
Dimensionally constrained energy con�nement analysisof W7-AS dataV. Dose, R. Preuss, and W. von der LindenMax-Planck-Institut f�ur Plasmaphysik, EURATOM AssociationD-85748 Garching b. M�unchen, Germany(February 12, 1998)AbstractA recently assembled W7-AS stellarator database has been subject to di-mensionally constrained con�nement analysis. The analysis employs Bayesianinference. Dimensional information is taken from the Connor-Taylor similar-ity transformation theory which provides six possible physical scenarios withassociated dimensional conditions. Bayesian theory allows to calculate theprobability for each model and we �nd that the present W7-AS data are mostlikely described by the collisionless high-beta case. Probabilities for all modelsand the associated exponents of a power law scaling function are presented.
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I. INTRODUCTIONThe description of plasma energy con�nement via global scaling expressions dates backto the seventies [1,2]. Numerous scaling relations have been published since derived fromever increasing data sets. From the experimental point of view scaling laws are useful forcomparing di�erent con�nement regimes and for inter-machine performance comparison.The functional form of the scaling law is unknown. Initial assumption of a power lawdependence of the plasma energy content on variables as density, magnetic �eld, geometryscale and others has survived up to now because of convenience and simplicity. In fact ina log linear form the tempting beauties of linear algebra can be recovered. The remarkablepersistence of these simple expressions is also due to the good job that several of them,derived from small and mid sized machines, have done in predicting the performance ofmuch larger devices. In fact W7-X and ITER performance predictions rest on extrapolationof currently available power law scaling expressions. Uncertainties in the exponents of thevariables have recently raised a discussion [3] on ITER performance prediction. These shouldnot have come as a surprise to the community since already Riedel [4] has pointed out, thatthe equations, from which the exponents are derived, are severely ill conditioned. Thismeans that one or more eigenvalues of the matrix are very small compared to the trace. Insuch a case a large fraction of the associated eigenvectors may be added to the exponentsolution vector ~� with only minute sacri�ces in the goodness of �t. We note in passing thatthe incorporation of ever more variables in the global scaling expression drives this situationworse and needs suitable attention. Despite of their relative success in the past, there isno reason to assume that power scaling laws represent the relevant plasma physics [5] andother relations like o�set linear scaling have been shown to perform equally well [6].In addition to providing engineering guide lines for next generation machine construc-tion, con�nement scaling studies \have the potential of giving critical information for under-standing the underlying nature of radial transport" [5]. In fact, attempts to relate observedscaling laws to basic and strict physical constraints dates back to the mid seventies [7]. In2



particular Connor and Taylor [8] explored the invariances of the basic equations of plasmabehavior under similarity transformations and derived constraints on exponents of powerlaw scaling expressions characteristic for di�erent basic physics assumptions. Comparison oftheir relations with the then known empirical results of Hugill and She�eld [1] showed \thatthe values (of exponents) are incompatible with any of the plasma models (treated in thispaper) and that the discrepancies exceed quoted uncertainties". This situation has largelyimproved with the currently available much more precise data. Consequently dimensionallyexact scaling studies have been performed in the last years. We mention in particular thework of Christiansen et al. [6]. These authors imposed the dimensional constraint, resultingfrom the Connor/Taylor invariance argument as a sti� auxiliary condition in their regres-sion analysis and tried to infer the physical model represented by the data adopting theF-test of classical statistics. The essential quantity in this test is the di�erence between themean square error of a free and a dimensionally exact �t. As a result they found that intheir \subset of data" exponents of a power law could always be arranged to satisfy the 3degrees of freedom collisional high-� model in the Connor/Taylor terminology. Results onhierarchically lower models with 2 and 1 degrees of freedom could not be obtained. This isthe purpose of the present paper. Our aim is to provide and demonstrate a procedure whichquanti�es the extent to which (the presently used) W7-AS data follow a particular modelout of the six choices o�ered by Connor and Taylor. The data set consists of the W7-ASpart of the recently published international stellarator data base [9]. We shall not requirethe power law exponents to satisfy the Connor/Taylor [CT] relations exactly. Instead, afterconstruction of an appropriate measure, we shall investigate how closely the data satisfy aparticular model. We consider this to be a better suited strategy in view of the fact thatwe have no rigorous reason at all to assume that plasma behavior may be adequately repre-sented by a power law. We therefore call our results dimensionally constrained as opposed todimensionally exact. Let us mention in this context that Connor and Taylor never claimeda single power law term whose exponents satisfy dimensional constraints as a function rep-resenting plasma con�nement. In fact they express a general dimensionless function in a3



