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tionThe Karush-John optimality 
onditions (often also 
alled Fritz John 
onditions, after FritzJohn, who redis
overed Karush's results; see Karush [5℄, John [4℄ and S
hrijver [12,p.220℄ for a history) play a 
entral role in 
onstrained optimization,, 
hara
terizing thesolutions of smooth nonlinear programming problems by �rst order ne
essary 
onditions.However, the Karush-John 
onditions in their most general form pose diÆ
ulties in appli
a-tions, be
ause the fa
tor in front of the gradient term may be zero or very small. Therefore,most of the lo
al solvers require a 
onstraint quali�
ation, like that of Mangasarian &Fromovitz [9℄, to be able to redu
e the Karush-John 
onditions to the more 
onvenientKuhn-Tu
ker 
onditions [7℄. Thorough dis
ussions of su
h 
onstraint quali�
ations 
an befound in Bazaraa et al. [2℄ and Mangasarian [8℄.Deterministi
 global optimization algorithms 
annot take this 
ourse, sin
e it is not knownbeforehand whether the global optimum satis�es an assumed 
onstraint quali�
ation. There-fore, they have to use the Karush-John 
onditions in their general form (
f., e.g., Kearfott[6℄). Unfortunately, the additional 
onstraints needed involve all multipliers and are veryin
onvenient for the solution pro
ess.In this arti
le we derive a stronger form of the Karush-John optimality 
onditions for generalsmooth nonlinear programming problems. These 
onditions imply the (known) result thatfor 
on
avely (or linearly) 
onstrained problems no 
onstraint quali�
ation is needed, andthe derived Kuhn-Tu
ker 
onditions requires linear independen
e 
onstraint quali�
ationsfor fewer 
onstraints than the 
onditions found in the literature. The new 
onditions arein
orporated in the COCONUT environment [3℄ for deterministi
 global optimization.1



2 Known resultsThe situation is simplest when the 
onstraints are 
on
ave, i.e., of the form F (x) � 0 with
onvex F . Due to the 
on
ave stru
ture of the feasible set des
ent from nonoptimal points
an be a
hieved using linear paths.2.1 Theorem. (First order optimality 
onditions for 
on
ave 
onstraints)Let bx 2 Rn be a solution of the nonlinear programmin f(x)s.t. F (x) � 0 (1)where f : C0 ! R and F : C0 ! Rr are 
ontinuously di�erentiable fun
tions de�ned ontheir domain of de�nition.If F is 
onvex then there is a ve
tor bz 2 Rr su
h thatg(bx) = F 0(bx)Tbz; inf(bz; F (bx)) = 0: (2)Here inf(u; v) denotes the in�mum (
omponentwise minimum) of the ve
tors u and v; a
ondition of the form inf(u; v) = 0 is generally referred to as a 
omplementarity 
ondition.The proof 
an be found, e.g., in [8, Se
tion 7.3℄; the assumptions amount to the reverse
onvex 
onstraint quali�
ation by Arrow et al. [1℄.In general, 
urved paths may be needed to get des
ent, and without some 
ondition onthe geometry one does not arrive at the Kuhn-Tu
ker 
onditions (2). The 
onditions forthe general 
ase, stated, e.g., in [8, Se
tion 11.3℄, follow from the following, equivalentstatement when sla
k variables are introdu
ed to eliminate general inequality 
onstraints.Our formulation is adapted to the use of interval analysis [6, 10, 11℄ in bran
h and boundmethods for global optimization. A box is a set of the formx = [x; x℄ = fx 2 Rn j x � x � xg;with 
omponentwise inequalities; the bounding ve
tors are allowed to 
ontain in�nite entriesindi
ating missing bounds.2.2 Theorem. (Karush-John �rst order optimality 
onditions)Let bx 2 Rn be a solution of the nonlinear programmin f(x)s.t. F (x) = 0x 2 x; (3)where f : C0 ! R and F : C0 ! Rr are 
ontinuously di�erentiable fun
tions de�ned ontheir domain of de�nition.Then there are a 
onstant � � 0 and a ve
tor bz 2 Rr , not both zero, su
h thatby := �g(bx)� F 0(bx)Tbz (4)2



