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tGiven any value of a datatype (an algebra of terms), and rules to rewrite values of thatdatatype, we want a fun
tion that rewrites the value to normal form if the value is normal-izable. This paper develops a polytypi
 rewriting fun
tion that uses the parallel innermostrewriting strategy. It improves upon our earlier work on polytypi
 rewriting in two funda-mental ways. Firstly, the rewriting fun
tion uses a term interfa
e that hides the polytypi
part from the rest of the program. The term interfa
e is a framework for polytypi
 pro-gramming on terms. This implies that the rewriting fun
tion is independent of the parti
ularimplementation of polytypism. We give several fun
tions and laws on terms, whi
h simplify
al
ulating with programs. Se
ondly, the rewriting fun
tion is developed together with a 
or-re
tness proof. We just present the result of the 
orre
tness proof, the proof itself is publishedelsewhere.1 Introdu
tionA term rewriting system is an algebra (a datatype of terms) together with a set of rewrite rules.The rewrite rules des
ribe how to rewrite the terms of the algebra.A rewrite rule is a pair (lhs ; rhs) of terms 
ontaining variables with the interpretation that anyterm that mat
hes the left hand side (lhs) may be rewritten to the right hand side (rhs) with thevariables repla
ed by the mat
hes from the left hand side. The 
ode in this paper is expressed inthe fun
tional programming language Haskell 98 [10℄.1.1 An example rewriting systemAn example of a term datatype is the type Expr :data Expr = EVar Int j Z j S Expr j Expr :+: Expr j Expr :�: Exprtype Rule t = (t ; t)plusZero :: Rule ExprplusZero = (x :+: Z ; x )where x = EVar 0For example, with the rule plusZero the left hand side x :+: Z mat
hes the expression S Z :+: Zwith the substitution fx 7! S Z g. Thus the rewritten term is the right hand side x after the1



substitution is applied: S Z . To introdu
e the notation we express this in Haskell syntax: thefollowing expression evaluates to True.let (lhs ; rhs) = plusZeroJust s = mat
h lhs (S Z :+: Z )in appSubst s rhs == S ZThe fun
tions involved are the following: (for t = Expr)appSubst :: Term t ) Sub t ! (t ! t)mat
h :: Term t ) t ! t ! Maybe (Sub t)( == ) :: Term t ) t ! t ! BoolFun
tion appSubst takes a substitution and a term, and applies the substitution to the term.The type Expr is an instan
e of a type 
lass for Terms de�ned in Se
tion 2.1. The de�nitionsof appSubst and the type 
onstru
tor for Substitutions are given in Se
tion 3.1. Fun
tion mat
h(de�ned in Se
tion 3.2) takes a term 
ontaining variables, and a term without variables, andreturns Just a substitution s if the terms 
an be mat
hed by means of s , and Nothing otherwise.The term equality test, (==), is de�ned in Se
tion 2.2.A rule set is a 
olle
tion of rules, and a rule set mat
hes a term if at least one of the rules mat
hesthat term. To keep the system deterministi
, even when more than one rule mat
hes, we orderthe rules and always use the �rst mat
h. In pra
ti
e this means that our rule set is a rule list.type Rules t = [Rule t ℄exprrules :: Rules Exprexprrules = [plusZero; plusSu

; timesZero; timesSu

 ℄where plusZero = (x :+: Z ; x )plusSu

 = (x :+: S y ;S (x :+: y))timesZero = (x :�: Z ;Z )timesSu

 = (x :�: S y ; (x :�: y) :+: x )(x ; y) = (EVar 0;EVar 1)Fun
tion rewrite (de�ned in Se
tion 4.2) rewrites a term to normal form by repeatedly applyingrules from a rule list:rewrite :: Term t ) Rules t ! t ! tBe
ause the rule list exprrules is normalizing, fun
tion rewrite will rewrite any term of type Exprto normal form. In general, rewrite rs t terminates if and only if the term t is normalizing withrespe
t to the rule list rs .1.2 Polytypi
 rewriting and the term interfa
eThe types in the previous subse
tion already suggest that fun
tions like rewrite and mat
h arede�ned on an abstra
t type (
lass) of terms. Any regular datatype su
h as Expr 
an be made aninstan
e of the Term 
lass, and it follows that fun
tions rewrite and mat
h are polytypi
.This paper develops a polytypi
 rewriting fun
tion that uses the parallel innermost rewritingstrategy. We have 
hosen the parallel innermost rewriting strategy be
ause this lets us transformthe rewriting fun
tion into an asymptoti
ally optimal solution. The results in this paper improveupon our earlier work on polytypi
 rewriting [8℄ in two fundamental ways.Firstly, the program uses a term interfa
e that hides the polytypi
 part from the rest of theprogram. The term interfa
e, whi
h appeared in the types in the previous subse
tion as 
lass2