series of dimensionally exact power law terms. We are currently exploring this route.In the subsequent analysis we shall assume that energy con�nement in W7-AS may bedescribed in form of a simple power law term. We shall then decide to what extent thissingle power law term satis�es the CT relations. We shall �nally employ Bayesian inference[10] in order to derive for each CT model exponent sets which approach the CT dimensionalrelation as close as possible at an as small as possible expense in data �t. Bayesian theoryallows further and most importantly to quantify the probability of each of the six CT modelsin the light of the data and therefore answers for the �rst time in the by now long historyof con�nement analysis the question which physical model explains the given data best.Since we assume that this probability theory is not common knowledge among the readersof nuclear fusion we shall devote an entire chapter to derive and explain the ideas andprocedures. On the other hand, readers who are familiar with Bayesian inference may ofcourse skip this section and proceed directly to chapter III.II. BAYESIAN INFERENCEStatistical inference in the Bayesian formulation is a calculus based on two simple axioms:the sum rule p(HijI) + p(HijI) = 1 (1)and the product rule p(Hi; DjI) = p(HijI)p(DjHi; I) : (2)We consider hypotheses, which we might have reason to formulate in the light of somebackground information I. The sum rule simply states that the probability that a particularhypothesis Hi is true plus the probability that the negation �Hi of Hi is true add up to one.Similarly, the product rule states that the probability for Hi and D being true given thebackground information I may be expressed as the probability for Hi being true conditional4



on I times the probability for D given that Hi is true. Sum and product rules may bewritten in a slightly di�erent way. In the course of this work we shall be dealing withmutually exclusive hypotheses so that if one particular hypothesis is true then all the othersare false. For such a case the sum rule generalizes top(Xi HijI) =Xi p(HijI) = 1 : (3)We call this the normalization rule. Reformulation of the product rule follows from analternative expansion of (2). Due to the symmetry in the arguments (Hi; D) we may alsowrite p(Hi; DjI) = p(DjI)p(HijD; I) : (4)Combining (2) and (4) we arrive at Bayes' theoremp(HijD; I) = p(HijI)p(DjHi; I)p(DjI) : (5)Bayes' theorem constitutes a recipe of learning. The probability p(HijI) is called the priorprobability for Hi, that is the probability which we assign to Hi being true before an experi-ment designed to test Hi has been performed and new data D become available. p(HijD; I)is correspondingly the posterior probability for Hi being true in the light of the newly ac-quired data D. p(DjHi; I) is the probability for the data, given that Hi is true and isnormally called the likelihood. Finally, p(DjI) is the global likelihood for the entire classof hypotheses and is usually called the evidence. p(DjI) is not independent of the otherprobabilities but may be obtained by application of the sum and product rule:p(DjI) =Xi p(Hi; DjI) =Xi p(HijI)p(DjHi; I) : (6)In this form p(DjI) is the sum over all possible numerators in (5) and thus has the meaningof a normalization constant.Bayes' theorem leads us directly to the solution of the important problem of model com-parison. If we associate with Hi the six models resulting from the Connor/Taylor invariance5



relations and withD the con�nement data set of a particular experiment then our prominentgoal will be to determinep(HijD; I)p(HkjD; I) = p(HijI)p(HkjI) p(DjHi; I)p(DjHk; I) = p(HijI)p(HkjI)Bik = Oik : (7)The ratio of posterior probabilities p(HijD; I) and p(HkjD; I) is also called the odds ratioOik. Note that p(DjI) has dropped out. The odds ratio factors into the prior odds ratioand the Bayes factor Bik. The prior odds ratio is in many cases equal to one. This isbecause our experiment is usually performed in order to reveal whether we should preferp(HijD; I) or p(HkjD; I) and consequently a natural prior state of knowledge is that we haveno reason to favor one model against another. We shall adopt this standpoint in treatingthe Connor/Taylor (CT) models. Having calculated the odds ratios Ok1 of all models k withrespect to model 1 we can then �nd the posterior probability for each model fromp(HkjD; I) = Ok1Pj Oj1 ; (8)where the sum is over all models and of course O11 = 1. We postpone a further discussionof the model comparison problem to the end of this paragraph and turn meanwhile to theparameter estimation problem. The parameters in our particular problem are of course theexponents of the power law scaling expression. So within each model we have a further classof hypotheses which is not given by discrete numbers but rather by the continuous valuesof a set of parameters ~� which characterize model H. The previous probabilities changeaccordingly to probability densities such thatp(~�jH; I)d~� (9)is the probability that the true values of the parameter set lies in the interval [~�; ~� + d~�].The above product and sum rules hold for densities with all sums replaced by integrals. Theprevious normalization (6) becomes accordinglyp(DjH; I) = Z d~� p(~�jH; I) p(Dj~�;H; I) : (10)6



We shall use (10) also in the formp(D; ~�1jH; I) = Z d~�2 p(~�2jH; I) p(D; ~�1j~�2; H; I) ; (11)which we call marginalization. Marginalization is an exceedingly important ingredient ofBayesian inference. It allows us to eliminate parameters from our calculation which areessential but whose particular values are uninteresting. Such parameters are also callednuisance parameters. We shall make extensive use of the marginalization technique in therest of this paper. We note in passing that marginalization constitutes the probably mostimportant advantage of Bayesian inference over standard frequentists' statistics.We shall now continue and �nish the discussion of model comparison which is vital forthe topic of this paper. Consider in particular two models H1 with a single parameter andH2 with two parameters. You might associate H1 with the collisionless low-� and H2 witheither the collisionless high-� or the collisional low-� CT models. In order to evaluate (7) wehave need to calculate (10). We follow Gregory and Loredo [11] in a qualitative evaluationof (10). Let us denote by ~̂� the parameter vector for which the likelihood p(Dj~�;H; I)attains its maximum. We now assume that the likelihood function is sharply peaked ascompared to the prior p(~�jH; I). This is the normal case, where the measurement containsinformation considerably more detailed than the prior. The integral in (10) may consequentlybe approximated byp(DjHk; I) � p(~̂�jHk; I) Z d~� p(Dj~�;Hk; I) : (12)If the parameter space ~� is k-dimensional then (12) may be further approximated byp(DjHk; I) � p(~̂�jHk; I)p(Dj~̂�; Hk; I) (��)k : (13)where �� speci�es the \width" of the likelihood-function. From the normalization require-ment for the prior, 1 = Z d~� p(~�jHk; I) = p(~̂�jHk; I) (��)k ; (14)7