satis�es the two-sided 
omplementarity 
onditionbyk � 0 if bxk = xk,byk � 0 if bxk = xk,byk = 0 otherwise. (5)In the following we prove a 
ommon generalization of both Theorem 2.1 and Theorem 2.2.Apart from the inverse fun
tion theorem, our mail tool is the following transposition theorem,whi
h is a simple appli
ation of the Lemma of Farkas.2.3 Theorem. Let B 2 Rm�n , and let (I; J;K) be a partition of f1; : : : ; mg. Then exa
tlyone of the following holds:(i) (Bp)I = 0, (Bp)J � 0, (Bp)K > 0 for some p 2 Rn ,(ii) BT q = 0, qJ[K � 0, qK 6= 0 for some q 2 Rm .3 A re�nement of the Karush{John 
onditionsWe 
onsider 
on
ave and non
on
ave 
onstraints separately, and introdu
e sla
k variablesto transform all non
on
ave 
onstraints into equations. Thus we may write the nonlinearoptimization problems without loss of generality in the formmin f(x)s.t. C(x) � 0F (x) = 0: (6)The form (6), whi
h separates the 
on
ave 
onstraints (in
luding bound 
onstraints andgeneral linear 
onstraints) and the remaining nonlinear 
onstraints, is most useful to proveour strong form of the Karush-John 
onditions. However, in 
omputer implementations, atransformation to this form is not ideal, and the sla
k variables should be eliminated againfrom the optimality 
onditions.3.1 Theorem. (General �rst order optimality 
onditions)Let bx 2 Rn be a solution of the nonlinear program (6), where f : U ! R, C : U ! Rm , andF : U ! Rr are fun
tions 
ontinuously di�erentiable on a neighborhood U of bx. In addition,C shall be 
onvex on U . Then there is a 
onstant � � 0 and there are ve
tors by 2 Rm ,bz 2 Rr su
h that �g(bx) = C 0(bx)T by + F 0(bx)T bz; (7)inf(by; C(bx)) = 0; (8)F (bx) = 0; (9)and �; bz are not both zero: (10)In 
ontrast, the standard Karush-John 
ondition asserts in this 
ase only that �; by; bz are notall three zero. Thus the present version gives more information in 
ase that � = 0; therefore,3



weaker 
onstraint quali�
ations are needed to ensure that � 6= 0 (in whi
h 
ase one 
an s
alethe multipliers so that � = 1).Proof. We begin by noting that a feasible point bx of (6) is also a feasible point for theoptimization problem min f(x)s.t. Ax � bF (x) = 0; (11)where J is the set of all 
omponents j for whi
h C(bx)j = 0 andA = C 0(bx)J:; b = C 0(bx)J:bx:For the indi
es k 
orresponding to the set N of ina
tive 
onstraints, we 
hoose yN = 0 tosatisfy 
ondition (8). Sin
e C is 
onvex, we have C(x) � C(bx) +C 0(bx)(x� bx). Restri
ted tothe rows J we get C(x)J � C 0(bx)J:(x� bx). This fa
t implies that problem (6) is a relaxationof problem (11) on a neighborhood U of bx. Note that sin
e C is 
ontinuous we know thatC(x)j > 0 for k 2 N in a neighborhood of bx for all 
onstraints with C(bx)j > 0. Sin
e, byassumption, bx is a lo
al optimum of a relaxation of (11) and a feasible point of (11), it is alo
al optimum of (11) as well. Together with the 
hoi
e yN = 0 the Karush-John 
onditionsof problem (11) are again 
onditions (7){(9). So we have su

