
1Evaluation of dynamical spectra for zero-temperaturequantum Monte Carlo simulations: Hubbard lat-tices and continuous systemsJ. J. DeiszDepartment of Physics, Georgetown UniversityWashington, DC 20057, USAW. von der LindenMax-Planck-Institut f�ur Plasmaphysik, EURATOM AssociationD-85740 Garching b. M�unchen, GermanyR. Preuss and W. HankeInstitut f�ur Theoretische Physik, Universit�at W�urzburg, Am HublandD-97074 W�urzburg, GermanyAbstract. Dynamical spectra for Hubbard lattices and simple atoms are ob-tained using ground state projection (zero-temperature) quantum Monte Carloand the maximum entropy method. For Hubbard lattices we show that resultsare equivalent to those obtained from maximum entropy deconvolutions of low-temperature grand canonical quantum Monte Carlo data. These calculationsare resolution limited and fail to produce the discrete structure of the boundexcited states of hydrogen, although integrated moments of the spectrum areaccurate. However, low-energy structures from ab initio calculations can be in-corporated into the maximum entropy default model to improve the accuracyof this method.1. Quantum Monte Carlo, the maximum entropy method, and dy-namical spectralQuantum Monte Carlo (QMC) algorithms have been developed for a variety ofsystems and models, including the electron gas model, atoms and molecules, theHeisenberg spin model, Anderson impurity models, and Hubbard lattice mod-els. To within statistical precision QMC calculations directly provide equal-time and static (! = 0) quantities, such as energy, compressibility, equal-timecorrelations, and static susceptibilities. Dynamical quantities (! 6= 0) are notcalculated directly in QMC, but it has always been considered desirable to ob-tain spectral features in order to interpret electrical resistivity measurements,neutron scattering, photoemission, and other dynamical probes. Substantialprogress has been made in developing an algorithm for obtaining dynamical



2properties from �nite-temperature quantum simulations. In this paper wedemonstrate that this algorithm is applicable to zero-temperature QMC simu-lations, which we illustrate with a one-dimensional Hubbard lattice model andhydgrogen and helium atoms.A typical quantity evaluated in �nite-temperature simulations is the single-particle Green's function,G(k; �) = � < T�e(Ĥ��N̂)� ĉk;� e�(Ĥ��N̂)� ĉyk;� >; (1)where the brackets indicate the canonical or grand-canonical ensemble aver-age. Since �nite temperature QMC simulations are based upon imaginary-time Feynman path-integrals [1], imaginary-time correlations like Eq.(1) areobtained directly. G(k; �) is related to the single-particle spectral function,A(k; "),A(k; ") = 1ZXs;s0 e��(Es��Ns)(1 + e��") j < sjĉk;�js0 > j2 (2)��("� (Es0 �Es � �));by the integral transformationG(k; �) = � Z 1�1 e�"�1 + e�"� A(k; ") d": (3)However, deconvolution of Eq.(3) to obtain A(k; ") from QMC results forG(k; �) is an ill-posed problem as the QMC data set for G(k; �) is both noisyand �nite.The maximum entropy method (MEM) has been successfully applied toobtain approximate results from Eq.(3). MEM produces a unique result forA(k; ") by biasing towards a default model, m("), which is chosen on the basisof perturbation theory [4], sum-rules [5, 6], or simply taken as constant. Biasingis a�ected by maintaining large values for the entropy functional,S(A;m) = � Z 1�1 d" [A(k; ") ln(A(k; ")=m("))�A(k; ") +m(")]: (4)There are several choices for balancing between default model bias and pro-ducing a tight �t to QMC results for G(k; �) [3]. It is generally true that theMEM result for A(k; ") has the favorable property that spectral features appearrelative to m(") only if justi�ed by QMC data. Thus, spurious results from theill-posed deconvolution are avoided.The success of this scheme is evident in the number of systems to whichit has been successfully applied, such as Anderson impurity models [4], one-and two-dimensional Hubbard lattices [7, 6], and Heisenberg antiferromagnets