we �nally obtain p(DjHk; I) � p(Dj~̂�; Hk; I) ���� !k : (15)Now we are ready to discuss the Bayes factor Bkj in (7) for two hierarchical models Hk andHj with k and j parameters respectively and j < k,Bkj = p(Dj~̂�; Hk; I)p(Dj~̂�; Hj; I)  ���� !k�j : (16)Since j < k, it follows strictly that p(Dj~̂�; Hj; I) � p(Dj~̂�; Hk; I) since Hk contains moreparameters than Hj and all parameters of Hj are contained in the set of Hk and morefree parameters allow a better �t to the data. The �rst ratio in (16) is therefore always� 1. We then turn to the ratio of volume elements. We consider the normal case that ourmeasurement sharpens appreciably our prior knowledge. The amount of uncertainty of ourprior knowledge is expressed as the range �� over which the prior is appreciably di�erentfrom zero. For reasonably accurate data we then have always �� � ��. In the subsequentspeci�c calculations the ratio will turn out to be of the order 10�3. The second term in (16)is therefore always < 1 and becomes even smaller as the di�erence in dimension of modelk and model j increases. This parameter space factor penalizes consequently the inclusionof more parameters and is termed Occam's razor. In order that the Bayes factor becomeslarger than one, e.g. the probability for the complexer model k exceeds that of the simplermodel j, it is necessary that an increase in the likelihood ratio overcompensates the penaltyin parameter space volume.III. THE LIKELIHOOD FUNCTIONLet Wi be the i-th measurement of the plasma energy content of a toroidal magneticcon�nement device. Similarly let ni, Bi, Pi and ai be density, magnetic �eld, heating powerand minor radius. For the data we are treating in this paper there is a further dimensionlessvariable �i, the rotational transform. The data set consists of N=250 measurements and has8



been described in detail in [9]. Our summary presented in Table I is drawn from this work.We then wish to model the plasma energy content Wi asWi = e�cn�ni B�Bi P �Pi a�ai ���i + "i : (17)The constant factor has been expressed as e�c for calculational convenience. Let us furtherabbreviate the power law expression as f(~��; ti) where ~�� is the exponent vector and ti sum-marizes the variables ni; Bi; Pi; ai; �i. We assume a Gaussian error statistics with constantabsolute error leading to [12]p( ~W j~��; !; I) = � !2��N2 exp(�!2 NXi=1 (Wi � f(~��; ti))2) : (18)The hyperparameter ! is related to the noise level by h"2i = 1=!. As compared to (10) weidentify the data vector ~W with D. A comment on the choice of variables is in order atthis place. Of course from the plasma energy content W the con�nement time is derived as� = W=P , and (17) is usually written in terms of con�nement times �i. We prefer to use (17)in terms of the directly measured quantity W . The two versions are exactly equivalent inthe case that we deal with the logarithms of equation (17) as is usually done. In this paperwe shall deal with the basic nonlinear form of (17) since it's solutions are bias free [13]. Inthis case it does matter whether � or W is chosen as the dependent variable since divisionof (17) by P introduces error correlations in the measurements of left and right hand sidequantities.Returning to (17) we see that the vector ~�� may be partitioned into ~� = (�n; �B; �P ; �a)and (�c; ��). While the components of ~� will enter our later dimensional constraints, theparticular values of �c and �� are uninteresting in the frame of the present analysis. TheBayesian way to get rid of them is to marginalize over. From the product rule we havep( ~W; �c; ��j~�; !; I) = p(�c; ��jI)p( ~W j�c; ��; ~�; !; I) ; (19)and from the sum rule it followsp( ~W j~�; !; I) = Z d��d�c p(�c; ��jI)p( ~W j�c; ��; ~�; !; I) : (20)9



Assuming complete ignorance about the values of �c and �� the appropriate prior probabilitydistribution is a uniform distribution over large but �nite intervals Vc and V�, respectively[14]. With this assignment we can proceed to evaluate the integral in (20). To performthis integration directly is impossible and we therefore use the method of steepest descent.De�ne ~�2 = NXi=1 (Wi � f(~��; ti))2 : (21)Then up to second order terms~�2 = ~�2o +Xk @ ~�2@��k���k + 12Xk;l @2 ~�2@��k@��l ���k���l ; (22)with ���k = ��k � ��km : (23)Now let ��km denote the position of the minimum of ~�2. Numerical values for ��km togetherwith the associated errors are collected in table II. At this point the gradient term in (22)vanishes and ~�2 = ~�2o + 12Xk;l ~Hkl���k���l : (24)Comparison of (22) and (24) de�nes the elements of the Hesse matrix ~H. We shall nowseparate the quadratic form (24) into one part containing the variables of ~� and anothercontaining �c and �� only. To this end we partition ~H into~H = 0BB@ Uo VV T Wo 1CCA ; (25)and correspondingly � ~��T = (�~�; ~y), with ~y = (��c;���). This yields� ~��T ~H�~�� = �~�TUo�~� + 2~yTV T�~� + ~yTWo~y : (26)The integral (20) now becomes 10



