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Abstract. Dynamical spectra for Hubbard lattices and simple atoms are ob-
tained using ground state projection (zero-temperature) quantum Monte Carlo
and the maximum entropy method. For Hubbard lattices we show that results
are equivalent to those obtained from maximum entropy deconvolutions of low-
temperature grand canonical quantum Monte Carlo data. These calculations
are resolution limited and fail to produce the discrete structure of the bound
excited states of hydrogen, although integrated moments of the spectrum are
accurate. However, low-energy structures from ab initio calculations can be in-
corporated into the maximum entropy default model to improve the accuracy
of this method.

1. Quantum Monte Carlo, the maximum entropy method, and dy-
namical spectral

Quantum Monte Carlo (QMC) algorithms have been developed for a variety of
systems and models, including the electron gas model, atoms and molecules, the
Heisenberg spin model, Anderson impurity models, and Hubbard lattice mod-
els. To within statistical precision QMC calculations directly provide equal-
time and static (w = 0) quantities, such as energy, compressibility, equal-time
correlations, and static susceptibilities. Dynamical quantities (w # 0) are not
calculated directly in QMC, but it has always been considered desirable to ob-
tain spectral features in order to interpret electrical resistivity measurements,
neutron scattering, photoemission, and other dynamical probes. Substantial
progress has been made in developing an algorithm for obtaining dynamical



properties from finite-temperature quantum simulations. In this paper we
demonstrate that this algorithm is applicable to zero-temperature QMC simu-
lations, which we illustrate with a one-dimensional Hubbard lattice model and
hydgrogen and helium atoms.

A typical quantity evaluated in finite-temperature simulations is the single-
particle Green’s function,

Glk,1) = — < Tre 17 gy o~ (H-ul)ral (1)

where the brackets indicate the canonical or grand-canonical ensemble aver-
age. Since finite temperature QMC simulations are based upon imaginary-
time Feynman path-integrals [1], imaginary-time correlations like Eq.(1) are
obtained directly. G(k, ) is related to the single-particle spectral function,
A(k,e)

1
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by the integral transformation

Gk, 7) = f/oo 7 A(k,e)de. 3)
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However, deconvolution of Eq.(3) to obtain A(k,e) from QMC results for
G(k,7) is an ill-posed problem as the QMC data set for G(k, 7) is both noisy
and finite.

The maximum entropy method (MEM) has been successfully applied to
obtain approximate results from Eq.(3). MEM produces a unique result for
A(k, €) by biasing towards a default model, m(e), which is chosen on the basis
of perturbation theory [4], sum-rules [5, 6], or simply taken as constant. Biasing
is affected by maintaining large values for the entropy functional,

S(A,m) = —/ de [A(k,e)In(A(k,e)/m(e)) — A(k,e) + m(e)]. (4)
There are several choices for balancing between default model bias and pro-
ducing a tight fit to QMC results for G(k, ) [3]. It is generally true that the
MEM result for A(k, ) has the favorable property that spectral features appear
relative to m(g) only if justified by QMC data. Thus, spurious results from the
ill-posed deconvolution are avoided.

The success of this scheme is evident in the number of systems to which
it has been successfully applied, such as Anderson impurity models [4], one-
and two-dimensional Hubbard lattices [7, 6], and Heisenberg antiferromagnets



[8, 9]. MEM deconvolutions are now a standard tool for analysis of data from
finite-temperature QMC simulations.

This is not yet the case for zero-temperature or ground state calculations,
possibly due to the lack of a periodic time-axis to make time-dependent func-
tions simple to identify. Nonetheless, it has been shown that such time-
dependent correlations can be evaluated for both Hubbard lattice systems [10]
and two-electron atoms and molecules [11].