Term , is a framework for polytypi
 programming on terms. Several fun
tions are generated for atype that is an instan
e of the Term 
lass, su
h as a fun
tion that determines whether or not a termis a variable and a fun
tion that returns the 
hildren of a term. The rewriting fun
tion (in
ludingfun
tions for mat
hing and for applying a substitution) uses just these fun
tions on terms. Thisidea was also present in our previous work [1, 6℄, but it was only applied to uni�
ation. It turnsout that the same interfa
e for terms 
an be used for mat
hing and term rewriting.Se
ondly, the program is developed together with a 
orre
tness proof, whi
h says that our rewrit-ing fun
tion rewrites any normalizable term to normal form. We just present the result of the
orre
tness proof, the proof itself is published elsewhere [5, 7℄.The rewriting fun
tions and all other polytypi
 fun
tions expressed using the term interfa
e, areindependent of the parti
ular implementation of polytypism. Thus all su
h fun
tions 
an be usedin future polytypi
 programming languages su
h as Generi
 Haskell [2℄ too. This implies that theterm interfa
e is interesting in its own right. We des
ribe several useful 
ombinators and lawsfor programming against this interfa
e. Examples of 
ombinators on terms are mapTerm , whi
hmaps a fun
tion over all variables in a term, and bottomup whi
h applies a term transformerbottom up to all levels of a term. Examples of laws that fa
ilitate 
al
ulating with programs thatmanipulate terms, are bottomup-
hara
terization, whi
h says when a fun
tion 
an be expressesusing bottomup, and bottomup-mapTerm-fusion, whi
h fuses the 
omposition of a bottomup and amapTerm into one fun
tion (a foldTerm).This paper is organized as follows. Se
tion 2 introdu
es terms, 
ombinators on terms, and lawsfor these 
ombinators. Se
tion 3 gives two appli
ations of terms: substitutions and mat
hing.These 
on
epts are used in rewriting. Se
tion 4 spe
i�es and implements polytypi
 fun
tions forrewriting and states the theorems they satisfy. Se
tion 5 
on
ludes.2 A term interfa
eThis se
tion introdu
es an interfa
e for terms, de�nes a few 
ombinators that work on terms,and states some laws that relate these 
ombinators. The proofs of these laws are presented inJansson [5℄. Appendix A shows that every regular datatype supports the term interfa
e.2.1 TermsThis subse
tion de�nes a Haskell 
lass for types whose elements 
an be used as terms for mat
hing,uni�
ation and in a term rewriting system. A 
areful analysis of the properties terms must satisfyreveals that� a term has (updatable) 
hildren,� two terms 
an be tested for top level equality,� and one 
an 
he
k if a term is a variable.Ea
h of these requirements is 
aptured in a 
lass and the 
lass of terms is the interse
tion of these
lasses.
lass (Children t ;TopEq t ;VarChe
k t) ) Term tIn the following subse
tions we de�ne the three 
lasses Children , TopEq and VarChe
k togetherwith the laws we require from the instan
es to make the rewriting proofs go through later. Themethods of these 
lasses form an interfa
e for terms that is suÆ
iently expressive to spe
ify andimplement rewriting, and the laws we require are suÆ
ient to prove the 
orre
tness of the rewritingfun
tions. 3



