walks with a random waiting time between
jumps whose probability tail falls off at a logarithmic rate. Scaling limits of these
random walks are subordinated random processes whose density functions solve the
ultraslow diffusion equation.

1. INTRODUCTION

The classical diffusion equation dc/dt = §*c/dz? governs the scaling limit of a ran-
dom walk where IID particle jumps have zero mean and finite variance. The prob-
ability density c(x,t) of the Brownian motion scaling limit B(t) solves the diffusion
equation, and represents the relative concentration of a cloud of diffusing particles.
Self-similarity B(ct) < ¢/2B(t) implies that particles spread at the rate £/2 in this
classical model. In many practical applications the diffusion is anomalous: spreading
rate is slower (subdiffusion) or faster (superdiffusion) than the classical model pre-
dicts, and/or plume shape is non-Gaussian. Anomalous superdiffusion can be mod-
eled using infinite variance particle jumps that lead to space-fractional derivatives
in the governing partial differential equation [6, 10, 25, 26]. Anomalous subdiffu-
sion can be modeled using IID infinite mean waiting times between particle jumps,
leading to a fractional time derivative in the governing partial differential equation
29, 36, 41, 48]. Continuous time random walks (CTRW) with IID waiting times
between IID particle jumps were introduced in [32, 39]. Some recent surveys of their
wide application in physics and connections with fractional governing equations are
given in [18, 23, 31, 46].
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Ultraslow subdiffusion occurs when the spreading rate of a plume is logarithmic.
Several examples from polymer physics, particles in a quenched force field, random
walks in random media, and nonlinear dynamics are given in [19, 15, 34, 40, 43]. Re-
cently a connection has been established between ultraslow kinetics and distributed-
order time-fractional derivatives in the diffusion equation [11, 12, 13, 45]. In this
model, the first time derivative in the classical diffusion equation is replaced by a
fractional derivative of order 0 < # < 1 as in the usual subdiffusive model, and then
the order (3 of the fractional time derivative is randomized according to some probabil-
ity density p() on 0 < 5 < 1. When f is fixed and nonrandom, the relevant CTRW
model has waiting times in the domain of attraction of a -stable subordinator, and
CTRW scaling limits involve subordination to the inverse stable subordinator [29, 28].
Randomizing [ leads to waiting times with a slowly varying probability tail. Limit
theorems for these random walks were developed in [30] using nonlinear scaling, the
usual approach for slowly varying tails [16, 22, 47].

In this paper, using a triangular array approach instead of the nonlinear scaling
used in [30], we give a more detailed description of possible scaling limits together with
asymptotic behavior of moments. Furthermore we show that our approach actually
gives a stochastic solution to the distributed-order time-fractional diffusion equations
and we provide explicit formulas for the solutions of those equations. Those solutions
are density functions of subordinated stochastic process, where the subordinator is the
inverse of the limit process of the triangular array that governs waiting times between
particle jumps. We also show that, complementary to results in [14], a renewal process
in which the waiting time between jumps has a slowly varying probability tail can
be analyzed in much more detail. These results may be of independent interest. Fi-
nally we note that the general stochastic solutions to distributed-order time-fractional
diffusion equations that we develop here may be useful in other contexts [44].

This paper is organized as follows: In Section 2 we define a generalization of the
classical continuous time random walk (CTRW) model, using a triangular array of
waiting times. In Section 3 a special triangular array with slowly varying tails is
considered and the limiting Lévy process together with its hitting time process is
analyzed. These results are then used in Section 4 to derive a limit theorem for

generalized CTRWs with slowly varying waiting times and jumps in some generalized
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domain of attraction. We then derive various properties of the limiting process and
we show that the density of this limiting process solves a variant of the distributed

order time fractional diffusion equation considered in [11, 12].

2. GENERALIZED CTRW

Given any scale ¢ > 1, let Jl(c), J2(C), ... be nonnegative and independent and iden-
tically distributed (i.i.d.) random variables, modelling the waiting times between par-
ticle jumps at scale ¢. Let

[
(2.1) TO0)=0 and TO@) =Y J,

i=1

Sy

so that T (n) is the time of the nth jump at scale c. Let
(2.2) N9 =max{n > 0:T (n) <t}

be the number of jumps by time ¢ > 0 at scale c.

To model the particle jumps let Y7, Ys, ... beii.d. R%valued random vectors. Let
S(0) =0and S(t) = Zﬂl Y;, so that S(n) is the position of the particle after n jumps
at scale ¢ = 1. We assume that Y] belongs to the generalized domain of attraction of
some full operator stable law with exponent E. Then there exists a norming function
B € RV(—E), meaning that B(c) € GL(R?) for all ¢ > 0 and B(\¢)B(c)™t — A~ F as
¢ — oo for any A > 0, such that

(2.3) {B(c)S(ct) hzo 2% {A(D) iso as ¢ — o0

where {A(t) }+>0 is an operator Lévy motion with A(?) L tFA(1). Here L& denotes
convergence in distribution of all finite dimensional marginals. See [27], Example
11.2.18 for details.

At scale ¢ > 1 the jumps are given by B(c)Y; and hence B(c)S(n) is the position

of a particle after n jumps at scale ¢. Therefore
(24) XO(t) = B(e)S(N)

describes the position of a particle a time ¢ > 0 and scale c. We call {X©(¢)}1>0 a

generalized continuous time random walk.

Remark 2.1. The classical continuous time random walk model considered in [29)] is a

special case of our construction above. In fact, assume that J;, Js, ... are nonnegative
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and i.i.d. belonging to the domain of attraction of some (3-stable law with 0 < § < 1.