p( ~W j~�; !; I) = � !2��N2 1Vc 1V� exp��!2 ~�2o� exp��!2�~�TUo�~��� Z d~y exp��!2 �~yTWo~y + 2~yTV T�~��� : (27)Next we complete the square in the integrand of (27). With Vc and V� su�ciently large,such that the �nite limits may be replaced by in�nite limits of integration, we obtain themarginal distributionp( ~W j~�; !; I) = � !2��N2 �1 1VcV� 1qdet(Wo) exp��!2 ~�2o� exp��!2�~�TH�~�� : (28)with H = Uo � VW�1o V T ; (29)the reduced Hesse matrix, which is of central importance for the rest of this paper.IV. DIMENSIONAL CONSTRAINTSThe invariance principles invoked by Connor and Taylor [8] dictate that if the equationsdescribing the plasma physics in a toroidal magnetic con�nement device remain invariantunder similarity transformations, then any transport quantity derived from them no matterwhether the calculation is tractable or not must exhibit the same scale invariance. In termsof the notation of the present paper the CT results can be summarized asW / na4RB2 � Pna4RB3�p � na3B4�q �na2�r ; (30)with exponents p; q; r as given in table III. In addition to the previously de�ned quantitiesthe major radius of the device R shows up in (30). Since we consider data of a singlemachine in this paper, the R dependence of (30) can be absorbed in the proportionality. Ifwe alternatively write W / n�nB�BP �P a�a ; (31)comparison of exponents between (30) and (31) leads to linear relationships11



~� = ~c+ L~x : (32)For the example of a collisionless high-� plasma we have explicitly�n = 1� x� z�B = 2� 3x�P = x�a = 4� 4x� 2z ~c = 0BBBBBBBBBB@
1204
1CCCCCCCCCCA L = 0BBBBBBBBBB@

�1 �1�3 01 0�4 2
1CCCCCCCCCCA : (33)

Depending upon the CT model the number of degrees of freedom NP reduces from originallyM = 4 exponents �i to one, two or three. The corresponding parameter vectors are ~x = x,~x = (x; y)T or ~x = (x; y; z)T . In (32) the new parameters in ~x can be eliminated in favor ofNlr =M �NP (see table III) linear relationships for the exponents ~�.d� = b̂T� ~� ; � = 1 : : :Nlr : (34)The equations represent normal forms of hyperplanes. The normal vectors b̂� form anorthonormal set of vectors. Equation (34) may be used to construct a measure of how closea particular exponent vector ~� falls to the dimensionally correct form of a particular plasmamodel: Q = NlrX�=1 �b̂T� ~�� d��2 : (35)The second column in table IV gives Q=Nlr for the components of ~�m at the maximum ofthe likelihood function. Our Q-measure (35) shows that the maximum likelihood vector ~�mfalls closest to the collisionless high-� model. Models 1, 2 and 4 exhibit similarly small Qvalues while the two 
uid models lie far from the maximum likelihood solution ~�m. We mayalso ask the more detailed question of how far the individual exponents (�mi ) are away fromthe dimensionally exact case. To this end we seek the smallest deviations ��i = �i � �mifrom the maximum likelihood solution which ful�ll the dimensional constraints (34). Thisis achieved upon minimizingQ� = MXi=1��2i + NlrX�=1�� �b̂T� ~�� d��2 ; (36)12



where �� are Lagrange parameters which are determined such that (34) is ful�lled.Since minimization of (36) corresponds to the solution of the underdetermined systemof equation (34) in singular value approximation we call ��i the singular value deviates.The ��i need not be small here and will in fact turn out to be of comparable magnitudeas ~�m for the two 
uid models. They are given in columns 3 through 6 in table IV. As analternative to this procedure the dimensional constraints have been rigidly imposed in thedetermination of a constrained maximum likelihood solution and the corresponding �2o [6]has been used as an indicator of how well a particular model is represented by the data.This procedure does only rule out the 
uid models but fails to discriminate convincinglybetween the four kinetic models for the present data. Both procedures are however ad hoc.There is no reason why we should expect the Q-measure (35) to be zero for exponent vectors~� derived from noisy measurements even if the physics was correctly modeled by a singledimensionally exact power law term. Likewise, if we choose to rigidly impose the dimensionalconstraints already in minimizing �2 the noise on the measurement will always lead to thesmallest �2 for the most 
exible model, even if the physics was correctly described by asimpler one. V. DIMENSIONALLY CONSTRAINED SCALINGIn the previously derived likelihood function the data ~W were conditional on ~�. We arenow going to distinguish between several choices for ~� according to the di�erent modelsspeci�ed in the preceding paragraph. Accordingly we are dealing in the following withp( ~W j~�;Hj; !; I) : (37)Our �rst and prominent goal is of course the calculation of p( ~W jHj; I) in order to performthe model comparison (7). In order to proceed we invoke the sum rule to obtainp( ~W jHj; !; I) = Z d~� p( ~W; ~�jHj; !; I) ; (38)which we transform using the product rule to13