Imaginary-time ground-state expectation values are given by,

So0(1) =< QT(1) Q(r = 0) >=< e Qe ™ Qlu, >, (5)
where [¢), > is the ground state. Sy (7) has the spectral decomposition
Soa(r) =D e B BT | < |Qlupy > |? (6)

which is related to the dynamical structure factor or spectral function,
Sao@) =D 1 <¥m|Qltbe > [P(w — (Em — E,)) (7)
by a Laplace transform,
SQQ (T) = /0 e YT SQQ (w) dw. (8)

Thus, once imaginary-time correlation functions are evaluated, the extraction
of dynamical information via Eq.(8) is essentially equivalent to obtaining dy-
namical information at finite temperature. We will demonstrate that the zero-
temperature dynamical method suggested for Hubbard lattices [10] is as ef-
fective as the finite-temperature calculations which have more numerously ap-
peared in the literature. We also place dynamical calculations for continuous
systems [11] in the QMC+MEM framework and demonstrate via calculation of
dynamics for hydrogen and helium atoms the energy resolution one obtains in
QMC studies of such systems.

2. Numerical evaluation of imaginary-time correlations for Hubbard
lattice models

If a trial state, |¢)y >, has a finite overlap with the ground state |1, >;
< olthr >=co, |co| > 0;

then, in the limit § is large, exp(fﬂf]) projects the ground state from |y >:

e P Mpr > = D e < ltor > [th > (9)

m
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Defining S’QQ(T\ﬂhﬂmwT) as

< wT‘6762H e'rf{ QT ef'rfl foﬁlHWJT >

Soo(TIBr, B2, 1) = < Orle A o By S (11)
and choosing (; and (s sufficiently large so that

eI pr > g e BB g, > (12)
and

e B H |y s~ ep e (BT Eo g s (13)
then

Soo(TIB1, Ba, 1) ~ Spa(r). (14)

Henceforth, it is assumed that (1, 3; are sufficiently large so that the difference
between 555 and Sp is exponentially small and can be ignored.

When H is the Hamiltonian for interacting particles, analytic results for
Eq.(11) are generally unobtainable and numerical solution rapidly becomes
infeasible as the size of the multi-particle Hilbert space increases. However, a
Monte Carlo algorithm for evaluating Eq. (11) for equal time operators (7 = 0)
has been developed and implemented for Hubbard lattice models [?] described
by Hamiltonia of form

I:I = -Hg + H[ (15)
where
f]o = Z Ekﬁk’g (16)
k,o

is the hopping or kinetic energy part of the Hamiltonian and
Hr=UY_ fip iy, (17)
r,o

describes on-site Coulomb repulsion. We briefly review here the algorithm with
the finite 7 extension.
Without approximation Sy (7) is written as

1 . R m+m' .
Soo(™ = <url([[ e ™M@t [ e (18)
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where m is the number of the intervals of size At used to project the ground
state from the trial function,

mAT = ﬂl = ﬁZ — Tmaz> (19)

and m’ + 1 is the number of imaginary-time values between 7 = 0 and 7,42
where correlation functions are evaluated,

IAT=7, 1=0,1,---,m'. (20)

2m + m' exponential operators, exp(—Ar ﬁ) appear in Eq. (11), only the
relative position of () changes within the operator products. This permits
evaluation of correlation functions for all 7 values with a single simulation. At

is taken to be sufficiently small so that the Trotter approximation,

efAT(I:Io+I:I1) — 67A7H0/267ATI:I,67ATI:IO/2 + O(ATg) (21)
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remains accurate when terms of order A7? are ignored. The discrete Hubbard-
Stratonovic transformation [15];

e Atnigniy 12 e2a0(ni,¢*ni,i)*UAT("i,T+"i,¢)/27 (22)
o==+1
tanh®a = tanh(A7U/4); (23)

transforms Eq.(18 to

X, W(0) 854 (7)
ao(r) = =, W)

S (24)

where

Sho(m) =< Gr| ([T}, e A7) QE(ITEm e A7)

and
m+m' R 1 R
W(g') =< ’l/}T‘ H efATh(a'iL) H e*ATh(a',-R)|,¢}T > . (26)
i, =1 iR=m

Each configuration of fields, o;,, (space and/or time indices for o are not
always explicitly given in the above and subsequent expressions) describes a



spatially- and time-dependent non-interacting fermion system. The advantage
of evaluating W (o) and SgQ(T) for a non-interacting system is gained at the
expense of having to evaluate these expressions for all field configurations o; .
This is generally prohibitive since a large number of fields is needed to make
the Trotter approximation accurate. However, when W (o) is positive definite,
or nearly so, importance sampling techniques are used to obtain SQQ(T) to
within statistical precision.