Then, for some norming function b € RV(—1//3) we have
]

b(c) Zji = D(t) asc— o0
i=1

where {D(t)}:>o is a (-stable subordinator. If we set JZ-(C) = b(c)J;, then T (n) =
b(c) > 7, J; is the time of the nth jump at scale ¢ > 1. In this case the generalized
CTRW converges as ¢ — oo to a limit process M(t) whose density h(t,x) solve the
fractional partial differential equation

& -8
% — Lh(z, 1) + 5(@@.
Here §(x) is the Dirac delta function, the fractional derivative 9°h(x,t)/0t? is defined

as the inverse Laplace transform of s°h(z,s), where h(z,s) = J et h(x, t) dt is

(2.5)

the usual Laplace transform, and L is the generator of the continuous convolution
semigroup associated with the Lévy process {A(f)}i>o. For example, if {A(t)}i>0 is
a one-dimensional Brownian motion then L, = 9%/0z?. See [29] for more details. A
different norming scheme is used in [5] for .J; > 0 belonging to the domain of attraction
of some f-stable law with 1 < 5 < 2. Now for some norming function b € RV(—1/03)

we have
et i

¢ ulet] 4 b(c) Z(JZ —p) = D(t) asc—
i=1
where p = EJ; and {D(t) }+>0 is a totally positively skewed 3-stable Lévy motion with
drift such that ED(¢) = ut. Letting J© = b(c)(J;—p)+c !4, the resulting generalized
CTRW limit process has a density that solves a fractional partial differential equation
similar to (2.5) but with both a first order and a f-order time derivative on the left-
hand side.

3. THE TIME PROCESS

In this section we construct and analyze a class of specific triangular arrays {Ji(c) :
i > 1,¢ > 1} which corresponds to waiting times with slowly varying tails. It is shown
that the corresponding partial sum processes {1 (t)}>o defined by (2.1) converge to

a class of Lévy processes complementing (-stable subordinators to the limiting case

B=0.
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Our approach gives a much larger class of possible limiting processes than the
nonlinear scaling of a random walk with slowly varying tails considered in [14, 22, 47].
There only one process, the so-called extremal process, can appear. See [16] for details
on extremal processes. Our approach decomposes the case 3 = 0 of slowly varying
tails into a family of different processes described by an additional parameter a > 0,
where any positive « is possible.

Stimulated by [11], our approach is based on the following idea: Given a measurable
nonnegative function p :]0, 1[— R, with 0 < fol p(B)dS < oo and some constant C' > 0
let

(31) o =c | () d

for t > 0. In the following we always assume that the function p is defined on R, but
vanishes outside ]0, 1[. Observe that L is decreasing and continuous. Moreover L is a
mixture of the tail functions Ct~? with respect to p(3). The following lemma describes
the behavior of L near infinity in terms of regular variation of p. Recall that a function
R is regularly varying at infinity with exponent v € R, if R is measurable, eventually
positive and R(At)/R(t) — A\ as t — oo for any A > 0. We write R € RV (y) in
this case. Similarly, R is called regularly varying at zero with exponent v € R, if R is
measurable, positive in some neighborhood (0, t) of the origin and R(At)/R(t) — \?
as t — 0. We write R € RV(y) in this case. Note that R(t) € RVy(y) if and only if
R(1/t) € RVo(—7)-

Lemma 3.1. For a > 0 let p € RVy(a — 1) and define L(t) by (3.1). Then there
ezists a function L* € RV (0) such that

(3.2) L(t) = (logt)~*L*(logt).

Especially L(t) = R(logt) for some R € RVoo(—a) and L € RV, (0), so L is slowly
varying at infinity. Conversely, if for L defined by (3.1) we have L(t) = R(logt) for
some R € RV (—a) and a > 0, then p € RVy(a — 1).

Proof. First note that since p € RVy(a — 1) with @ > 0, we have for any ¢ > 0 there
exists a 3y > 0 and some constant K such that p(3) < K310 forall 0 < 3 < 3y
(see, e.g., [42] p.18). Hence fol p()dp is finite and positive. Moreover

Lty =C /0 e 5 (8)dS = Clog 1)
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where p(s) = fol e~ *Fp(B)dB denotes the Laplace transform of a function p with
supp(p) C [0, 1]. Since p vanishes outside the interval [0, 1], it is ultimately monotone
in the sense of Feller [17], p.446. Then, since p € RVy(aw— 1) by Theorem 4 on p. 446
of [17] we know p € RV (—a), so p(s) = s™*L*(s) for some L* € RV (0). Hence
(3.2) holds.

Conversely, if L(t) = R(logt) for some R € RV, (—a) and some o > 0, since
L(t) = Cp(logt), we have p(u) = C~'R(u). Using Theorem 4 on p. 446 of [17] again,
we conclude p € RVy(a — 1) and the proof is complete. O

We now construct a triangular array {JZ-(C) 4 > 1l,¢c > 1} with iid. rows
J g8 of nonnegative random variables. In the following we assume that
p € RVo(a — 1) for some a > 0 is supported in [0,1]. Then we can take
Ct=Cp = folp(ﬁ)dﬁ is finite and positive, so Cp is a probability density.
We will assume without loss of generality, that C' = 1 so p is a probability density on
[0,1]. Note that by Lemma 3.1 the function L(t) = fol t=Pp(B) dp is in RV (0) with
L(t) = (logt)~*L*(logt) for t > 1. We do need an additional integrability condition
on p(fB) for f — 1. This condition does not change the asymptotic behavior of L(t)
near infinity, but is necessary for our analysis. We assume that p also fulfills

' p(8
(3.3) /0 % dp < oo,
Note that (3.3) trivially holds true, if p vanishes in some open neighborhood of one.