2.1.1 ChildrenThe 
hildren (immediate subterms) of a term 
an be extra
ted and mapped over.
lass Children t where 
hildren :: t ! [t ℄mapChildren :: (t ! t)! t ! tThe fun
tions 
hildren and mapChildren should be related by the following law:
hildren ÆmapChildren f = map f Æ 
hildrenFun
tion mapChildren should preserve identities and 
omposition:mapChildren id = idmapChildren (f Æ g) = mapChildren f ÆmapChildren g2.1.2 Top level equalityFun
tion topEq is a shallow equality test. A typi
al topEq 
he
ks if two terms have the sameoutermost 
onstru
tor.
lass TopEq t where topEq :: t ! t ! BoolWe require topEq to be almost an equivalen
e relation:x 6= ? ) topEq x xtopEq x y ) topEq y xtopEq x y ) (topEq y z ) topEq x z )It should not depend on the 
hildren:topEq x y () topEq x (mapChildren f y)And the number of 
hildren should be part of the top level:topEq x y ) (length (
hildren x ) == length (
hildren y))2.1.3 Che
king for variablesIt should be possible to 
he
k whether or not a term is a variable, and if it is, whi
h variable. Wemodel variables with the type Var (any type with equality would do).newtype Var = MkVar Int deriving Eq
lass VarChe
k t where varChe
k :: t ! Maybe VarIf a term is a variable, then it must not have 
hildren.(varChe
k t == Just v) ) (
hildren t == [ ℄)
4



2.2 Combinators on termsIn this subse
tion we de�ne several general purpose 
ombinators on terms. A �rst example is thefun
tion size that 
al
ulates the number of nodes in a term.size :: Term t ) t ! Intsize t = 1 + sum (map size (
hildren t))A note on type 
ontexts: Fun
tion size uses only one method from the term interfa
e: fun
tion
hildren from the 
lass Children . Thus the most general type for size is Children t ) t ! Int .Similarly, many of the other term 
ombinators also use subsets of the methods in the term interfa
e,but to avoid 
onfusion we always use the type 
ontext Term t ) .Using 
hildren we extend the top level equality to deep equality:( == ) :: Term t ) t ! t ! Boolx == y = topEq x y ^ and (zipWith ( == ) (
hildren x ) (
hildren y))If topEq is almost an equivalen
e relation (as de�ned in se
tion 2.1), then ( == ) is an equivalen
erelation for all �nite terms.A simple appli
ation of the equality 
he
k is to de�ne a predi
ate �xedBy f that is true for elementswhi
h are �xed points of f :�xedBy :: Term t ) (t ! t)! t ! Bool�xedBy f x = x == f xFun
tion bottomup f applies the term transformer f at all levels of a term, bottom up. It is as
lose we 
an get to a generi
 
atamorphism for types in the Term 
lass. Fun
tion bottomup is morerestri
ted than a normal 
atamorphism as the output is always of the same type as the input, butit is suÆ
ient to spe
ify and implement rewriting.bottomup :: Term t ) (t ! t)! (t ! t)bottomup f = f ÆmapChildren (bottomup f )Fun
tion mapTerm is one possible generi
 map fun
tion for Terms with variables. The appli
ationmapTerm s maps s over all variables in a term, leaving the rest of the stru
ture un
hanged. It isimplemented in terms of the more general fun
tion foldTerm p s that also applies the fun
tion pto post-pro
ess the results from the 
hildren. Fun
tion foldTerm 
an be seen as the 
ombinationof a bottomup (a 
atamorphism) and a map.mapTerm :: Term t ) (Var ! Maybe t)! (t ! t)mapTerm s = foldTerm id sfoldTerm :: Term t ) (t ! t)! (Var ! Maybe t)! t ! tfoldTerm p s t = 
ase varChe
k t ofNothing ! p (mapChildren (foldTerm p s) t)Just v ! 
ase s v ofNothing ! p tJust t 0 ! t 0Fun
tion foldTerm traverses all nodes in a term 
ontaining variables bottom up. If a node is avariable, then it is repla
ed by the term to whi
h that variable is bound in the �nite map s , ortransformed by p if it is not bound by s . If a node is not a variable, then foldTerm is appliedre
ursively to the 
hildren (if any) and the result is transformed by p.5