Evaluation of W (o) and SgQ(T) begins by choosing a trial state which on
the basis of symmetry properties is expected to have a finite overlap with the
ground state. |1y > is taken to be a single Slater determinant,

W >=¢k - dljo> (27)

where, 61 is the creation operator for a particle in the state with quantum num-
bers described by the number “1.” Because the Hubbard-Stratonivich trans-
formation produces Hamiltonia, ﬁ(oiyr)7 without particle-particle interactions,
the evolved state remains a Slater determinant,

Nsteps

— A7 i(o;) . 2t 2t
H € g )C;rv ces |0 >= CNA—Nyreps " CNJ—Napeps 10> (28)
i=1
where
t Nsteps A 1 R
CnioNuye = J] € 27" el I et (29)
i=1 i=Nsteps
= Y <belbniona.,, > i (30)
r

The norm of the imaginary-time propagated single-particle state described by

the operator 5271%]\,5@5 does not remain equal to unity. Further, unlike the

real-time propagator, the overlap of single-particle states does not remain con-

stant. For fermion systems only the orthogonal components of the ELJ%NMPS.
It is perfectly valid and necessary for numerical stability to periodically orthog-
onalize the N-single electron states as they are evolved in imaginary time.

After these state are evolved through all time steps the weight function
becomes,

_ o o ot ot
W(U) =< O‘Cl,lL—)mL " CN,1p—mp CN,lﬂamﬁ»m’R U c1713—)m+m’n‘0 >/(31)

whose numerical value is given by the determinant of the single-particle overlap
matrix,

W(U) = Det < ’J}i;lLHmL|’¢~}j;1R4’m+m'R > . (32)



For the evaluation of SgQ(T) we consider the operators Q = et Qf = ép

Soo = G (e, 7=0) =< 1/10|6HT & e HT EI,W)D > (33)

describes the particle-addition spectrum. To evaluate the numerator of Eq.(11),
the trial function is first propagated m + m' — [ steps,

+m’ 1

m—+m 7ATiL(0'iR) _:1’ af 0 34
H € Y >= CN,(1g—m+m'—lg) """ CN7(1RA)m+m’7lR)‘ >,(34)
irp=1

upon which a particle is added at r’,

ir=m+m’ —I

At — A7 h(o; At oaf of
Cyr H e ( R)W}T >=Cp CN,(1g—m+m'—lg) """ Cl,(lﬂ—)m+m’flﬂ)|0 >(35)
1
and that state is propagated [ more time steps,
m+m' R m R i i
H e AThlo R)Cr’ H e AThIR) = Cr'mAm/ —lg=m+mp N1 g—smtml, Cl7lgam+m’R‘0 >(36)
ir=m+m'—I ip=1
yielding
, a 2 S
G+U(r: r,T = 0) = < O‘Cl,lL_)mL “*" CN,1g—mg Cr Cr/ (37)
' p oot oooat 0
xXm+m —Ip — m+mR cN,l—)m—{—m’R c1,1;{—)m+m’n| >
;<0|A~ ...z st ... G |0>
: Cl1,1,—-myp, CN1p—mp CN 1 p—m+m), 11 g —m+m!, .

The numerator of this expression is, like the denominator, numerically equal
to the determinant of the overlap matrix. N? of the elements of this (N + 1) x
(N + 1) overlap are already calculated in evaluating W (o) and it is possible to
evaluate this ratio without explicitly evaluating the determinant of the matrix
represented by the numerator [?].