p( ~W jHj; !; I) = Z d~� p(~�jHj; I)p( ~W j~�;Hj; !; I) : (39)We have again dropped the ! condition in p(~�jHj; !; I) because of logical independence:knowledge of the noise level of the likelihood function does not add to our prior knowledgeon ~� which is purely dimensional. We assume once more that equation (32) constitutestestable information, in particular thathjj~�� ~c� L~xjj2i = ��1 : (40)Here ~c and matrix L depend upon the model Hj under consideration. Then, by the principleof maximum entropy [12],p(~�jHj; �; ~x; I) =  �2�!M2 exp(��2 jj~�� ~c� L~xjj2) : (41)We insert this prior and the likelihood function (28) in (39) and perform the (M=4)-dimensional Gaussian integral. After some elementary though tedious algebra we obtainp( ~W jHj; !; �; ~x; I) = � !2��N2 �1  �2�!M2 1VcV� 1qdet(Wo) exp��!2 ~�2o�� (2�)M2qdet(�I + !H) � exp(��2�~lTR�~l) ; (42)with �~l = ~�m � ~c� L~x = �~c� L~x (43)and R = I� � (�I + !H)�1 = I� �!  H + �! I!�1 : (44)~�m speci�es as before the position of the maximum likelihood (see also Eq. 23). From (42)we wish to remove ~x, !, � by marginalization. We consider ~x-marginalization �rst. Usingthe �nite power assumption for ~xT~x we obtain for the prior (see e.g. Bretthorst [15])p(~xj�;Hj; I) = � �2��Pj2 exp���2~xT~x� : (45)14



Then p( ~W jHj; !; �; �; I) = Z d~x p(~xj�;Hj; I)p( ~W j~x;Hj; !; �; I) ; (46)and Pj is the number of degrees of freedom in model Hj, e.g. Pj = 1 for the collisionlesslow-� and Pj = 3 for the collisional high-� cases. The integral (46) can be performed bythe same techniques used to obtain (42) and yieldsp( ~W jHj; !; �; �; I) = � !2��N2 �1  �2�!M2 � �2��Pj2 1VcV� 1qdet(Wo) exp��!2 ~�2o�� (2�)M2qdet(�I + !H) (2�)Pj2qdet (�I + �LTRL)� exp(��2�~cT �R� �RL ��I + �LTRL��1 LTR��~c) : (47)We have nearly arrived at the wanted quantity except that we need to know the values for !,� and �, the so-called hyperparameters. These values are of course not known and, moreover,they are entirely uninteresting. All three are scale parameters and the least informative priorfor a scale parameter is Je�reys' prior [12]p(�)d� = d�� : (48)p(�)d� is obviously scale invariant since a scale transformation �0 = �� leads to p(�0)d�0 =d�=� = p(�)d�. It therefore represents a state of complete ignorance about the particularvalues that � may take on in the problem. Assuming Je�reys' prior for !, � and �, we couldproceed to marginalize over them in (47). This is only possible numerically and even so verycomplicated. We shall therefore introduce at this stage a second very mild approximation.Since a large value for the hyperparameter means a sharply peaked probability distributionfunction we require that [15] ! � �� � ; (49)meaning that the information in the likelihood function is much more precise than that inthe prior on ~�j and the latter in turn much more speci�c than in the prior for ~x. We shallnow use the hierarchical assumption to expand composite terms in (47):15



det (�I + !H) = !M det H + �! I! ' !M det (H) (50)det ��I + �LTRL� = �Pj det�LTRL + ��I� ' �Pj det �LTL� ; (51)where we have used R � I after (44) for the last equality. We �nally simplify the exponentin (47):R � �RL ��I + �LTRL��1 LTR ' I� L �LTL��1 LT + ��L �LTL��2 LT : (52)With these approximations the marginal likelihood p( ~W jHj; !; �; �; I) factorizesp( ~W jHj; !; �; �; I) = 1VcV�qdet(Wo) det(H) det (LTL) � !2��N�M2 �1 exp��!2 ~�2o��  �2�!M�Pj2 exp(��2�~cTS�~c)� � �2��Pj2 exp���2�~cT �L �LTL��2 LT ��~c� ; (53)with S = I� L �LTL��1 LT : (54)It is now straight forward to marginalize over hyperparameters !, �, � using Je�reys' prior(48). The integrations are elementary and yield our �nal result for the model comparison:p( ~W jHj; I) = 2�VcV� � 1��N2 1qdet(Wo) det(H) det (LTL)� � �N�M�22 �f~�2ogN�M�22 � � �M�Pj2 �f�~cTS�~cgM�Pj2 � � �Pj2 �n�~cT hL (LTL)�2 LT i�~coPj2 : (55)We now substitute the numerical values of (55) into equations (7) and (8) and obtain theprobability for model j represented by hypothesis Hj which we display as a bar diagram in�gure 1. Note that (55) was obtained from marginalizing (37) over ~� and hyperparameters!, �, �. (55) is the global likelihood of the data in view of model (hypothesis) Hj, a quantitywhich is generic to Bayesian probability theory.16