3[8, 9]. MEM deconvolutions are now a standard tool for analysis of data from�nite-temperature QMC simulations.This is not yet the case for zero-temperature or ground state calculations,possibly due to the lack of a periodic time-axis to make time-dependent func-tions simple to identify. Nonetheless, it has been shown that such time-dependent correlations can be evaluated for both Hubbard lattice systems [10]and two-electron atoms and molecules [11].Imaginary-time ground-state expectation values are given by,SQ̂Q̂(�) �< Q̂y(�) Q̂(� = 0) >�<  oje�Ĥ Q̂y e��Ĥ Q̂j o >; (5)where j o > is the ground state. SQ̂Q̂(�) has the spectral decompositionSQ̂Q̂(�) =Xm e�(Em�Eo) � j <  mjQ̂j o > j2 (6)which is related to the dynamical structure factor or spectral function,SQ̂Q̂(!) =Xm j <  mjQ̂j o > j2�(! � (Em �Eo)) (7)by a Laplace transform,SQ̂Q̂(�) = Z 10 e�!� SQ̂Q̂(!) d!: (8)Thus, once imaginary-time correlation functions are evaluated, the extractionof dynamical information via Eq.(8) is essentially equivalent to obtaining dy-namical information at �nite temperature. We will demonstrate that the zero-temperature dynamical method suggested for Hubbard lattices [10] is as ef-fective as the �nite-temperature calculations which have more numerously ap-peared in the literature. We also place dynamical calculations for continuoussystems [11] in the QMC+MEM framework and demonstrate via calculation ofdynamics for hydrogen and helium atoms the energy resolution one obtains inQMC studies of such systems.2. Numerical evaluation of imaginary-time correlations for Hubbardlattice modelsIf a trial state, j T >, has a �nite overlap with the ground state j o >;<  oj T >= co; jcoj > 0;then, in the limit � is large, exp(��Ĥ) projects the ground state from j T >:e��Ĥ j T > = Xm e��Em <  mj T > j m > (9)' e��Eo <  oj T > j o >; � !1: (10)



4De�ning ~SQ̂Q̂(� j�1; �2;  T ) as~SQ̂Q̂(� j�1; �2;  T ) = <  T je��2Ĥ e�Ĥ Q̂y e��Ĥ Q̂ e��1Ĥ j T ><  T je��2Ĥ e��1Ĥ j T > (11)and choosing �1 and �2 su�ciently large so thate��1Ĥ j T >' co e��1Eo j o > (12)and e�(�2��)Ĥ j T >' co e�(�2��)Eo j o >; (13)then ~SQ̂Q̂(� j�1; �2;  T ) ' SQ̂Q̂(�): (14)Henceforth, it is assumed that �1; �2 are su�ciently large so that the di�erencebetween ~SQ̂Q̂ and SQ̂Q̂ is exponentially small and can be ignored.When Ĥ is the Hamiltonian for interacting particles, analytic results forEq.(11) are generally unobtainable and numerical solution rapidly becomesinfeasible as the size of the multi-particle Hilbert space increases. However, aMonte Carlo algorithm for evaluating Eq. (11) for equal time operators (� = 0)has been developed and implemented for Hubbard lattice models [?] describedby Hamiltonia of formĤ = Ĥo + ĤI (15)whereĤo =Xk;� �kn̂k;� (16)is the hopping or kinetic energy part of the Hamiltonian andĤI = UXr;� n̂r;"n̂r;# (17)describes on-site Coulomb repulsion. We brie
y review here the algorithm withthe �nite � extension.Without approximation SQ̂Q̂(�) is written asSQ̂Q̂(�) = <  T j( 1YiL=m e���Ĥ) Q̂y ( m+m0YiR=m+m0�l+1 e���Ĥ) (18)�Q̂ (m+m0�lYiR=1 e���Ĥ)j T >� <  T j 1YiL=m e���Ĥ m+m0YiR=1 e���Ĥ j T >;