The above expression is nearly equivalent to the expression for evaluating
equal-time Green’s functions and it is possible to express Gt (r,7;1',7 = 0)
in terms of equal-time Green’s functions,

G (e, 7)) =Y < Yoo gty > GTO(r, T = 0ix", 7 = 0),(38)

r

i-e., the time-evolved particle addition Green’s function is the sum of the 7 = 0
Green’s functions weighted by the amplitude of for an the added electron to
evolve from r’ to position r”. Evaluation of the amplitude < ). |1/~Jr',m+m'—lR,m+m'R >
is a single-electron calculation with the Pauli exclusion principle accounted for
in the determinants for the equal-time Green’s function. Provided the calcu-
lation of the equal time Green’s function has been stabilized, the naive use



of Eq.(38) leads to numerically stable results up to at least 7 = 6 for the
calculations we are about to describe. It is possible, though, to periodically
orthogonalize the orbital for the added particle with respect to the filled states
in order to increase the stability of this operation.

Although thermal Green’s functions obtained in finite temperature simula-
tions describe both particle addition and subtraction, the particle-subtraction
Green'’s function,

G (r,m;r',7=0) =< wg\efh él e I Ce o > . (39)

must be explicitly evaluated for zero temperature. The propagation of the
annihilation operator is given by

m+m' R m+m' R
ér’,m+m’fl3—)m+m’R _ H efATh(mR)crl H 6ATh(Uif(210)
ir=m+m’—l ir=m+m’—I
m+m' R m+m' R
_ [ H eATh(aiR)CI, H efATh(criéil)lﬁ
ir=m+m'—I ir=m+m'—I

The quantity in brackets describes the propagation of a particle starting at r
with Hamiltonia h' = —h. Thus,

G T =0) = 3 <O s tn iy e > G (6,7 = 01", 7 = 0)(42)

!

where the primed wave function, ¢’ indicates propagation with —h.

Density, spin, and current correlation functions are evaluated in terms
of GT° and G7 because of the applicability of Wick’s theorem for a non-
interacting systems. For example, the density correlation function

S (.75 ¥ = 0) =< Yol Ap e M i |, > (43)
is determined from
S (v,x's7) =G (v, 71, 7)GT (2,7 = 050’7 = 0)+GT (v, 0,7 = 0)G (v, T T = 0)(44)

where a third single-electron Green’s function is evaluated,
G+U(r= T, T) = Z < w;,m+m’flﬂ—>m+m’ W)I" > (45)
rl 7rll
X < wr” ‘1/)r7m+m’713—)m+m’G(rl7T = 0; I‘”, T = 0)7
which corresponds to a Green’s function where both the annihilation and cre-

ation operator have been propagated to 7. While the average of this is the
same as is that for 7 = 0, for a given field configuration they are different



and time-displacement is necessary for calculating multi-particle correlation
functions.

Fig. 1 displays results for GT(r,7 = 0) for the one-dimensional Hubbard
model with U = 4¢. For an equivalent sample size (20,000) these results are seen
to be equivalent to those obtained with the grand canonical algorithm at low
temperature (T' = ¢/16). The lattice size, L = 12, is sufficiently small so that
comparison may be made with results from exact diagonalization. We make
this comparison on the real-frequency axis after continuing the 7-data using
the maximum entropy method. As is typical for these calculations, the Monte
Carlo and maximum entropy does not produce all of the discrete structure
of the exact spectra, but provides a qualitatively correct description of the
spectral distribution.

.470.
w/t

6.0

Figure 1: (a) Imaginary-time particle addition correlations from
projector and grand-canonical quantum Monte Carlo for the half-
filled Hubbard model with 12 sites and U = 4¢. (b) Analytically
continued particle-addition spectrum versus results from exact di-
agonalization. The grand canonical and projector Monte Carlo
results are essentially equivalent, broadening the discrete structure
of the exact result.