2.3 Laws for term 
ombinatorsUsing the properties required for the fun
tions from the Term 
lass we 
an derive a number of lawsfor the term 
ombinators. The proofs of these laws are published elsewhere [5, 7℄. The theoremsfor bottomup are restri
ted to �nite terms as 
aptured by the predi
ate �nite:De�nition 1 Finite terms:�nite :: Term t ) t ! Bool�nite = all �nite Æ 
hildrenTo express that two fun
tions are equal when restri
ted to a subset of their domains we use thefollowing de�nition:De�nition 2 Fun
tion equality on a subset:( �=== ) :: Eq a ) (b ! Bool )! (b ! a)! (b ! a)! (b ! Bool )f p=== g = �x ! (p x ) ) (f x == g x )The following theorem states when a fun
tion 
an be expressed using bottomup. It 
orresponds to
ata-
hara
terization in polytypi
 programming.Theorem 3 bottomup-
hara
terization:(f �nite=== g ÆmapChildren f ) () (f �nite=== bottomup g)If we let f = g = id in the bottomup-
hara
terization theorem, then the premise id �nite===id Æ mapChildren id follows trivially from the requirement mapChildren id = id of the 
lassChildren . Thus we get the following 
orollary to bottomup-
hara
terization:Corollary 4 bottomup-identity:id �nite=== bottomup idAn easy 
onsequen
e of bottomup-
hara
terization is the following law for proving equality offun
tions de�ned using bottomup:Theorem 5 bottomup-equality:(g ÆmapChildren f �nite=== h ÆmapChildren f ) () (bottomup g �nite=== bottomup h)where f = bottomup gFun
tion bottomup is 
losely related to foldTerm ; both traverse the term bottom up, but bottomupdoes not distinguish variables from other (sub)terms. The behavior of bottomup 
an be simulatedby foldTerm if the substitution argument does Nothing for all variables:Theorem 6 bottomup is a foldTerm:foldTerm f (
onst Nothing) �nite=== bottomup fWe 
ould use this theorem to rede�ne bottomup in terms of foldTerm , but the 
urrent de�nition ofbottomup is more eÆ
ient, and slightly more general (as it also works for term-like types withoutvariables).The �nal theorem of this se
tion says that we 
an fuse the 
omposition of a bottom-up traversalwith amapTerm s , where s is a fun
tion that maps variables toMaybe some value, into a foldTerm ,provided that the bottom-up traversal is the identity on the result of s . The de�nitions of fun
tionmapM and some other utilities for 
al
ulating with Maybe values are presented in Figure 1.Theorem 7 bottomup-mapTerm-fusion:(mapM (bottomup f ) Æ s = s) ) (foldTerm f s �nite=== bottomup f ÆmapTerm s)6



maybe :: b ! (a ! b)! Maybe a ! bmaybe n j Nothing = nmaybe n j (Just x ) = j xmapM :: (a ! b)! (Maybe a ! Maybe b)mapM f = maybe Nothing (Just Æ f )Figure 1: Utility fun
tions for Maybe-types.3 Substitutions and mat
hingThis se
tion introdu
es two appli
ations of terms: substitutions and mat
hing. Both substitutionsand mat
hing are used in the following se
tion on rewriting.3.1 SubstitutionsA substitution is a mapping from variables to terms that 
hanges only a �nite number of variables.As the 
on
rete representation of substitutions is irrelevant for the de�nition of rewriting, we usean abstra
t datatype Sub t for �nite maps from variables to terms.idSubst :: Sub tmodBind :: (Var ; t)! Sub t ! Sub tlookupIn :: Sub t ! (Var ! Maybe t)This 
ould be implemented as a 
onstru
tor 
lass in Haskell, but we avoid that be
ause we don'twant to 
lutter up the types with an extra type 
ontext. The value idSubst represents the identitysubstitution, the 
all modBind (v ; t) s modi�es the substitution s to bind v to t (leaving the bind-ings for other variables un
hanged) and lookupIn s v looks up the variable v in the substitution s ,giving Nothing if the variable is not bound in s .Using lookupIn a substitution 
an be viewed as a fun
tion from variables to terms. To use substi-tutions as fun
tions from terms to terms we de�ne appSubst :appSubst :: Term t ) Sub t ! (t ! t)appSubst s = mapTerm (lookupIn s)We 
an also de�ne a variant of appSubst that does the equivalent of a bottom-up traversal with fafter the substitution has been applied. A straightforward implementation would be the following:fromVarsUpAfterSubst :: Term t ) (t ! t)! (Sub t ; t)! tfromVarsUpAfterSubst f (s ; t) = bottomup f (appSubst s t)Instead, we use a simple 
orollary of bottomup-mapTerm-fusion (Theorem 7) to obtain a moreeÆ
ient de�nition (for some 
ombinations of f and s).fromVarsUpAfterSubst :: Term t ) (t ! t)! (Sub t ; t)! tfromVarsUpAfterSubst f (s ; t) = foldTerm f (lookupIn s) tCorollary 8 bottomup-appSubst-fusion:(mapM (bottomup f ) Æ lookupIn s = lookupIn s)) (fromVarsUpAfterSubst f (s ; t) == bottomup f (appSubst s t))For example, if bottomup f is an implementation of rewriting to normal form and the substitutionbinds all variables to terms in normal form, then the 
ondition is satis�ed.7