5where m is the number of the intervals of size �� used to project the groundstate from the trial function,m�� = �1 = �2 � �max; (19)and m0 + 1 is the number of imaginary-time values between � = 0 and �maxwhere correlation functions are evaluated,l�� = �; l = 0; 1; � � � ;m0: (20)2m + m0 exponential operators, exp(��� Ĥ), appear in Eq. (11), only therelative position of Q̂ changes within the operator products. This permitsevaluation of correlation functions for all � values with a single simulation. ��is taken to be su�ciently small so that the Trotter approximation,e���(Ĥo+ĤI) = e���Ĥo=2e���ĤIe���Ĥo=2 +O(��3); (21)remains accurate when terms of order ��3 are ignored. The discrete Hubbard-Stratonovic transformation [15];e���ni;"ni;# = 12 X�=�1 e2a�(ni;"�ni;#)�U��(ni;"+ni;#)=2; (22)tanh2 a = tanh(�� U=4); (23)transforms Eq.(18 toSQ̂Q̂(�) = P�i;rW (�)S�̂QQ̂(�)P�i;rW (�) (24)whereS�̂QQ̂(�) =<  T j(Q1iL=m e���ĥ(�iL ) Q̂y (Qm+m0iR=m+m0�l+1 e���ĥ(�iL )) (25)�Q̂ (m+m0�lYiR=1 e���ĥ�iR )j T >� <  T j 1YiL=m e���ĥ(�iL ) 1YiR=m+m0 e���ĥ(�iR )j T >and W (�) =<  T jm+m0YiL=1 e���ĥ(�iL ) 1YiR=m e���ĥ(�iR )j T > : (26)Each con�guration of �elds, �i;r, (space and/or time indices for � are notalways explicitly given in the above and subsequent expressions) describes a



6spatially- and time-dependent non-interacting fermion system. The advantageof evaluating W (�) and S�̂QQ̂(�) for a non-interacting system is gained at theexpense of having to evaluate these expressions for all �eld con�gurations �i;r.This is generally prohibitive since a large number of �elds is needed to makethe Trotter approximation accurate. However, when W (�) is positive de�nite,or nearly so, importance sampling techniques are used to obtain SQ̂Q̂(�) towithin statistical precision.Evaluation of W (�) and S�̂QQ̂(�) begins by choosing a trial state which onthe basis of symmetry properties is expected to have a �nite overlap with theground state. j T > is taken to be a single Slater determinant,j T >= ĉyN � � � ĉy1j0 > (27)where, ĉy1 is the creation operator for a particle in the state with quantum num-bers described by the number \1." Because the Hubbard-Stratonivich trans-formation produces Hamiltonia, ĥ(�i;r), without particle-particle interactions,the evolved state remains a Slater determinant,NstepsYi=1 e��� ĥ(�i)ĉyN � � � ĉy1j0 >= ~̂cyN;1!Nsteps � � � ~̂cyN;1!Nsteps j0 >; (28)wherê~cyn;1!Nsteps = NstepsYi=1 e��� ĥ(�i) ĉyn 1Yi=Nsteps e�� ĥ(�i) (29)= Xr < �rj~�n;1!Nsteps > ĉyr: (30)The norm of the imaginary-time propagated single-particle state described bythe operator ~̂cyn;1!Nsteps does not remain equal to unity. Further, unlike thereal-time propagator, the overlap of single-particle states does not remain con-stant. For fermion systems only the orthogonal components of the ~̂cyn;1!Nsteps .It is perfectly valid and necessary for numerical stability to periodically orthog-onalize the N -single electron states as they are evolved in imaginary time.After these state are evolved through all time steps the weight functionbecomes,W (�) =< 0j~̂c1;1L!mL � � � ~̂cN;1L!mL ~̂cyN;1R!m+m0R � � � ~̂cy1;1R!m+m0R j0 >;(31)whose numerical value is given by the determinant of the single-particle overlapmatrix,W (�) = Det < ~ i;1L!mL j ~ j;1R!m+m0R > : (32)