Since QMC + MEM dynamical results are correct only to within some
resolution limit, quantities which are obtained by integrating over dynamical
spectra are expected to reasonably accurate. For example, the Drude weight,
the w = 0 of the optical conductivity is given by

D:f<H0>72/ S5 g, (46)
Jo w
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where S;;(w) is obtained by analytically continuing the current-current corre-
lation function

S;i(r) =< 0l jeH75|0 > (47)
where
j=—ity (af yari10 — iy o). (48)

Fig.2 displays results for the Drude weight versus lattice size. For half-filling,
D vanishes in the thermodynamic limit. The projector Monte Carlo results are
in good agreement with respect to the finite-size dependence of this quantity.

-1.0 o—e@ exact .
[ &—8& QMC + maxent

N
o

8 10 12
L

Figure 2: Finite-size dependence of the Drude weight as calculated
from exact diagonalization and using a sum-rule with projector
quantum Monte Carlo results for the one-dimensional half-filled
Hubbard model with U=4.

3. Zero-temperature dynamical calculations for continuous systems.

The diffusion Monte Carlo algorithm (DMC) has been utilized for the elec-
tron gas model [16], atoms and molecules [17, 18], and periodic atomic lattices
[19]. Like the Hubbard model algorithm, DMC uses exp(—H¢) as a ground-
state projection operator. However, time-dependent particle configurations are
sampled rather than Hubbard-Stratonovic fields. Nonetheless it is again possi-

ble to evaluate imaginary-time correlation functions of form Eq.(5).
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The time-dependence of ground state projection,

@(t) >=e @t =0)>= e B < @t = 0) > @ > . (49)

m

is carried out in a coordinate representation |®(t) > is given by
@) >= [ dRo(R, 1R >, (50)

where the time-dependent amplitude is determined from the differential equa-
tion
dp(R,t . .

SOD L Dv () ] 6l 0, 61)
where D = h”/2m, and R represents the 3N particle coordinates (the lower-
case r indicated lattice positions for Hubbard calculations). Defining f(R,t) =
f = ¥v5R)$(R,t) =< ¢r|R >< R|®(t) > leads to a second differential
equation,

Of(R,t)
ot

where Fip(R) = V(In|¢pr(R)[%) and Ejo.(R) = Hpr(R)/1hr(R). The motiva-
tion for defining f(R,t) is that ¢(R,t) is generally both positive and negative
while f(R,t) will be nearly always positive if the nodal structure of ¥ (R) is
reasonably close to that of the true ground state. This positivity makes f(R,?)
more suitable for developing a Monte Carlo algorithm.

Generally, Eq.(52) cannot be evaluated exactly. For small Ar,

= ~DV*f(R, 1)+ Eiocat(R) f(R,1)+DV-[f(R, ) Fo(R)](52)

G(R' - R),A7) = (47D Ar)~3N/2 (53)
exp(—AT[Ejoe (R) + Eoe(R")]/2) (54)
x exp(—[R' — R — D ArFy(R)]?/(4D A7) ) (55)

is a good approximation for the exact Green’s function for Eq.(52) which sat-
isfies

FRt+T) = /dR’ G,7) f(R,1). (56)

The long-time limit is necessary for ground state projection so it is necessary
to use repeated application of the approximation for the short-time Green’s
function:

f(R,nAT) = /dR1 - dR,GR, - R,AT) - -- (57)
G(Ry = Ro, Ar)f(Ra,t = 0). (58)
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The configurational average of Ej,.,
< Ej(R) >= /dR dR,y -+ W(R,R,,, ---R1)Ej.(R) (59)
where

W(R, Rn7 Rl)

f(Rl,t = 0)G(R1 — RQ,AT) - G(Rn — R,AT)

is equal to the ground-state energy in the long-time limit. For the hydrogen and
helium atoms W (R, Ry, ---R,,) is positive definite and is used as the sampling
weight for the particle configuration trajectory (R4, ...., R,, R).

It is possible to evaluate averages of time-displaced operators that are func-
tions of particle coordinates and spin,

< Q(ty = mAT) Qb1 + 7 = noAT) > (61)
= /deRlanW(R,Rn, Ry, - R, R1)Q(R,,) Q(Ryy).