Now let By, Bs,... be iid. with density p. Given any scale ¢ > 1 let J\9, J{9, ...

be nonnegative i.i.d. random variables such that for any 0 < § < 1 we have

1 0<u<c WP
P oy >V

(3.4) P{J > u|B; = 5} = {

Then the density t(u|8) of J given B; = 3 is

0 0<u<c VP
cpu Bt > eVB '

(3.5) Ye(ulB) = {

Remark 3.2. If we define for 0 < < 1

1 0<t<1

P{J1>t|31=/5}:{t_5 £ > 1
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we get by letting w = ¢~ /8¢t that

1 0<u<c /P
cluP ou>e/8

P{c P ]y > u|B; = B} = {

so conditionally on B; = 3 we have Jl(c) 2 =18 J,. Moreover, for t > 1

1
Plh=th= [ £op(3)as
0
so by Lemma 3.1 J; has a slowly varying tail.

Remark 3.3. An application of ultraslow diffusion to disorded systems in [13] illus-
trates the physical meaning of the generalized CTRW model described here. The
parameter 3 = B; relates to the shallowness of a potential well from which a particle
must escape, and the waiting time .J; until escape from the well has a probability tail
that falls off like a power law with exponent (3. The probability density p(3) governs
the depth distribution for potential wells, and the index « indicates the scarcity of

very deep wells.

Theorem 3.4. Given p € RVo(aw — 1) for some a > 0 as above and define the
triangular array {Ji(c) :1<i<[Jet],c > 1} by (3.4). Assume that (3.3) holds. Then
for the partial sum process {T'9(t)}i>o defined by (2.1) we have

(3.6) (TO(ct) }mo L2 {D(t)hino  as ¢ — o0,

where {D(t) hi>o0 is a subordinator such that D(1) has Lévy-Khinchin representation
0,0, ¢| with Lévy measure ¢ given by

(3.7) 6(u, 00) = /0 wBp(B) B

for any u > 0, and furthermore ¢(u,o00) = (logu)~*L*(logu) for any u > 1 where
a >0 and L* € RV4(0).

Proof. Since T (ct) = Z£i11 JZ-(C) is a sum of i.i.d. random variables, the convergence
of all finite dimensional marginals follows from the convergence for one fixed ¢ > 0
by considering increments. See [27], Example 11.2.18 for details. Fix any ¢t > 0 and
observe that {JZ-(C) : 1 < i < [et],c > 1} is an infinitesimal triangular array. By

standard convergence criteria for triangular arrays, see e.g. [27], Theorem 3.2.2, we
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know that
(3.8) T (ct) — ajeg = D(t) asc— oo
where
R
(3.9) Qo] = [ct]/o deJl@)(x)
for some R > 0 and D(t) has Lévy-Khinchin representation [0,0,t - ¢] if
(3.10) [ct] - PJic) —t-¢ asc— o0
and
(3.11) 1g%111rcxls;}p [ct] /0 ) u? dP o) (u) = 0.

Fix any u > 0. Then, for all large ¢ we obtain from (3.4) that

km%%”>w=kﬂAU%AQ>W&=ﬂMMMB

= [ nsas

—t-L(u) =t ¢(u,o0)
as ¢ — oo. Hence (3.10) holds and by Lemma 3.1 the Lévy measure ¢ has the form
(3.7). Moreover, for the Gaussian part we compute using (3.5) that

[Méuﬁm( / /www 8)df du
ﬂﬂ//ﬁwwmmmw

ct/ /1/5 w B P du p(B) dp

:—/0 m(2ﬁ %) p(B) dp

&
1
= @/0 e ﬁﬂp(ﬁ) ds — [C—Ct]/o 01—2/ﬁ—2fﬁp(6) ds

Observe that 3/(2 —3) <1and 1 —2/8 < —1. Then dominated convergence yields
€ 1
lim sup|ct] / uzdPJ@ (u) = t/ 52_[3%]9(5)(% —0 ase—0.
c—00 0 1 0 -
Hence (3.11) holds and therefore (3.8) holds true. Note that since ¢ has a Lebesgue
density any R > 0 in (3.9) is possible. We show now that the shifts aj, can be made
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arbitrary small for all large ¢, by choosing R > 0 small enough. This implies that we
can choose aj = 0 for all ¢ > 1 and then (3.8) holds without aj. For R > 0 we get
from (3.5) that

) [ vargote) = ie) [ [ elow) dsas

S ey as
ct] (!

_[ p [Ct] 1_/ B
- e as - /0 (3 43

=I(c,R) — J(c).
Now, since 1 — 1/ < 0 we get from (3.3) and dominated convergence that J(c) — 0
as ¢ — oo. Moreover, by the same argument we see that I(c¢,R) — 0 as R — 0
uniformly in ¢ > 1. Hence a| can be made arbitrary small for all large ¢ by choosing

R > 0 small enough. This concludes the proof. O

As an immediate corollary we get convergence in the Skorohod space
D([0,00),[0,00)) in the J;-topology.

Corollary 3.5. Under the assumptions of Theorem 3.4 we also have
{T(C) (Ct)}tzo = {D(t)}tzo as ¢ — o0
in the Jy—topology on D([0,00), [0, 00)).