7For the evaluation of S�̂QQ̂(�) we consider the operators Q̂ = ĉyr, Q̂y = ĉr0SQ̂Q̂ � G+(r; � ; r0; � = 0) �<  ojeĤ� ĉr e�Ĥ� ĉyr0 j o > (33)describes the particle-addition spectrum. To evaluate the numerator of Eq.(11),the trial function is �rst propagated m+m0 � l steps,m+m0�lYiR=1 e��� ĥ(�iR )j T >= ~̂cyN;(1R!m+m0�lR) � � � ~̂cyN;(1R!m+m0�lR)j0 >;(34)upon which a particle is added at r0,ĉyr0 iR=m+m0�lY1 e��� ĥ(�iR )j T >= ĉyr0 ~̂cyN;(1R!m+m0�lR) � � � ~̂cy1;(1R!m+m0�lR)j0 >(35)and that state is propagated l more time steps,m+m0YiR=m+m0�l e��� ĥ(�iR )ĉr0 mYiR=1 e��� ĥ(�iR ) = ~̂cr0;m+m0�lR!m+m0R ~̂cyN;1R!m+m0R � � � ~̂cy1;1R!m+m0R j0 >(36)yieldingG+�(r; � ; r0; � = 0) = < 0j~̂c1;1L!mL � � � ~̂cN;1L!mL ĉr ~̂cr0 (37)�m+m0 � lR ! m+m0R ~̂cyN;1!m+m0R � � � ~̂cy1;1R!m+m0R j0 >� < 0j~̂c1;1L!mL � � � ~̂cN;1L!mL ~̂cyN;1R!m+m0R � � � ~̂cy1;1R!m+m0R j0 > :The numerator of this expression is, like the denominator, numerically equalto the determinant of the overlap matrix. N2 of the elements of this (N +1)�(N +1) overlap are already calculated in evaluating W (�) and it is possible toevaluate this ratio without explicitly evaluating the determinant of the matrixrepresented by the numerator [?].The above expression is nearly equivalent to the expression for evaluatingequal-time Green's functions and it is possible to express G+�(r; � ; r0; � = 0)in terms of equal-time Green's functions,G+�(r; � ; r0) =Xr00 <  r00 j ~ r0;m+m0�lR;m+m0R > G+�(r; � = 0; r00; � = 0);(38)i.e., the time-evolved particle addition Green's function is the sum of the � = 0Green's functions weighted by the amplitude of for an the added electron toevolve from r0 to position r00. Evaluation of the amplitude<  r00 j ~ r0;m+m0�lR;m+m0R >is a single-electron calculation with the Pauli exclusion principle accounted forin the determinants for the equal-time Green's function. Provided the calcu-lation of the equal time Green's function has been stabilized, the naive use



8of Eq.(38) leads to numerically stable results up to at least � = 6 for thecalculations we are about to describe. It is possible, though, to periodicallyorthogonalize the orbital for the added particle with respect to the �lled statesin order to increase the stability of this operation.Although thermal Green's functions obtained in �nite temperature simula-tions describe both particle addition and subtraction, the particle-subtractionGreen's function,G�(r; � ; r0; � = 0) �<  ojeĤ� ĉyr e�Ĥ� ĉr0 j o > : (39)must be explicitly evaluated for zero temperature. The propagation of theannihilation operator is given by~̂cr0;m+m0�lR!m+m0R = m+m0YiR=m+m0�l e���ĥ(�iR )cr0 m+m0YiR=m+m0�l e��ĥ(�iR )(40)= [ m+m0YiR=m+m0�l e��ĥ(�iR )cyr0 m+m0YiR=m+m0�l e���ĥ(�iR )]y(41)The quantity in brackets describes the propagation of a particle starting at r0with Hamiltonia ĥ0 = �ĥ. Thus,G��(r; � ; r0; � = 0) =Xr00 < ~ 0r0;(m+m0�lR!m+m0R)j r00 > G��(r; � = 0; r00; � = 0)(42)where the primed wave function, ~�0 indicates propagation with �ĥ.Density, spin, and current correlation functions are evaluated in termsof G+� and G�� because of the applicability of Wick's theorem for a non-interacting systems. For example, the density correlation functionSnn(r; � ; r0; � = 0) �<  ojeĤ� n̂r e�Ĥ� n̂r0 j o > (43)is determined fromS�nn(r; r0; �) = G+�(r; � ; r; �)G+� (r0; � = 0; r0; � = 0)+G+�(r; � ; r0; � = 0)G��(r; � ; r0; � = 0)(44)where a third single-electron Green's function is evaluated,G+�(r; � ; r; �) = Xr0;r00 < ~ 0r;m+m0�lR!m+m0 j r0 > (45)� <  r00 j ~ r;m+m0�lR!m+m0G(r0; � = 0; r00; � = 0);which corresponds to a Green's function where both the annihilation and cre-ation operator have been propagated to � . While the average of this is thesame as is that for � = 0, for a given �eld con�guration they are di�erent