The significance of this average is determined via identities such as
[ arGr, anom) fr'.y (62)

= Y et <0t =0) > / AR G(R', A7) (R))Q(R) by (BS)

m

Yo e < By |0t = 0) >< Bo|Q[ @ > P ATYL(R) b (R)64)

m,n

leads to the result

" [dRdR, - - - dRydR,, f(Ry,t=0) GR; — Ry, 7) - -

- GR, = R,T)

< Qtr = mAT) Q(tr+7 = npA7) >= Y e P F)7| < 3,|Q|®, > |*.(65)

provided both t —t; — 7 and ¢; are sufficiently large to project the ground-state
via Eq.(9). This has the desired form of Eq.(6) so that MEM can be used to
obtain dynamical spectra.

If Fig. 3(a) we show dipole correlation functions (Q = Zf;l z;) for hydro-
gen and helium atoms. Using a flat default model for 0 < w < 6a.u. leads to
the MEM result represented by the solid line in Fig. 3(b). Like the Hubbard
simulations, MEM fails to reproduce the discrete spectra. Integrated spec-
tral features are obtained more accurately, such as the static polarizability,
Xoz(w =0) = [w 1S, (w)dw = 2.246 where the exact result is 2.25.

QMC-derived dynamical correlations for helium have been reported earlier
for helium [11], but not within the MEM framework. The discrete bound-state
spectrum beginning at AFi1g_,sp ~ 0.78a.u. is unresolved and merges with

,(60)
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Figure 3: (a) Imaginary-time dipole correlations and (b) dipole ex-
citation spectra for hydrogen and helium atoms in atomic units.
Since excitations lie at high-frequency for these atoms, the quan-
tum Monte Carlo + maximum entropy excitation spectra are very
broad. Similar to the Hubbard lattice calculations, the qualita-
tively correct spectral distribution produces good results for fre-
quency integrated quantities like the static polarizability. When
the exact matrix element and frequency is included for the 1s —
2p,. transiton of hydrogen (dotted line) structure related to the dis-
crete spectrum begins to appear. This represents the compatability
of ab initio and QMC calculations for obtaining the best possible
spectrum.

excitations above the first ionization threshold at ~ 0.9a.u. The polarizability
again agrees fairly well with the expected value, with QMC+MEM giving 0.657
which differs by 3% from the exact value ~ 0.675.

For systems with more than two electrons, this algorithm must be modified
because of the “sign problem”; G(R' — R, A7) is supplemented with a fixed-
node constrint to ensure positivity [18], which leads to a variational upper
bound for the ground state energy.

The restriction of paths to remain within a nodal surface of ¢1(R) prevents
identification of Eq.(61) as the 7-dependent correlation function. However,
when the true Green’s function is used from time slice n1 to ny and the fixed-
node Green’s function elsewhere, Eq.(61) becomes

< Q(ty = mAT)Q(ty + 7 = maAT) >pN (66)
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= D [ <oEMQISEN > 1Pe Pr N | < ¢f N (g > e T (67)

W becomes negative in this calculation, but the average sign depends on 7
rather than the longer time ¢ needed for both ground state projection and
dynamical propagation. We have not yet performed calculations to verify the
usefulness of this approach.

Results from ab initio calculations can be used to improve these results.
For atoms and molecules with a small number of electrons, accurate oscillator
strengths and transition energies can obtained with ab initio methods. These
results can be included in the default model, m(w), so that MEM is not forced
to reproduce the part of the spectrum which is known. This is especially
valuable when the sign problem limits the 7 values over which correlations
can be evaluated. High-frequency parts of the spectrum are most strongly
represented in the short-time correlations which may be accessible via Eq.(66).

In order to illustrate this idea, we have performed two MEM deconvolutions
for hydrogen, both of which are shown in Fig. 3(b). The solid line is the
spectrum derived using a flat default model which begins at zero-frequency.
The dotted line used the exact oscillator strength and transition energy for the
1s — 2p, excitation. The dotted line begins to show the discrete structure
of the hydrogen spectrum, but produces essentially equivalent results at high
frequencies.
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