As a result we have that the collisionless high-� case is the most probable model todescribe con�nement in W7-AS. These results seem to indicate that collisions are only ofminor importance. Inclusion of collisions makes up the di�erence between models (1,2) andmodels (3,4). In both cases the inclusion is accompanied by an additional degree of freedomin parameter space. This additional 
exibility is penalized automatically since it obviouslydoes not lead to a better explanation of the data. The 
uid models are not supported bythe data at all, as already expected from their rather large Q-measures (Table IV, secondcolumn).The results of �g. 1 have been obtained with an approximation, which we called a mildone, namely a hierarchy in hyperparameters ! � �� �. Bayesian probability theory allowsus to test a posteriori whether this assumption is justi�ed. Let us consider the probabilityfor the hyperparameters in the light of the data. Using Bayes' theorem we havep(!; �; �j ~W;Hj; I) = p(!; �; �jHj; I)p( ~W jHj; !; �; �; I)p( ~W jHj; I) ; (56)which allows us to calculate expectation values of the hyperparameters. The second termin the numerator of (56) is known from (53). The denominator is identical to our result formodel comparison and is given by (55). For the �rst term in the numerator of (56) we notethat knowledge of a particular model Hj does not imply any information on the values of thehyperparameters !, �, �, that is, p(!; �; �jHj; I) is logically independent of Hj. Consideringfurther { from I { that !, �, � are scale parameters we again (see Eq. (48)) assign Je�reys'prior to p(!; �; �jHj; I): p(!; �; �jHj; I) = 1!�� : (57)With this assignment we are ready to calculatehxi = Z d! d� d� x p(!; �; �j ~W;Hj; I) ; (58)where x stands for any of the three !, �, �. The integrations (58) are elementary and needno further comment. The results are: 17



h!i = N �M � 2~�o2 ;h�i = M � P�~cTS�~c ; (59)h�i = P�~cT hL (LTL)�2 LT i�~c :For h!i this resembles the unbiased estimator used in orthodox statistics for the noise level�2 = ~�o2=(N � M). Before turning to the numerical results we go back to (51), wherewe approximated det ��I + �LTL� for � � �. In order that numerical values for h�i fordi�erent models be meaningful, it is necessary that the matrix norm of I, kIk, be comparableto kLTLk. Choosing the Schur norm we have that kIk = Pj and normalize accordinglykLTLk to Pj. We can now turn to the results collected in table V. h!i does of course notdepend on the choice of model since it is entirely speci�ed by the likelihood function (28).h�i and h�i on the other hand do depend on the chosen model. We �nd that in all six casesthe assumption ! � �� � is excellent. This con�rms that the approximation ! � �� �which we made in arriving at (53) is very well justi�ed for the present data set.What remains to be done in order to �nish the problem, is the calculation of the exponentvector ~� and its error given the data and a particular model. To this end we considerhf(~�)i = Z d~�f(~�)p(~�j ~W;Hj; I) : (60)Employing the sum rulehf(~�)i = Z d~�f(~�) Z d! d� d� p(~�; !; �; �j ~W;Hj; I) ; (61)and the product rule we gethf(~�)i = Z d! d� d� p(!; �; �j ~W;Hj; I) Z d~�f(~�)p(~�j!; �; �; ~W;Hj; I)= Z d! d� d� p(!; �; �j ~W;Hj; I) � hf(~�)i!;�;� : (62)We �rst have to calculate hf(~�)i!;�;�. From Bayes theorem we havep(~�j ~W; !; �; �;Hj; I) = p(~�j!; �; �;Hj; I)p( ~W j~�; !; �; �;Hj; I)p( ~W j!; �; �;Hj; I) : (63)18



The denominator in (63) is already known from (53) and the second term in the numeratorwhich is logically independent of � and � from (28). So we need to calculate p(~�j!; �; �;Hj; I)where we can drop the !-dependence due to logical independence, too. Using the sum andproduct rules again we havep(~�j�; �;Hj; I) = Z d~x p(~�; ~xj�; �;Hj; I) = Z d~x p(~xj�;Hj; I)p(~�j~x; �; �;Hj; I) : (64)In p(~xj�;Hj; I) we have used the fact that it is logically independent of �. The �rst termin the integrand of (64) is given by (45) and the second factor by (41). The integral (64) isagain of the multivariate Gaussian type and yields after some elementary but cumbersomealgebra p(~�j�; �;Hj; I) / exp(��2 (�~� +�~c)T S (�~� +�~c)) ; (65)where we have again used �~c = ~�m � ~c and �~� = ~� � ~�m as before (23). The probabilityfor ~� using (63) and (65) isp(~�j!; �; �; ~W;Hj; I) / exp��12 h(�~�)T !H (�~�) + (�~� +�~c)T �S (�~� +�~c)i�/ exp��12 (�~�� ~�o)T (!H + �S) (�~�� ~�o)� = G(~�) ; (66)from which we obtain hf(~�)i!;�;�, the inner integral in (62) ashf(~�)i!;�;� = R d~�f(~�)G(~�)R d~�G(~�) : (67)By comparison of coe�cients in (66) we arrive at~�o = ��(!H + �S)�1S�~c : (68)Now let f(~�) = �~�. From the fact that G is a Gaussian centered at �~� = ~�o we haveZ d~� (�~�� ~�o)G(~�) = 0 = Z d~� �~�G(~�)� ~�o Z d~� G(~�) ; (69)and therefore, since the factor of ~�o is just the normalization in (67),h�~�i!;�;� = ~�o = ��(!H + �S)�1S�~c : (70)19