essfully redu
ed the problemto the 
ase where C is an aÆne fun
tion and all 
onstraints are a
tive at bx.Thus, in the following, we 
onsider a solution bx of the optimization problem (11) satisfyingAbx = b: (12)If rkF 0(bx) < r then zTF 0(bx) = 0 has a solution z 6= 0, and we 
an solve (7){(10) withy = 0, � = 0. Hen
e we may assume that rkF 0(bx) = r. This allows us to sele
t a set R of r
olumn indi
es su
h that F 0(bx):R is nonsingular. Let B be the (0; 1)-matrix su
h that Bs isthe ve
tor obtained from s 2 Rn by dis
arding the entries indexed by R. Then the fun
tion� : C ! Rn de�ned by �(x) := � F (x)Bx� Bbx�has at x = bx a nonsingular derivative�0(bx) = �F 0(bx)B �:Hen
e, by the inverse fun
tion theorem, � de�nes in a neighborhood of 0 = �(bx) a unique
ontinuously di�erentiable inverse fun
tion ��1 with ��1(0) = bx. Using � we 
an de�ne a
urved sear
h path with tangent ve
tor p 2 Rn tangent to the nonlinear 
onstraints satisfyingF 0(bx)p = 0. Indeed, the fun
tion de�ned bys(�) := ��1� 0�Bp�� bxfor suÆ
iently small � � 0, is 
ontinuously di�erentiable, withs(0) = ��1(0)� bx = 0; �F (bx+ s(�))Bs(�) � = ����1� 0�Bp�� = � 0�Bp�;hen
e s(0) = 0; F (bx+ s(�)) = 0; Bs(�) = �Bp: (13)4



Di�erentiation of (13) at � = 0 yields�F 0(bx)B � _s(0) = �F 0(bx) _s(0)B _s(0) � = � 0Bp� = �F 0(bx)B �p;hen
e _s(0) = p, i.e., p is indeed a tangent ve
tor to bx+ s(�) at � = 0.Now we 
onsider a dire
tion p 2 Rn su
h thatgTp < 0; g = g(bx); (14)Ap > 0; (15)F 0(bx)p = 0: (16)(In 
ontrast to the purely 
on
ave 
ase, we need the stri
t inequality in (15) to take 
areof 
urvature terms.) Sin
e Abx � b and (15) imply A(bx + s(�)) = A(bx + � _s(0) + o(�)) =Abx + �(Ap + o(1)) � b for suÆ
iently small � � 0, (13) implies feasibility of the pointsbx + s(�) for small � � 0. Sin
edd�f(bx+ s(�))�����=0 = gT _s(0) = gTp < 0;f de
reases stri
tly along bx+s(�), � small, 
ontradi
ting the assumption that bx is a solutionof (6). This 
ontradi
tion shows that the 
ondition (14){(16) are in
onsistent. Thus, thetransposition theorem 2.3 applies with0B� �gTAF 0(bx) 1CA ; 0B� �yz 1CA in pla
e of B; q;and shows the solvability of�g�+ ATy + F 0(bx)T z = 0; � � 0; y � 0; ��y� 6= 0:If we put bz = z, let by be the ve
tor with byJ = y and zero entries elsewhere, and note that bxis feasible, we �nd (7){(9).Be
ause of (10), it remains to dis
uss the 
ase where � = 0 and z = 0, and thereforeATy = 0; y 6= 0: (17)In this 
ase, bTy = (Abx)Ty = bxTATy = 0. Therefore any point x 2 U satis�es (Ax� b)Ty =xTATy � bTy = 0, and sin
e y � 0, Ax� b � 0, we see that the setK := fi j (Ax)i = bi for all x 2 Ug
ontains all indi
es i with yi 6= 0 and hen
e is nonempty.Sin
e U is nonempty, the system AK:x = bK is 
onsistent, and hen
e equivalent to AL:x = bL,where L is a maximal subset of K su
h that the rows of A indexed by L are linearly5