3.2 Mat
hingMat
hing a pattern p with a term t yields Just a substitution s su
h that appSubst s p == t ,or fails with Nothing if no su
h substitution exists. Both the pattern and the term may 
ontainvariables, but the mat
hing only allows variables in the pattern to be instantiated | any variablein the term is treated as a term 
onstant. Fun
tion mat
h is de�ned in terms of mat
h 0 that
arries around a 
urrent substitution, starting with the identity substitution.mat
h :: Term t ) t ! t ! Maybe (Sub t)mat
h 0 :: Term t ) t ! t ! Sub t ! Maybe (Sub t)mat
h p t = mat
h 0 p t idSubstmat
h 0 p t s = maybe no yes (varChe
k p)where no = if topEq p t thenthreadList (zipWith mat
h 0 (
hildren p) (
hildren t)) selseNothingyes v = Just (modBind (v ; t) s)We assume that the patterns are linear - that is, no variable o

urs twi
e in the same pattern. Itis easy to extend this de�nition to work in the presen
e of nonlinear patterns; we do not, however,in
lude the details here.The utility fun
tions threadList and (��) 
ompose monadi
 fun
tions in sequen
e. Fun
tionmat
h uses these for the Maybe-monad.threadList :: Monad m ) [a ! m a ℄! (a ! m a)threadList = foldr (��) return(��) :: Monad m ) (a ! m b)! (
 ! m a)! (
 ! m b)f �� g = �x ! g x >>= f4 RewritingThis se
tion spe
i�es polytypi
 rewriting and presents an eÆ
ient implementation. We start inSe
tion 4.1 with de�ning a fun
tion rewrite step , whi
h performs a single rewrite step on a term.Fun
tion rewrite step is then used in a spe
i�
ation of (a 
learly 
orre
t, but ineÆ
ient) fun
tionrewrite in Se
tion 4.2. In a few steps, fun
tion rewrite 
an be transformed into an eÆ
ientrewriting fun
tion. We will just give the �nal result of this transformation: fun
tion rewriteEin Se
tion 4.3. The full 
al
ulation 
an be found in Jansson [5, 7℄. We end this se
tion with adis
ussion on the asymptoti
 
omplexity of the rewriting fun
tions in Se
tion 4.4.4.1 One step rewritingGiven a rule list rs and a term t to mat
h we 
an sele
t the �rst mat
hing rule with �rstmat
h rs t :�rstmat
h :: Term t ) Rules t ! t ! Maybe (Sub t ; t)�rstmat
h [ ℄ t = Nothing�rstmat
h ((lhs ; rhs) : rules) t = 
ase mat
h lhs t ofJust s ! Just (s ; rhs)Nothing ! �rstmat
h rules tIf a rule mat
hes, then �rstmat
h rs t returns Just a pair (s ; rhs) of the substitution and the righthand side of the mat
hing rule. 8