Proof. Note that the sample paths of {T()(ct)};50 and {D(#)}+>0 are nondecreasing.
Moreover, as a Lévy-process, {D(t)}+>o is stochastically continuous. Then Theorem
3.4 together with Theorem 3 of [8] yields the assertion. O

Corollary 3.6. Assume that {D(t)}i>o is the limit process obtained in (3.6) with
Lévy measure of the form (3.7) for some p € RVo(aw — 1) and some o« > 0. Let
log () = max(logz,0). Then for p >0 and anyt > 0 we have

<0 p<uw

E((log, D(t))”) {

=00 p>a

Proof. Let g(z) = (log(max(z,e)))?. Then it is easy to see that the assertion follows
if we can show that E(g(D(t))) < oo if p < a and E(g(D(t))) = oo if p > «.
Note that by Proposition 25.4 of [37] the function g is submultiplicative. Hence,
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by Theorem 25.3 of [37] the assertion follows if [ g(x)dp(z) < oo for p < a and
f1 = oo for p > a. By definition of ¢ this is equlvalent to
(3.12) / (log )° do(x) {< © P

¢ =00 p>a

Note that by (3.7) the Lévy measure ¢ has density x — fol x7P716p(B3) dB. Then, by

Tonelli’s theorem and a change of variable we obtain

/:angwdas // (log 2)z=5~1 dz Bp(8) d

- /O /1 ye ™ dy Bp(B) B
- /O | /ﬁ " et ds) 3p(5) .

Since f;o sfe®ds — T'(p+1) as § — 0, it is easy to see that (3.12) follows from

(3.13) /0 8*p(B) dp {i o pa

0 P>

Since p € RV(a — 1), for any § > 0 there exist constants C;,Cy > 0 such that
C1B71H0 < p(B) < Cup* 1% for all 0 < B < 1, a simple calculation shows that
(3.13) holds true and the proof is complete. O

Corollary 3.7. Assume that {D(t)}i>o is the limit process obtained in (3.6) with
Lévy measure of the form (3.7) for some p € RVy(aw — 1) and some o > 0. Then
every D(t) has a C*™-density g(t,y) and all derivatives of the density with respect to
y vanish at infinity.

Proof. We use the following sufficient condition due to Orey, see [37], Proposition
28.3. It says that, if there exists any 0 < p < 2 such that
(3.14) lim inf 772 / 22do(z) > 0

lz|<r

r10
then D(t) has a C*° density with the desired property. Since the Lévy measure of
D(t) is t - ¢ is suffices to show the assertion for D(1).

Note that u — fol u=P18p(B)d3 is the density of ¢. Note that since p € RVy(a—1)
with supp(p) C [0, 1] we know that for some 0 < py < 1/2 we have p(3) > 0 for all
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0 < B < 2pg. By Tonelli’s theorem we have

/|x|<r " d(w) = /ol /0 7'~ dz fp(8) dB

1
— —p

Now, for p = py, we obtain

1 2po
ot | RLCE / ey s = [ Tprﬁ%p“) .
z|<r po

and hence, by Fatou’s lemma

2po 6
M po—2 2 > lim i po—p
hnr%nfr /xg = do(z) > hI?Inll%)nf /po e ﬂp(ﬁ) ag
2po 5 ﬁ
S .
> /po (hrill%)nfr )—2 — 629(/5) ap
= 00.
Therefore (3.14) holds with p = py and the proof is complete. OJ

In view of the form of the Lévy measure ¢ of {D(t)}+>0 in (3.7), this process is not
a stable process. However, our next result shows that {D(t)}:>¢ is a selfdecomposable
process in the sense of Definition 15.6 of [37]. For an introduction to selfdecomposable
laws see Section 3.15 in [37] or Chapter 2 in [21]. We do not need this property in

our analysis of CTRWSs but we include it for sake of completeness.

Corollary 3.8. The limiting process {D(t)}i>0 obtained in Theorem 3.4 above is
selfdecomposable. That is, the distribution of any D(t) is selfdecomposable.

Proof. 1t suffices to show the assertion for D(1). Since the Lévy measure ¢ of D(1) has
the density k(z) = fol 2771 8p(3) d3 it follows from the Lévy-Khinchin representation
(see, e.g., Theorem 8.1 in [37]) that the log-characteristic function v of the distribution
of D(1) has the form

(&) = iaé + /Ooo(eiﬁf —1 —igxl(|z| <1))k(z) da

dx

= ia + /oo(eifl’ —1—ifxl(|z] < 1))
0

Since k(x) = zk(z) = fol x798p(B) dB is decreasing on (0, c0), it follows from Corol-
lary 15.11 of [37] that D(1) has a selfdecomposable distribution. O
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Let {D(u)}u>0 be the Lévy process obtained in Theorem 3.4. Note that, by Theo-
rem 21.3 of [37] and the fact that the integral in (3.7) tends to infinity as u — 0, the
sample paths are strictly increasing. Note also that, by Theorem 48.1 in [37] and the
fact that the Lévy measure (3.7) is concentrated on the positive reals, D(u) — oo as

u — oo almost surely. Define the hitting time process by
(3.15) E(t) =inf{x > 0: D(x) > t}.
Then it is easy to see that for t,z > 0

(3.16) {E(t) <z} ={D(z) = t}.

Theorem 3.9. Let {D(u)}u>o be the Lévy process with Lévy measure given by (3.7).
Then, for any t > 0 the random variable E(t) defined by (3.15) has the density

(3.17) f(t,) / / (t — v)9(z,y) dyp(B) dB

where g(z,-) is the density of D(z). We can also write

(3.18) o= | Lt = y)g(a. y) dy

where L is given by (3.1).