Now that we know h�~�i!;�;� we have �nally to marginalize over the hyperparameters in(62). This is a very complicated integral which can only be done numerically. We employMonte Carlo integration with importance sampling. This allows us also to check a fre-quently employed conceptual approximation to the strict straight forward Bayesian theory.In this approximation it is assumed that integrating over a hyperparameter is equivalentto estimating that hyperparameter from the data and then constraining it in the posteriordistribution to that value [15]. This procedure, also called the empirical Bayesian estimate,is believed to perform best when many well conditioned data are available which in turnallow robust estimates of the hyperparameters. Empirical Bayes (EB) parameter estimatesare included in table VI and were obtained by substitution of (59) into (70). Comparisonof the parameter estimates to the exact Monte Carlo results shows that the empirical Bayesestimate performs extremely well in the present case.Let us return once more to (67) with the choice f(~�) = (�~� � ~�o)2 which allows us toput error limits on the values of the exponents in (70):h(�~�� ~�o)2i!;�;� = 1Z Z d~� (�~�� ~�o)2G(~�) ; (71)where Z is just the normalization integral. Due to the Gaussian functional form of G(~�)this may be recast into h(��k � �ok)2i!;�;� = � 2Z @@CkkZ ; (72)with C = !H + �S. In this notation we arrive atZ = (2�)M2qdet(C) ; (73)and obtain after carrying out the di�erentiation�h��2ki � �o2k�!;�;� = h(�S + !H)�1ikk : (74)This expression for the variance given the hyperparameters !, �, � has again to be averagedaccording to (62). As above the integral is done employing Monte Carlo techniques. Substi-tution of (59) into (74) provides empirical Bayes estimates of the variances, which turn out20



by inspection of table VI to di�er only slightly from the exact answer. The agreement withthe exact variance is de�nitely inferior to the agreement between parameters obtained byeither way. Just for de�niteness we mention that all Monte Carlo integrations have been car-ried out to a precision better than the least signi�cant quoted decimal place of the numberspresented.Numerical values for exponents ~� and associated errors obtained from the Monte Carloroute are collected for all six CT models in table VII. We have repeated the maximumlikelihood data and their root mean square errors for comparison. For each model thefollowing lines present the exponent values according to (70,62), their rms-error after (74,62)and the singular value deviates of the exponents. Remember, that the singular value deviateswere the smallest possible correction to ~�, which would turn it into a set of dimensionallyexact exponents. We note that for models 2, 3 and 4 all singular value deviates remainsmaller than one standard deviation. Model 1 fails marginally in this respect while for thetwo 
uid models 5 and 6 all singular value deviates are larger than the quoted error. It is alsointeresting to calculate again the \dimensional mis�t" Q=Nlr of (35). This number, givenin parentheses after the model identi�er Hj, is in every case smaller than the initial valuegiven in table IV. This is in accord with expectation, since the analysis has incorporateddimensional information. The variation of exponents across the six models remains smalland from the practical point of view unimportant. More important and interesting is thevariation of the standard deviations. All of them are smaller or equal to the unrestricted leastsquares �t case. Going back to Bayes' theorem (5) it is easy to understand why this shouldbe so. The posterior probability density p(HjD; I) is obtained from the likelihood p(DjH; I)by multiplication with the prior p(HjI). For a uniform (constant) prior of arbitrary largerange <1 the posterior is { apart from a constant factor { identical to the likelihood andany inferences drawn from it are identical to inferences from the likelihood. In particularthe exponent vector ~� for which the posterior distribution peaks is the unrestricted leastsquares solution. The prior probability used in this work is however much more informative(41). Correspondingly, the posterior p(HjD; I) is narrower in ~�-space than the likelihood.21



The reduction of the standard deviation is of course most impressive for the most probablemodel H3. But note that the error in the exponent of the density dependence is reduced byat most 10%, while the others diminish by 25% (�B), 41% (�P ) and 59% (�a). This meansthat the density dependence of the prior probabilities, regardless which model we consider,fails to improve the description of the density dependence of the data. If, as argued by others[9], the density dependence of experimental data may saturate at higher densities, only ananalysis (prior plus model function) allowing for this behavior will be able to describe thedata correctly. Since we have no reason to question the CT-prior, we are lead to questionthe single power law representation of the energy content. This concludes our dimensionallyconstrained con�nement scaling analysis.VI. SUMMARY AND CONCLUSIONIn this paper we have addressed the question of dimensionally constrained energy con-�nement analysis for a set of W7-AS data. We distinguish between dimensionally exact anddimensionally constrained. This is an important conceptual di�erence. In this terminologyall previous work was devoted to dimensionally exact scaling functions of the power lawtype. Information on plasma physics was then drawn from the data mis�t related to dif-ferent dimensional conditions. This procedure gives only very coarse information and rulesout in the case of the present data the two 
uid models which lead to an increase in mis�tby 60% compared to the unrestricted least squares case. A further discrimination betweenthe four kinetic models is not possible.An alternative route consists of using the unrestricted least squares �t solution andmeasuring the \distance" of it to the dimensionally exact power law expressions for the sixCT models. Such a distance measure is de�ned in (35). Also according to this criterion thetwo 
uid models separate distinctly from the kinetic models as being unreasonable.Amalgamation of the mis�t and the distance criterion is provided by Bayesian probabilitytheory which incorporates the mis�t as the likelihood function and the dimensional relations22