Many of the fun
tions de�ned in sequel are parametrized on the rule list (representing the rewritingsystem), but only �rstmat
h a
tively uses the rules. As the rule list argument is �xed during theother rewriting 
al
ulations, we write this argument as a subs
ript to improve readability. Forexample, we write rewriters t for the appli
ation of fun
tion rewrite to the rule list rs and theterm t .Using �rstmat
h and appSubst we 
an transform a rule list to a top level redu
tion fun
tionredu
eM that gives Just the rewritten term or Nothing . An immediate variant is redu
e thatreturns the term un
hanged if no rule mat
hes.redu
eM :: Term t ) Rules t ! (t ! Maybe t)redu
eMrs = mapM (un
urry appSubst) Æ �rstmat
h rsredu
e :: Term t ) Rules t ! t ! tredu
ers t = maybe t id (redu
eMrs t)The redu
e fun
tions only apply the rewrite rules on the top level of the term, but we want toapply the rules at any level. In a relational treatment of rewriting this 
orresponds to extendingthe top level redu
tion relation to a 
ongruen
e. To retain the deterministi
 fun
tional view wehave to 
hoose a rewriting strategy. We have 
hosen the parallel innermost rewriting strategy asthis lets us transform the rewriting fun
tion into an asymptoti
ally optimal solution. Innermostmeans that we order the subterms by their depth and apply the redu
tion fun
tion bottom upuntil the �rst mat
h, and parallel means that all subterms at the same depth are redu
ed at thesame time. Fun
tion parallelInnermost takes any top level term transformer to a global one steptransformer, using the parallel innermost rewriting strategy. (The 
orresponding fun
tion for theparallel outermost rewriting strategy, parallelOutermost , is in
luded here for 
omparison, but isnot used in the sequel.)parallelInnermost :: Term t ) (t ! t)! (t ! t)parallelInnermost f = 
ontIfFixedBy (mapChildren (parallelInnermost f )) fparallelOutermost :: Term t ) (t ! t)! (t ! t)parallelOutermost f = 
ontIfFixedBy f (mapChildren (parallelOutermost f ))
ontIfFixedBy :: Term t ) (t ! t)! (t ! t)! (t ! t)
ontIfFixedBy f r = i� �xedBy f then r else fwhere i� is lifted if. Combining parallelInnermost with redu
e we arrive at one-step rewriting:rewrite step :: Term t ) Rules t ! (t ! t)rewrite steprs = parallelInnermost redu
ers4.2 Rewriting to normal formThe �nal step needed to obtain rewriting to normal form is, in relational terminology, the transitive
losure. As a fun
tional 
ounterpart we use a �xed point operator fp that takes a one step redu
tionfun
tion r to a normalizer by applying r until the input term doesn't 
hange:fp :: Term t ) (t ! t)! (t ! t)fp f = i� �xedBy f then id else fp f Æ fThe result res == fp f x , when fp terminates, is a �xed point in the sense that res == f res, thatis, �xedBy f res holds. Now we are ready to de�ne rewriting to normal form:rewrite :: Term t ) Rules t ! (t ! t)rewriters = fp rewrite steprs 9



Fun
tion rewriters rewrites a term until no rule applies anymore, that is, it rewrites a term tonormal form. A term is in normal form for a rule list rs if it is un
hanged by rewrite steprs :normal :: Term t ) Rules t ! (t ! Bool )normal rs = �xedBy rewrite steprsFor rule lists rs 
orresponding to strongly normalizing rewrite systems, rewriters will take anyterm to its normal form, but rewriters also works for the subset of normalizing terms of any otherrewriting system. If a term has multiple normal forms, then rewriters 
al
ulates only the one (ifany) rea
hable by the parallel innermost rewriting strategy. If this strategy does not terminatefor a 
ertain term, then neither does rewriters . More formally, we de�ne normalizing terms andthe �rst theorem for rewrite : (The operator (_ ) is logi
al \or" lifted to predi
ates.)De�nition 9 Normalizing terms:normalizing :: Term t ) Rules t ! t ! Boolnormalizing rs = normal rs _ normalizing rs Æ rewrite steprsTheorem 10 Rewriting gives a normal form:normalizing rs ) (normal rs Æ rewriters)The proof of this theorem by �xed point indu
tion is not diÆ
ult, but omitted here be
ause of itslength.Fun
tion rewriters 
an be seen as an exe
utable spe
i�
ation of rewriting to normal form for agiven rule list and a given term. It 
an be useful for experimenting with di�erent rule lists butfor larger terms it is una