independent. If M denotes the set of indi
es 
omplementary to K, we 
an des
ribe thefeasible set equivalently by the 
onstraintsAM :x � bM ; �AL:x� bLF (x) � = 0:In this modi�ed des
ription of the feasible set has no equality 
onstraints impli
it in theinequality AM :x � bM . For a solution bx of the equivalent optimization problem with these
onstraints, we �nd as before a number � � 0 and ve
tors yM and �yLz � su
h that�g(bx) = ATM :yM + � AL:F 0(bx)�T�yLz �; (18)inf(yM ; AM :bx� bM) = 0; (19)F (x) = 0; AK:bx� bK = 0; (20)�; �yLz � are not both zero: (21)Clearly, this yields ve
tors by = y and bz = z satisfying (7) and (8), but now yKnL = 0. Theex
eptional situation � = 0; z = 0 
an now no longer o

ur. Indeed, as before, all indi
esi with yi 6= 0 lie in K; hen
e yM = 0 and (18) gives ATL:yL = 0. Sin
e, by 
onstru
tion, therows of AL: are linearly independent, this implies yL = 0, 
ontradi
ting (21). This 
ompletesthe proof. utTheorem 2.1 is the spe
ial 
ase where F is zero-dimensional, and Theorem 2.2 follows dire
tlyfrom the spe
ial 
ase where C(x) = �x� xx� x�.3.2 Corollary. Under the assumptions of Theorem 3.1, if the 
onstraint quali�
ationC 0(bx)TJ:yJ + F 0(bx)T z = 0; yJ � 0 ) z = 0 (22)holds then the 
on
lusion of Theorem 3.1 holds with � = 1.A slightly more restri
tive 
onstraint quali�
ation, whi
h, however, is easier to interpretgeometri
ally, is obtained if we remove the nonnegativity 
ondition from the assumption in(22). The resulting 
onditionC 0(bx)TJ:yJ + F 0(bx)T z = 0 ) z = 0 (23)implies that rkF 0(bx) = r (to see this put y = 0). Writing the left hand side of (23) asyTJC 0(bx)J: = �zTF 0(bx), we see that (23) forbids pre
isely 
ommon nonzero ve
tors in therow spa
es (spanned by the rows) of C 0(bx)J: and F 0(x), respe
tively. Thus we get thefollowing useful form of the optimality 
onditions:3.3 Corollary. Under the assumption of Theorem 3.1, if rkF 0(bx) = r and if the row spa
esof F 0(bx) and C 0(bx)J:, where J = fi j C(bx)i = 0g, have trivial interse
tion only, then thereare ve
tors by 2 Rm ; bz 2 Rr su
h thatg(bx) = C 0(bx)T by + F 0(bx)T bz; (24)inf(by; C(bx)) = 0; (25)F (bx) = 0: (26)6



(24){(26) are the Kuhn-Tu
ker 
onditions for the nonlinear program (6), 
f. [7℄. Thetraditional linear independen
e 
onstraint quali�
ation requires in pla
e of the assumptions inCorollary 3.3 the stronger 
ondition that the rows of �F 0(bx)C 0(bx)� are independent. In 
ontrast,our 
ondition allows arbitrary dependen
es among the rows of C 0(bx).Note that in view of (8), the 
ondition (10) 
an be written (after res
aling) in the equivalentform � � 0; �+ uT by + bzTDbz = 1; (27)where u is an arbitrary nonnegative ve
tor with uJ > 0, uN = 0 and D is an arbitrarydiagonal matrix with positive diagonal entries. This form is numeri
ally stable in that allmultipliers are bounded and near degenera
ies { whi
h would produ
e huge multipliers inthe Kuhn-Tu
ker 
onditions { are revealed by small values of �. The la
k of a 
onstraintquali�
ation (whi
h generally 
annot be established in �nite pre
ision arithmeti
 anyway)therefore simply appears as the limit � = 0.The formulation (27) is parti
ularly useful for the rigorous veri�
ation of the existen
e of asolution of our re�ned Karush-John 
onditions in the vi
inity of an approximate solution;
f. Kearfott [6, Se
tion 5.2.5℄ for the 
orresponding use of the standard Karush-John
onditions. The advantage of our stronger formulation is that in 
ase there are only fewnon
on
ave 
onstraints, 
ondition (27) involves only a few variables and hen
e is a mu
hstronger 
onstraint if 
onstraint propagation te
hniques [6, 13℄ are applied to the optimality
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