Proof. First note that by Corollary 3.7 for z > 0 the density g(z,-) of D(z) is a
bounded C*°—function. Let us compute the Laplace transform of f(¢,z) given by
(3.17) with respect to t for any fixed > 0. Observe that for s > 0 and 0 < § < 1,

by changing the order of integration, we get

| e /t— g(z, ) dydt = /Ow(/ywe—%—y>—ﬁdt)g<x,y>dy

= $IT(1 - ) / (. y) dy
0
= P70 (1 — B)emv )
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and then the well-known formula for the Laplace transform of a subordinator (see,
e.g., Theorem 30.1 of [37]) and (3.7) yield

b(s) = /f( 1) dg(u)
(3.19) _ /0 | /0 (e = )3 du)p(B) df

_ /0 P(1 - 8)s*p(5) db.

Note that in view of (3.3) the last integral exists since I'(x) ~ 1/z as x — 0. Then,
by (3.17) we obtain

/ et (b ) dt = e / I - B)p(3) do
0 0

(3.20) .
= —;@D(S)@w(s)

Now, for t > 0 let Fi(z) = P{E(t) < z} denote the distribution function of E(t).
Note that in view of (3.16) we know Fy(z) = P{D(z) > t} = [* g(z,y) dy = R.(¢).
On the other hand, if E(t) has density f(¢,z) given by (3.17) we should also have
L.(t)= = | f(t,x) dz. Hence, the assertion follows if we can show that for any
fixed z > O we have L.(t) = R,(t) for allt > 0. By the uniqueness theorem for Laplace
transforms (see, e.g., the Corollary on [17] p. 433), this follows if L.(s) = R.(s) for
s > 0. In view of (3.20) we obtain

Lis) = [ Ly a

/ / —F(t, x) dt da

= —;w(s)/o ™) dy

1
_ 2 (1 _ o20(s)
. (1 e )



14 MARK M. MEERSCHAERT AND HANS-PETER SCHEFFLER

Moreover
R(s)—/ e R.(t) dt
/ / (z,y) dydt
—/ (/ “dt> (2,y) dy
0 0
1 [ s
=—/ (1—e")g(2,y)dy
s Jo
1
— 2 (1 — ¥
Ly - emve)
and the proof is complete. O

As an immediate corollary to the proof of Theorem 3.9 we derive the governing
equation of the density f(¢,z) of the hitting time FE(t). For suitable functions h :
R, x R? — R we define the Fourier-Laplace transform (FLT) by

(3.21) ;L(S,k‘):// W =Sty (¢ ) dt da
re Jo

where (s, k) € (0,00) x R, It follows from a general theory of FLTs on semigroups,
that this transform has properties similar to the usual Fourier or Laplace transform.
See [7] and Theorem 1 in [35] for details. Recall from [9, 33] that for 0 < § <
1 and suitable functions g the Caputo derivative (2)Pg(t) has Laplace transform
s°g(s) — s°1g(0) where g(s) = [;* e *'g(t) dt denotes the usual Laplace transform.
As in [3] we say that a functlon h(t,x) is a mild solution to a fractional partial
differential equation, if the FLT i:z(s, k) solves the equivalent algebraic equation in

Fourier-Laplace space.

Corollary 3.10. Under the assumptions of Theorem 3.9 the density f(t,x) of E(t) is

the mild solution of the distributed-order time-fractional partial differential equation
AN 2
a2 [ () 7o - o=~ i) . f0.2) =)
0 Ox

Proof. For s > 0 and k € R let f(s, k) be the FLT of f(t,z). Then it follows from
(3.20) that

; _ _1 > tkx xip(s) _1 ’QD(S)
F(s.k) = Sw<s>/0 e dp =
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Take Laplace transforms in (3.22) to get

[ (50 = s 5P - 9)p(3) 5 = — - Fs.)

and use (3.19) to obtain

() (5,2) + b(5)0(e) = - F5,)

Then take Fourier transforms, using the fact that if g(z) has Fourier transform

F(g)(k) then F(g')(k) = (—ik)F(g)(k), to get

~0(5) (5, 8) +—ls) = ih (s, ).

Then it follows easily that f(¢,z) is the mild solution of (3.22). O

Remark 3.11. Note that the proof of Theorem 3.9 and Corollary 3.10 also hold true, if
we replace integration with respect to p(/3) df for some probability density p supported
in [0, 1] and satisfying (3.3) by integration with respect to a probability measure p(df3)
with support in [0, 1] and fo 1_ < o0. Hence, if {D(u)},>0 is a subordinator with
Lévy measure ¢ of the form ¢(u, 00) = fo u~Pp(df) and having a bounded C* density
g(u,-) for D(u), then the hitting time F(¢) has the density

(3.23) fit,x) / / (t = y)Pg(a, y) dy p(dB).

Moreover, by Corollary (3.10) we know that f(¢,z) is the mild solution of

1
| G) rteaira =3y otas) = =3 sie.o) . 10.0) = 6Go)
Especially, if p = ¢, is the point mass in some 0 < v < 1, then {D(u)},>0 is a
y-stable subordinator and its density is given by g(u,y) = u=/7go(u"'/7y) where go
is the bounded C'*-density of D(1). Then the density f(¢,z) of the corresponding

hitting time E(t) is given by

t
ftia) = [ )l ) dy
0
On the other hand, in view of Corollary 3.2 of [29]

t
ft,x) = —x_l_l/'ygo(tx_l/“’).
v
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Hence, the density gqg of a y-stable random variable D solves the integral equation
v [ -
(3.24) ) =2 [ =)l dy
0
To our knowledge this property of the density gy of a y-stable random variable is new
and may be of independent interest. Moreover, the density f(t,z) of E(t) in this case

is the mild solution of

D =) () F(t) = 2 ft,2) | 7(0,2) = b(x)

which agrees with (3.8) in [5].