eptably ineÆ
ient. We de�ne the norm of a term (with respe
t to aspe
i�
 rule list) to be the number of (parallel innermost) redu
tion steps that it takes to rea
hnormal form:norm :: Term t ) Rules t ! t ! Intnormrs t = if normal rs t then 0 else 1 + normrs (rewrite steprs t)The time it takes to exe
ute rewriters is linear in the norm, n, of the input term but quadrati
 inthe (average) size, s , of the term being rewritten. Clearly it should be possible to do better thanthat - optimally we hope to obtain a running time of O(n + s).4.3 EÆ
ient rewritingIn a number of steps we 
an transform the spe
i�
ation of rewriting, rewriters , into an optimalfun
tion. Here, we only sket
h the transformation, but it is presented in detail elsewhere [5, 7℄.The �rst few transformation steps are used to remove the expensive equality tests in fp and
ontIfFixedBy . The essential 
hange is that the rewriting fun
tion is transformed into an inter-mediate rewrite fun
tion that uses redu
eM instead of redu
e . These transformations are onlyvalid if we restri
t ourselves to produ
tive rule lists. A rule list rs is produ
tive if when a rulemat
hes a term, applying that rule 
hanges the term. This is a reasonable restri
tion. Otherwise,if a rule mat
hes but leaves the term un
hanged, then the intermediate rewriting fun
tion loopseven though rewrite would have terminated with the un
hanged term. The intermediate rewritingfun
tion has 
omplexity O(ns) but it is still not optimal.After a few more transformations we end up with a less readable, but mu
h more eÆ
ient rewritingfun
tion:rewriteErs = bottomup frewriteErsfrewriteE :: Term t ) Rules t ! (t ! t)frewriteErs = �pM (�rstmat
h rs) (fromVarsUpAfterSubst frewriteErs)�pM :: (a ! Maybe b)! (b ! a)! (a ! a)�pM fM r = �x ! maybe x r (fM x )10



Theorem 11 EÆ
ient rewriting is 
orre
t with respe
t to its spe
i�
ation:For all produ
tive rule lists rs:rewriters normalizingrs=== rewriteErsThis version of rewrite is the �fth (and most EÆ
ient) version in the 
al
ulation, hen
e thesupers
ript E on rewriteE . Fun
tion rewriteE is linear in the number of steps needed to rewritea term, and independent of the size of the intermediate terms. This big improvement is obtainedby avoiding repeated traversals of already normal 
hildren. The improved version instead onlytraverses the right hand sides from the mat
hing rules.4.4 EÆ
ien
y 
omparisonA very simple measure of the running time for the di�erent rewriting fun
tions (two of whi
hare given in this paper) is the number of Hugs-redu
tion steps (not to be 
onfused with rewritingsteps in the rewriting system) required to run the fun
tions on some examples. The following tableshows some measurements of the number of Hugs redu
tions required by the di�erent versions torewrite the expression 2n for n = 6; 7; 8. The number 2 abbreviates S (S Z ) :: Expr and theexponentiation notation (2n), is a shorthand for repeated multipli
ations (uses of ( :�: )). Theexpression is normalized using the rewrite rules exprrules de�ned in Se
tion 1.expression 26 27 28 erewrite steps 107 179 323 nHugs-redu
tions A 7:4M 47M 344M O(e2n)Hugs redu
tions E 72k 122k 218k O(n)The last 
olumn in the table gives the asymptoti
 
omplexity for the di�erent versions in termsof the size of the answer e and the number of parallel innermost rewrite steps n. The numberof rewrite steps n in
reases more slowly than the size of the answer e as the parallel rewritingstrategy performs more and more inner redu
tions in parallel as the terms grow. Hen
e, n is notquite proportional to e, and we 
an analyze the 
omplexity in terms of both variables. As we
an see from the table both versions are linear in n but the dependen
e on e di�ers. As n is thenumber of rewrite steps, we 
an think of the dependen
e on e as the 
omplexity per rewrite step.For version A the 
omplexity 
an be explained by the test for equality at every node in the term.As the equality 
he
k and the number of nodes are both linear in e, we get a quadrati
 dependen
yin total. An equality test that reports False is often qui
k, but determining that two terms are
ompletely equal is of 
ourse linear. As the equality 
he
ks are performed to see if a term is innormal form, we 
an 
on�rm the suspi
ion that this version does a lot of work on already normal(sub)terms.Version E 
ompletely removes the unne
essary traversals of normal subterms, and thus redu
esthe 
ost of ea
h rewrite step to a 
onstant (determined by the rule list).5 Con
lusionsWe have presented a framework for polytypi
 programming on terms, with whi
h polytypi
 pro-grams for mat
hing, uni�
ation, rewriting, et
. 
an be 
onstru
ted. The framework is an interfa
e
onsisting of four fun
tions. Using these four basi
 fun
tions we have de�ned a set of 
ombinatorson terms, and we have stated several laws for these 
ombinators. The framework has been usedto 
al
ulate an eÆ
ient rewriting program from an ineÆ
ient, 
learly 
orre
t spe
i�
ation.11