9and time-displacement is necessary for calculating multi-particle correlationfunctions.Fig. 1 displays results for G+(r; � = 0) for the one-dimensional Hubbardmodel with U = 4t. For an equivalent sample size (20,000) these results are seento be equivalent to those obtained with the grand canonical algorithm at lowtemperature (T = t=16). The lattice size, L = 12, is su�ciently small so thatcomparison may be made with results from exact diagonalization. We makethis comparison on the real-frequency axis after continuing the � -data usingthe maximum entropy method. As is typical for these calculations, the MonteCarlo and maximum entropy does not produce all of the discrete structureof the exact spectra, but provides a qualitatively correct description of thespectral distribution.
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Figure 1: (a) Imaginary-time particle addition correlations fromprojector and grand-canonical quantum Monte Carlo for the half-�lled Hubbard model with 12 sites and U = 4t. (b) Analyticallycontinued particle-addition spectrum versus results from exact di-agonalization. The grand canonical and projector Monte Carloresults are essentially equivalent, broadening the discrete structureof the exact result.Since QMC + MEM dynamical results are correct only to within someresolution limit, quantities which are obtained by integrating over dynamicalspectra are expected to reasonably accurate. For example, the Drude weight,the ! = 0 of the optical conductivity is given byD = � < Ho > �2 Z 10 Sjj(!)! d! (46)



10where Sjj(!) is obtained by analytically continuing the current-current corre-lation functionSjj(�) =< 0jeĤ� ĵe�Ĥ;� ĵj0 > (47)wherêj = �itXr;� (âyr;� âr+1;� � âyr+1;�âr;�): (48)Fig.2 displays results for the Drude weight versus lattice size. For half-�lling,D vanishes in the thermodynamic limit. The projector Monte Carlo results arein good agreement with respect to the �nite-size dependence of this quantity.
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Figure 2: Finite-size dependence of the Drude weight as calculatedfrom exact diagonalization and using a sum-rule with projectorquantum Monte Carlo results for the one-dimensional half-�lledHubbard model with U=4.3. Zero-temperature dynamical calculations for continuous systems.The di�usion Monte Carlo algorithm (DMC) has been utilized for the elec-tron gas model [16], atoms and molecules [17, 18], and periodic atomic lattices[19]. Like the Hubbard model algorithm, DMC uses exp(�Ĥt) as a ground-state projection operator. However, time-dependent particle con�gurations aresampled rather than Hubbard-Stratonovic �elds. Nonetheless it is again possi-ble to evaluate imaginary-time correlation functions of form Eq.(5).



11The time-dependence of ground state projection,j�(t) >= e�tĤ j�(t = 0) >=Xm e�tEm < �mj�(t = 0) > j�m > : (49)is carried out in a coordinate representation j�(t) > is given byj�(t) >= Z dR�(R; t) jR >; (50)where the time-dependent amplitude is determined from the di�erential equa-tion �@�(~R; t)@t = [�Dr2 + V (~R) ] �(~R; t); (51)where D � �h2=2m, and R represents the 3N particle coordinates (the lower-case r indicated lattice positions for Hubbard calculations). De�ning f(R; t) �f =  �T (R)�(R; t) =<  T jR >< Rj�(t) > leads to a second di�erentialequation,�@f(R; t)@t = �Dr2f(R; t)+Elocal(R) f(R; t)+Dr�[f(R; t)~FQ(R)](52)where ~FQ(R) � r(ln j T (R)j2) and Eloc(R) � Ĥ T (R)= T (R). The motiva-tion for de�ning f(R; t) is that �(R; t) is generally both positive and negativewhile f(R; t) will be nearly always positive if the nodal structure of  T (R) isreasonably close to that of the true ground state. This positivity makes f(R; t)more suitable for developing a Monte Carlo algorithm.Generally, Eq.(52) cannot be evaluated exactly. For small �� ,G(R0 ! R);��) = (4�D��)�3N=2 (53)exp(��� [Eloc(R) +Eloc(R0)]=2) (54)� exp(�[R0 �R�D�� ~FQ(R)]2=(4D��) ) (55)is a good approximation for the exact Green's function for Eq.(52) which sat-is�es f(R; t+ �) = Z dR0 G; �) f(R0; t): (56)The long-time limit is necessary for ground state projection so it is necessaryto use repeated application of the approximation for the short-time Green'sfunction:f(R; n��) = Z dR1 � � � dRnG(Rn ! R;��) � � � (57)G(R1 ! R2;��)f(R1; t = 0): (58)