Later we do need the asymptotic behavior of E(E(t)) as t — oco. We present a

more general result on the asymptotic behavior of all moments of E(t). We write

f(@) ~g(x) if f(x)/g(x) — 1.

Theorem 3.12. Let E(t) be the hitting time of the subordinator { D(u)}.>o obtained
in Theorem 3.4 for p € RVo(aw — 1) and some o > 0. Then there exists a function
L € RV (0) such that for any v > 0

E(E(t)") ~ (logt)*"L(logt)™" ast — oo.

Proof. Since p € RVo(aw — 1) and T'(1) = 1 it follows that ¢(8) = T'(1 — B)p(B) €
RVo(ar — 1) as well. Note that by (3.3) and the fact that I'(x) ~ 1/x as * — 0 we
have fol q(B) dB < oo. Then, by Lemma 3.1, there exists a function L € RV 4 (0) such
that

/1 t=q(B3)dB = (logt)"“L(logt) ast — oo.
0

Hence
(3.25) I(s) = /0 s°q(B) dB = (log(1/s)) “L(log(1/s)) ass— 0.

Note that by (3.19) we have I(s) = —(s). Fix any v > 0. Then, for ¢ > 0 we have
by (3.16) and a well-known formula for fractional moments (see, e.g., Lemma 1 on
p.150 of [17]) that

hy(t) =E(E(t)") = 7/00 27 TP{E(t) > 2} dx
(3.26) %
= fy/o 27 ' P{D(x) < t} dx.
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Now let F'(t) = P{D(z) < t} denote the distribution function of D(x) for some fixed
x > 0. Then, by Theorem 30.1 of [37] together with (3 19), we get [T et dF(t) =
e~"15) Moreover, by integration by parts [~ e * dF(t) = s [ e ' P{D(x) < t} dt

and hence
o 1
(3.27) / e 'P{D(x) < t}dt = ;e‘xl(s).
0

Using (3.27) and Tonelli we therefore compute

S

hy(s) = / e *hy(t) dt = l/ 27 e ) dy = T(y 4 1)s7 1 (s) 7.
0 0
In view of (3.25) this implies

hy(s) =T(y + 1)s~*(log(1/s))"" L(log(1/s))™" as s — 0.

By a Tauberian theorem (see [17], Theorem 4 on p.446) we conclude

F(’}/ + 1) ay 7 —_
ho(t) ~ ———=(logt) 'L(logt)™™ ast— oo.
Note that in view of (3.26) the function h.(t) is ultimately monotone. O

After investigating the hitting time process { E(t) }+>0 we now show that the rescaled
counting process {N }t>0 defined by (2.2) converges to {E(t) }+>o0-

Theorem 3.13. Suppose that we are given a probability density p € RVy(a — 1) for
some a > 0 such that (3.3) holds as in Theorem 3.4. Define the triangular array
A={J9:1<i<[ct],c>1} by (3.4) and the counting process {N\"}i=q by (2.2).
Then

1
(3.28) {;
where {E(t)}i>0 s the hitting time process defined by (3.15) of the subordinator
{D(u)}uso corresponding to the triangular array A obtained in Theorem 3.4.

c .d.
N )}tzo L% {B(t)}zo  as ¢ — oo,

Proof. Observe that for t > 0 and ¢ > 1 we have {Nt(c) > 2} = {T9([z]) < t}
where [z] denotes the smallest integer greater than or equal to x > 0. Note that by
Corollary 3.7 and Theorem 3.9 both D(u) and E(t) have a density with respect to

Lebesgue measure. Fix any 0 <t; < ---<t,, and x1,...,2, > 0 and let V2 mean for
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i=1,...,m. Since T“(z) has nondecreasing sample paths, Theorem 3.4 together
with (3.16) imply
P{c'N9 < z; Vi} = P{N{? < cx; Vi}
= P{T9(Jex;]) > t; Vi}
> P{T)(ca;) > t; Vi}
— P{D(xz;) > t; Vi}
= P{E(t;) < z; Vi}
as ¢ — 00. Also for any € > 0 for all ¢ > 0 sufficiently large we have
P{c_th(f) <x; Vi} = P{Nt(ic) < cx; Vi}
= P{T")([cx;]) > t; Vi}
< P{T9(c(1 +e)a;) > t; Vi}
— P{D((1+¢)x;) > t; Vi}
= P{E(t;)) < (1+¢)x; Vi}

as ¢ — 00. Now let ¢ — 0 and use Theorem 3.9 to complete the proof. 0

Corollary 3.14. Under the assumptions of Theorem 3.13 we have
1 (e
{ENt( )}tzo = {E{t) >0 asc— o0
in the Jy-topology on D([0, c0), [0, 00)).