as prior information. Without any additional assumptions the theory adjusts for the relativeweights of these two ingredients. Unlike regularization theory there is no need for choosinga coupling parameter. Bayesian theory can only answer the questions we ask and nothingelse. The question that was resolved here is: if we assume a power law functional formfor the W7-AS stellarator energy con�nement, what is the most probable set of equationsdescribing global transport. The answer of our analysis is that the W7-AS plasma is bestdescribed by the collisionless high-� Connor/Taylor model conditional on the assumptionthat the con�nement function is of the power law type.The quantitative di�erence between probabilities for CT model H3 and the next smallerH1 is however only one order of magnitude. Readers with experience in Bayesian analysiswill �nd this not very pronounced in view of N=250 data. Usually in tests like this the mostlikely model will stick out in probability by several orders of magnitude against the others.Failure to do so shades doubt on the basic power law functional form. Also the very rigiddensity exponent and its variance, as discussed in detail at the end of section V, are presentlytaken as a hint that something goes wrong. In fact very recent single parameter density scansin W7-AS [16] show very clearly that the density dependence cannot be described by a simplen�n form. Similar conclusions of density dependence of energy con�nement are drawn in[9]. A more complex function is therefore most likely needed for a correct description ofenergy con�nement. This problem will be treated on the basis of Bayesian inference in aforthcoming paper. VII. ACKNOWLEDGMENTWe are indebted to Dr. U. Stroth for providing the W7-AS data set and to Dr. G. Venusfor a very careful reading of the manuscript.
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FIG. 1. Probabilities for the di�erent CT models Hj.
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TABLESW [kJ ] n [1019m�3] B [T ] P [MW ] a [m] �0.475 { 15.6 0.831 { 18.5 1.24 { 2.55 0.119 { 1.18 0.112 { 0.176 0.331 { 0.527TABLE I. Data range�c �n �B �P �a ��LSF �0:532 0:493 0:793 0:426 2:151 0:600stdev 0:028 0:063 0:041 0:200TABLE II. Unrestricted nonlinear least squares �t exponentsCT model p q r Nlr1. collisionless low-� x 0 0 32. collisional low-� x y 0 23. collisionless high-� x 0 z 24. collisional high-� x y z 15. 
uid ideal x 0 32x� 1 36. 
uid resistive x y 32x� 1 2TABLE III. Parameters of CT models
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Model Q=Nlr ��n ��B ��P ��a1 0:0084 0:064 �0:121 0:016 0:0792 0:0050 �0:026 �0:051 0:058 0:0593 0:0003 �0:010 �0:010 �0:021 0:0054 0:0006 �0:015 �0:010 �0:013 0:0085 0:1263 �0:309 0:102 �0:058 �0:5196 0:1135 �0:365 0:078 0:191 �0:226TABLE IV. Singular value deviatesModel 1 2 3 4 5 6h!i ||||| 9:406 � 105 |||||h�i 118.8 199.6 3065 1801 7.917 8.812h�i 0.1891 0.3188 0.7070 0.8556 0.6559 0.2595TABLE V. Posterior expectation values of hyperparameters�n �B �P �aMC 0:499 0:781 0:412 2:183stdev 0:025 0:047 0:024 0:081svdev 0:000 �0:002 �0:005 0:000EB 0:499 0:779 0:410 2:184stdev 0:024 0:046 0:020 0:069svdev 0:000 �0:001 0:003 0:000TABLE VI. Comparison of the results for the collisionless high-� model. MC: numerical inte-gration (Monte Carlo); EB: empirical Bayes result.
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�n �B �P �aLSF 0:493 0:793 0:426 2:151stdev 0:028 0:063 0:041 0:200H1 (Q=Nlr = 0:00257) 0:501 0:762 0:422 2:265stdev 0:026 0:052 0:038 0:123svdev 0:070 �0:048 0:006 0:020H2 (Q=Nlr = 0:00054) 0:494 0:777 0:434 2:255stdev 0:028 0:054 0:038 0:116svdev 0:004 �0:008 0:029 0:012H3 (Q=Nlr = 0:00001) 0:499 0:781 0:412 2:183stdev 0:025 0:047 0:024 0:081svdev 0:000 �0:002 �0:005 0:000H4 (Q=Nlr = 0:00003) 0:497 0:785 0:417 2:189stdev 0:028 0:051 0:040 0:117svdev �0:003 �0:002 �0:003 0:002H5 (Q=Nlr = 0:08575) 0:490 0:815 0:426 2:025stdev 0:028 0:061 0:041 0:175svdev �0:303 0:065 �0:052 �0:398H6 (Q=Nlr = 0:08885) 0:489 0:811 0:428 2:045stdev 0:028 0:062 0:041 0:185svdev �0:347 0:051 0:143 �0:184TABLE VII. Dimensionally constrained scaling exponents
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