12The con�gurational average of Eloc,< Eloc(R) >= Z dR dR1 � � � W (R;Rn; � � �R1)Eloc(R) (59)whereW (R;Rn; ���R1) = f(R1; t = 0)G(R1 ! R2;��) � � �G(Rn ! R;��)R dRdR1 � � � dR2dRn f(R1; t = 0) G(R1 ! R2; �) � � � G(Rn ! R; �) ;(60)is equal to the ground-state energy in the long-time limit. For the hydrogen andhelium atoms W (R;R1; � � �Rn) is positive de�nite and is used as the samplingweight for the particle con�guration trajectory (R1; ::::;Rn;R).It is possible to evaluate averages of time-displaced operators that are func-tions of particle coordinates and spin,< Q̂(t1 = n1��) Q̂(t1 + � = n2��) > (61)= Z dRdR1dRnW (R;Rn; � � �Rn1 � � � Rn2 R1)Q(Rn1)Q(Rn2):The signi�cance of this average is determined via identities such asZ dR0G(R0;��)Q(R0) f(R0; t) (62)= Xm e�Emt < �mj�(t = 0) > Z dR0G(R0;��) �T (R0)Q(R0)�m(R0)(63)= Xm;n e�Emt < �mj�(t = 0) >< �njQ̂j�m > e�En�� �T (R)�n(R);(64)leads to the result< Q̂(t1 = n1��) Q̂(t1+� = n2��) >=Xm e�(Em�Eo)� j < �mjQ̂j�o > j2:(65)provided both t� t1�� and t1 are su�ciently large to project the ground-statevia Eq.(9). This has the desired form of Eq.(6) so that MEM can be used toobtain dynamical spectra.If Fig. 3(a) we show dipole correlation functions (Q̂ =PNi=1 x̂i) for hydro-gen and helium atoms. Using a 
at default model for 0 � ! � 6a.u. leads tothe MEM result represented by the solid line in Fig. 3(b). Like the Hubbardsimulations, MEM fails to reproduce the discrete spectra. Integrated spec-tral features are obtained more accurately, such as the static polarizability,�xx(! = 0) = R !�1Sxx(!)d! = 2:246 where the exact result is 2.25.QMC-derived dynamical correlations for helium have been reported earlierfor helium [11], but not within the MEM framework. The discrete bound-statespectrum beginning at �E1S!3P ' 0:78a:u: is unresolved and merges with
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Figure 3: (a) Imaginary-time dipole correlations and (b) dipole ex-citation spectra for hydrogen and helium atoms in atomic units.Since excitations lie at high-frequency for these atoms, the quan-tum Monte Carlo + maximum entropy excitation spectra are verybroad. Similar to the Hubbard lattice calculations, the qualita-tively correct spectral distribution produces good results for fre-quency integrated quantities like the static polarizability. Whenthe exact matrix element and frequency is included for the 1s !2px transiton of hydrogen (dotted line) structure related to the dis-crete spectrum begins to appear. This represents the compatabilityof ab initio and QMC calculations for obtaining the best possiblespectrum.excitations above the �rst ionization threshold at � 0:9a:u: The polarizabilityagain agrees fairly well with the expected value, with QMC+MEM giving 0:657which di�ers by 3% from the exact value � 0:675.For systems with more than two electrons, this algorithm must be modi�edbecause of the \sign problem"; G(R0 ! R;��) is supplemented with a �xed-node constrint to ensure positivity [18], which leads to a variational upperbound for the ground state energy.The restriction of paths to remain within a nodal surface of  T (R) preventsidenti�cation of Eq.(61) as the � -dependent correlation function. However,when the true Green's function is used from time slice n1 to n2 and the �xed-node Green's function elsewhere, Eq.(61) becomes< Q̂(t1 = n1��) Q̂(t1 + � = n2��) >FN (66)
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