Proof. Note that the sample paths of {Nt(c)}tzo and {E(t)}+>0 are nondecreasing.
Moreover, since the sample path of { E(t) }+>¢ are continuous, the process { E(t)}+>o is
stochastically continuous. Then Theorem 3.13 together with Theorem 3 in [8] yields

the assertion. m

4. CTRW LIMIT THEOREM

Assume that (Y;) are i.i.d. R%valued random vectors independent of the triangular
array {JZ-(C) 01 <@ <|et],ec > 1} of waiting times defined by (3.4). We assume that
(3.3) holds. Moreover it is assumed that Y] belongs to the strict generalized domain

of attraction of some full operator stable law with exponent E and (2.3) holds.
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Theorem 4.1. Under the assumptions of the beginning of this section we have for
the generalized CTRW process { X (t)}>o defined in (2.4) that

{(XO() im0 £5 {AE(1) }iz0 a5 ¢ — oo

Here {A(t)}1>0 is the operator Lévy motion corresponding to the jumps (Y;) and
{E(t) }+>0 is the hitting time process corresponding to the subordinator {D(u)},>o
obtained in Theorem 3.4.

Proof. The proof is similar to the proof of Theorem 4.2 in [5], so we only sketch the
argument. Fix any 0 < t; < --- <t,, and let Vi mean for ¢ = 1,...,m. Note that by
Theorem 3.13 .
(—Nt(f) Vi) = (B(t;) Vi) asc— oc.
c
Moreover, for any zy, ..., 2, > 0 we know that
(B(e)S(ca;) Vi) = (A(z;) Vi) as ¢ — oo
uniformly on compact sets of R’ as was established in the proof of Theorem 4.2 in
[5]. Independence of (Y;) and {Nt(c)} yields
Pix©) vy = B (B(e)S(N?) Vi)
= / P(B(C)S(c:ci) Vi)dp(clet(_C) Vi) (Ila SRE) xm)
R i
= Pia(y) viydP s viy (1, -, Tm)
R
= Plas()) v

as ¢ — 00, by a transfer theorem, Proposition 4.1 in [5]. O

Corollary 4.2. Under the assumptions of Theorem 4.1, if A(1) has no normal com-
ponent, for every t > 0 the distribution Ay of M(t) = A(E(t)) belongs to the domain
of normal attraction of A(1). That is, if m(t) = E(E(t)), then for some sequence (by,)
of shifts

(m(t)n) _EA:" *Ep, = UV GS TN — 00,
where v is the distribution of A(1) and E is an exponent of v.
Proof. Since by Theorem 3.12 we know that m(t) = E(E(t)) is finite and v is assumed

to be a strictly operator stable law with exponent F having no normal component,
the assertion follows from Corollary 4.2 of [24]. O
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Remark 4.3. It follows from Theorem 4.1 of [24] that, under the additional condition
that A(1) has no normal component, the distribution \; of M(t) = A(FE(t)) varies
regularly with exponent E. See [27] for a comprehensive introduction to regularly
varying measures on R?. Therefore various results on the tail and moment behavior
of A\; can be obtained from [27]. Let a; < --- < a, denote the real parts of the
eigenvalues of E. Then Theorem 8.2.14 in [27] implies that there exists a function
p:T —{a,',...,a;"} such that for all § € I' = R*\ {0} the radial moments

(4.1 [ 10 (an) = B 010 0))
exist for 0 < < p(f) and diverge for v > p(é). Corollary 8.2.15 in [27] implies that
(4.2) /||y||”>\t(dy) = E([M@)[")

exists if 7 < 1/a, and is infinite if v > 1/a,. Also, Theorem 6.4.15 in [27] gives the

power law tail behavior of the truncated moments and tail moments

4.3 0N\ (dy) and 0"\ (d
(4.3) /@Muy Y N(dy) /Kywuy )"l dy)

in terms of multivariable R-O variation. Roughly speaking, this result says that the
tail P(|(M(t),0)| > r) falls off like r ) as r — oco.

Recall from Theorem 7.2.7 of [27] that the full operator stable random vector A(t)

has a density p(¢, z) for any ¢t > 0. As an immediate corollary to Theorem 4.1 we get:

Corollary 4.4. Under the assumptions of Theorem 4.1, for every t > 0 the random
vector M(t) = A(E(t)) has the density

(4.4) h(t,z) = /OO p(u,z) f(t,u) du
0
where f(t,u) is the density of E(t) given by (3.17).

Proof. This is a simple conditioning argument using the fact that {A(t)}+>o and
{E(t) }+>0 are independent. O

Recall that as an infinitely divisible law, the operator stable random vector A(t)
has log-characteristic function ¢ - 14 (k) so that E(e!*A®)) = e¥ak) Tt is well known

that, under some regularity conditions, the log-characteristic function of an infinitely
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divisible distribution is the symbol of the pseudo-differential operator defined by the

generator

Lf(e) — tim TOS) = 1)

t10 t

of the corresponding Cy-semigroup T'(t) f(x) = E[f(z — A(t))]. In particular, for a
O function u : R? — R with compact support we define the pseudo-differential op-
erator L = ¢ 4(iD,) with symbol 1 4(k) by requiring Lu(x) to have Fourier transform
Ya(k)u(k). Since a(k) is rapidly decreasing it follows that, since ¥4 grows at a poly-
nomial rate at infinity, the function 14 (iD,)u(z) is pointwise defined. Furthermore,
it usually can be extended to larger spaces of functions (or even distributions), where
the extension is also denoted by 14(iD,). For example, a one-dimensional Brown-
ian motion A(t) with variance 2t has symbol ¢4(k) = —k? and L = §?/9z%. For a
one-dimensional a-stable Lévy motion, L is a fractional space derivative of order «,
and for a d-dimensional operator stable Lévy motion, L is a multivariable fractional
space derivative. For more details see [1, 2, 20, 25, 26, 28, 38]. Recall the definition
of the Fourier-Laplace transform (FLT) from (3.21).