Be
ause the only polytypi
 
omponents of the fun
tions for rewriting, mat
hing and uni�
ation arethe fun
tions in the term interfa
e, our fun
tions are independent of the parti
ular implementationof polytypism. This is an important advantage. Other, less domain spe
i�
, frameworks forpolytypi
 programming are the monadi
 traversal library of Moggi, Bell�e and Jay [9℄ and the basi

ombinator library PolyLib [3, 5℄. Very likely there are other domain spe
i�
 polytypi
 libraries,but they 
an only be determined by developing many example polytypi
 programs.Referen
es[1℄ R. Ba
khouse, P. Jansson, J. Jeuring, and L. Meertens. Generi
 programming: An introdu
-tion. In Advan
ed Fun
tional Programming, volume 1608 of LNCS, pages 28{115. Springer-Verlag, 1999.[2℄ Ralf Hinze. A generi
 programming extension for Haskell. In Erik Meijer, editor, Pro
eedingsof the Third Haskell Workshop, Te
hni
al report of Utre
ht University, UU-CS-1999-28, 1999.[3℄ P. Jansson and J. Jeuring. PolyLib { a polytypi
 fun
tion library. Workshop on Generi
Programming, Marstrand, June 1998. Available from the Polytypi
 programming WWWpage [4℄.[4℄ Patrik Jansson. Polytypi
 programming. The WWW home page for polytypism:http://www.
s.
halmers.se/~patrikj/poly/.[5℄ Patrik Jansson. Fun
tional Polytypi
 Programming. PhD thesis, Computing S
ien
e,Chalmers University of Te
hnology and G�oteborg University, Sweden, May 2000.[6℄ Patrik Jansson and Johan Jeuring. Fun
tional pearl: Polytypi
 uni�
ation. Journal of Fun
-tional Programming, 8(5):527{536, September 1998.[7℄ Patrik Jansson and Johan Jeuring. Rewriting as a polytypi
 appli
ation. Work in progress,2000.[8℄ J. Jeuring and P. Jansson. Polytypi
 programming. In J. Laun
hbury, E. Meijer, andT. Sheard, editors, Advan
ed Fun
tional Programming '96, volume 1129 of LNCS, pages68{114. Springer-Verlag, 1996.[9℄ E. Moggi, G. Bell�e, and C.B. Jay. Monads, shapely fun
tors and traversals. In CategoryTheory and Computer S
ien
e, CTCS'99, volume 29 of ENTCS, pages 265{286. Elsevier,1999.[10℄ Simon Peyton Jones [editor℄, John Hughes [editor℄, Lennart Augustsson, Dave Barton, BrianBoutel, Warren Burton, Simon Fraser, Joseph Fasel, Kevin Hammond, Ralf Hinze, Paul Hu-dak, Thomas Johnsson, Mark Jones, John Laun
hbury, Erik Meijer, John Peterson, AlastairReid, Colin Run
iman, and Philip Wadler. Haskell 98 | A non-stri
t, purely fun
tionallanguage. Available from http://www.haskell.org/definition/, February 1999.A Polytypi
 term instan
esUsing PolyP we 
an show that all Regular datatypes are Terms by the instan
es in Figure 2.These de�nitions are in
luded for readers familiar with polytypi
 programming. In this paper wedo not explain how to de�ne polytypi
 fun
tions, for an introdu
tion to polytypi
 programming,see Ba
khouse et al. [1℄. The de�nitions of fmap2, �atten and fequal are omitted.12



instan
e Regular d ) Children (d a) where
hildren = �atten Æ fmap2 (
onst [ ℄) (:[ ℄) Æ outmapC f = inn Æ fmap2 id f Æ outinstan
e (Regular d ;Eq a) ) TopEq (d a) wheretopEq t t 0 = fequal (==) (� ! True) (out t) (out t 0)instan
e Regular d ) VarChe
k (d a) wherevarChe
k = fvarChe
k Æ outpolytypi
 fvarChe
k :: f a b ! Maybe Var= 
ase f ofg + h ! fvarChe
k r 
onst NothingConst Var ! Justg ! 
onst Nothingpolytypi
 fmap2 :: (a ! 
)! (b ! d)! f a b ! f 
 dpolytypi
 �atten :: f [a ℄ [a ℄! [a ℄polytypi
 fequal :: (a ! b ! Bool )! (
 ! d ! Bool )!f a 
 ! f b d ! BoolFigure 2: A polytypi
 instantiation of Term using PolyP.
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