Theorem 4.5. Let h(t,x) be the density of A(E(t)) obtained in Corollary 4.4 above.
Then h has FLT

(4.5) (s, k) = %ﬁ (s, € (0, 00) x RY,
where
(4.6) 1) = =(s) = [ 5T = () s

Moreover, h is the mild solution of the distributed-order time-fractional partial differ-

ential equation

an [ (5) Heara - 5)p(6)d8 = vaiDIbE ) L 0.2) = o).
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Proof. Recall from Corollary 4.4 that h(t,z) is given by (4.4). Moreover, since
le¥a®)] <1 we know Retp(k) < 0. In view of (3.20) we get

A~

h(s, k) = /OOO Plu, k) f(s,u) du
1

= —1I(s) /OO e~ uI(s)=va (k) g,
S 0

11
s I(s) —alk)’

so (4.5) holds true. Equivalently I(s);z(s, k) —st(s) = @DA(]{?);L(S, k) and in view of
(3.19) this is equivalent to

[ %R0 = 5500 = 5)0(53) 5 = (bt

Taking Laplace and then Fourier transforms in (4.7) as in the proof of Corollary 3.10
yields the same equation. Hence h(t, x) is the mild solution of (4.7) and the proof is
complete. O

Remark 4.6. In the degenerate case A(t) =t the process A(E(t)) = E(t) has density
f(t,z) given by Theorem 3.9. Note that this density solves (3.22) which is formally
equivalent to (4.7) if we take ©¥4(k) = ik, which is the symbol of the semigroup
generator —d/0x for the associated semigroup T'(t) f(z) = f(z —t).

Example 4.7. Let {A(t)}:>0 be a one-dimensional Brownian motion with

Var(A(t)) = 2t. Then ¥4(k) = —k?* and the pseudodifferential operator 14 (iD,) =

—(iD,)* = D2, and by Theorem 4.5 the density h(t,z) of M(t) = A(E(t)) has FLT
2 1 I(s)

4.8 h(s, k) = ————

where I(s) is given by (4.6). Furthermore h(t,x) is the mild solution of the

distributed-order time-fractional partial differential equation

(4.9) / () htt, 20— B)p(8) s = ohit, ) hi0,2) = o).

Corollary 4.4 shows that in this case

(4.10) h(t,x) = /000 \/%e_xz/‘luf(t,u) du
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where f(t,u) is the density of E(t) given by (3.17). Equation (4.9) first appeared
in [13] together with (4.8). They show that h(x,t) is a probability density for every
t > 0 by using (4.10) along with the fact that (3.20) is completely monotone. The
present paper improves on those results by extending (4.9) to the case of a more
general pseudodifferential operator, and identifying the stochastic process for which
h(t,z) is a density. A simple conditioning argument along with Theorem 3.12 shows

that the mean square displacement of a particle governed by (4.9) is
E(M(t)?) = 2E(E(t)) ~ (logt)*L(logt)™"

as t — oo for some L € RV, (0). This agrees with [11, 12] and shows that (4.9)
describes an ultraslow diffusion, where a cloud of diffusing particles spreads at the
rate (logt)®/2.
Remark 4.8. Following [11] we note that, in the case where A(t) is a one-dimensional
Brownian motion, the Fourier transform formula F[(c/2)e~] = ¢2/(c? + k?) along
with (4.8) implies that

=~ [(8)1/2 I(s)1/2

is gy = L) rra)

(s, ) 5s ¢

Under the additional assumption that h(¢,x) is ultimately monotone, a Tauberian
theorem (Theorem 4 on p. 446 of Feller [17]) yields that

1/2
h(t,x) ~ Me_l(l/t)m‘x‘ as t — oo.

2
If p € RVg(a — 1) then it follows from Lemma 3.1 as in the proof of Theorem 3.12
that I(1/t) = (logt)~*Ly(logt) for some L; € RV, (0). Hence h(t,z) is asymptoti-
cally equivalent to a Laplace density whose variance grows like (logt)®. A different
stochastic model for ultraslow diffusion presented in [30], using nonlinear rescaling

for the waiting time process, leads exactly to a Laplace limit with density

—a/2
hi(t,z) = Lg? / ¢~ (loa )™ lal

Using the converse of the same Tauberian theorem yields

- log(1/s)) =%/ o
hu(s,z) = (log( éi)) o~ (log(1/5)7*/2|z|
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and then the same Fourier tranform formula leads to (4.8) with I(1/t) = (logt)™“.
Now suppose that

I(s) = / " Pq(8) dB = (log(1/s))

«

for some function ¢(3), which is equivalent to g(s) = s~*. In view of the Laplace

transform pair L[t*!/T(a)] = s7 for a > 0 this implies that ¢(3) = *'/T'(«)
supported on the positive real line § > 0. Then the uniqueness theorem for Laplace
transforms implies that we cannot write ¢(3) = I['(1—3)p(53) for any p(3) supported on
0 < 8 < 1. Hence the family of Laplace densities hy(t, z) cannot be the mild solution
of (4.9) for any choice of p(3), so the two process densities are only asymptotically

equivalent. This resolves an open question in [30].

Remark 4.9. As in Remark 3.11 we can also consider the more general equation

[ (2) 0t~ 9) pd9) = waD(12)  (0.2) = 500

whose mild solution is given by (4.4) and (3.23). An application where ¥4 (iD,) =
0% /0x? and p(df3) consists of two atoms at 0 < ) < 2 < 1 is considered in [45], Sec-
tion 4.2 and [12]. The results of this paper give a different and perhaps simpler proof
that the solutions in these papers are probability distributions, and also illuminate

the nature of the stochastic limit.
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