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Perturbed linear rough differential equations®

Laure Coutin' Antoine Lejay*
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Abstract. We study linear rough differential equations and we solve perturbed
linear rough differential equation using the Duhamel principle. These results pro-
vide us with a key technical point to study the regularity of the differential of the
It6 map in a subsequent article. Also, the notion of linear rough differential equa-
tions leads to consider multiplicative functionals with values in Banach algebra
more general than tensor algebra and to consider extensions of classical results
such as the Magnus and the Chen-Strichartz formula.

Keywords. Rough paths, Rough differential equations, Banach algebra, Magnus
formula Chen-Strichartz formula, perturbation formula, Duhamel’s principle.

AMS classficiation. 34A25, 60H10

1 Introduction

Linear Rough Differential Equations (RDE) have been considered by several
authors since they are an essential tool for studying the derivative of the It6
map and its flow properties (See the bibliography in [19]). However, with the
exception of the works of D. Feyel, A. de la Pradelle and G. Mokobodzki [27]
and S. Aida [1], linear RDE have hardly been considered as objects as such
with their own properties, excepted to control the growth of the solution
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as in [28,36]. Instead, they are generally presented as a special case of
RDE. However, the Baker-Campbell-Hausdorff-Dynkin formula was among
the inspirations of the theory of rough paths [3,9]. The algebraic view of
solution of controlled differential equations through for example Chen-Fliess
series [17] as well as some numerical simulation algorithms stem directly
from the theory of linear controlled ordinary differential equations (See [7]
for an overview and [18,28,29,42—-44] for the relationship between algebra and
RDE). Linear equations are among the first examples given in the article [43]
and the book [42] as motivation for developing rough paths theory.

The main goal of this article is then to study linear RDE in a general
setting. For this, we define the notion of p-rough resolvent, which is an
extension of the notion of multiplicative functionals [42,43] taking their values
in a Banach algebra. Chen series, and their rough paths extensions which
are the core of the theory, are solutions to linear RDE taking their values in
tensor spaces, for which more precise results could be given.

Our initial motivation for this article was to consider the perturbation of
the 1td6 map. We then deal with a variation of constant/Duhamel principle
for perturbed linear RDE. Yet we also extend the Chen-Strichartz formula,
and the Magnus formula providing exponential representations of solutions.

The content of this article may be applied to bounded linear operators
on an infinite dimensional Banach space. Of course, dealing with unbounded
family of operators, for example for solving Stochastic Partial Differential
Equations, is much more intricate and needs specific treatments. The reader
is referred to the quickly growing literature on these subjects [10,11,21,29,30],

The variation of constant principle is also linked to Volterra equations
which have been studied in the rough path context by A. Deya [22,23].

In Section 3, we define for any p > 1 the notion of rough resolvent which
is a family of linear operators giving the solutions to the linear RDE. The
idea is to solve

t
Yt:Id+/ Y, dA,
0

when (Ay)icpo,r) is an operator values path of finite p-variation through the
constitutive relation Y,;, =Y, Y, forany 0 < s <r < ¢ < T with Y,; =
Y 1Y,. For this, we find an approximation Bs: of Yy, when ¢ — s is small
enough. The sewing lemma, which is the technical core of the theory of rough
paths, is then extended to transform B, into Y.

In Section 4, we provide a series expansion for such solutions when the so-
lutions are represented in the formal algebra of power series. As a byproduct,
we obtain an exponential representation of the p-rough resolvents, at least for
a small time. This provides us with extensions of the Magnus [7] and Chen-
Strichartz formula [53]. Although these formulae were already known for the



(fractional) Brownian motion (See e.g. [4-6,12]), it was not clear whether or
not it could be extended easily to case of drivers of finite p-variation as soon
asp < 1.

In Sections 5 and 6.1, we consider perturbed linear RDE of type

t
Yt:Id+/ Y.dA, + B,
0

and we show a Variation of constant/Duhamel principle. Of course, when
p € [2,3), we need to know some appropriate extensions of both A, and B,.

In Section 6.2, we show that our notion is well adapted for the kind of
linear equations which arise when one differentiates the It6 map with respect
to its starting point. In a subsequent article [19], we use these properties to
show that the It6 map is differentiable with a Lipschitz or Hélder continuous
Fréchet derivative.

2 Notations and standard results

By C, we denote a constant whose value may vary from line to line.
We set K = R or C and V denotes a Banach space over K with a norm |- |

and its dual V*.

When V = U @ W for two Banach spaces U and W, we denote by my :
V — U the projection onto U orthogonal to W.

We also denote by £ a Banach algebra with a norm || - || (See Section 2.2
below for a definition). The unit element of £ is constantly denoted by Id.

2.1 Times, multiplicative properties and control
Fix 0< S <T. Let
AT (S, T) :={(5,0)|S <s<t<T} A;(S,T):={(s,0)|S <t <s<T}

{(s,1)
A (S, T) :={(s,r,t)|S<s<r<t<T}
and A3 (S, T) :={(s,r,t)|S <t <r<s<T}.

?

For i = 2,3, we write AF¥(S,T) to denote either Af(S,T) or A;(S,T)
depending on the context. When S = 0, we set AF(T) := AF(S, T).

For the sake of simplicity, a family (A;)er is also denoted by A, when
this notation introduces no ambiguity.

For a family (A;);er of elements of £ indexed by a set T, we write

Aﬁ. :=sup || A¢]|.
teT



Definition 1. A family (A&t)(&t)e AZ(r) 18 said to satisfy the right/left mul-
tiplicative property if

A A=A, for (s,r,t) € AF(T). (1)

By this, we mean that a family (As:)(eaz(r) satisfies the right mul-
tiplicative property if A,,A.; = Ay, for (s,r,t) € AF(T) and a family
(Ats) (s.00e g (r) satisfies the left multiplicative property if Ai; A, = Ay for
(s,r,t) € A3 (T). This notational trick will be widely used below.
Definition 2 (Control). A control is a function w : A3 (T) — R, which is

continuous close to its diagonal and such that w(s,r) + w(r,t) < w(s,t) for
all (s,r,t) € AT (T).

We extend a control w on [0,T]? by setting w(t,s) = w(s,t) for (s,t) €
A3 (T).

Given a control w, a constant C' and p > 1, we write

A, < Cw'’? to mean that ||A,,|| < Cw(s,t)'? for (s,t) € AF(T)
for a family (Ast) (s e az(r) of elements of £.

Remark 1. Of course, since w(t,t) = 0 for t € [0,7], Ay < Cw'/? implies that
A;: =0 for any t € [0,T].

A family indexed by ¢ € [0, T] may be transformed into a family indexed
by (s,t) € A*(T) satisfying the left /right multiplicative property.
Lemma 1. Given a family (Ai)icjor) of invertible elements in £, we set
A= A7A, for (s, t) € [0,T]?. Thus (As,t>(s,t)eA2+(T) satisfies the right mul-
tiplicative property and (At,s)(s,t)e AF(T) satisfies the left multiplicative prop-
erty.

2.2 Associative algebras and Banach algebras

A Banach algebra £ is a unital algebra (£, +, -) over K with a unit Id which is
a Banach space with a norm || - || such that ||ab|| < ||a]| - ||b|| for any a,b € £,
IAal| = |A| - ||a]| for A € K and ||Id|| =1 (See [24]).

2.2.1 Inverse, exponential and logarithm.

Several operations on £ may be defined using series representations. For
example, when converging (for example when [ja — Id|| < 1),

+0o0

a ' =) (-1)"(a—Id)* (2)

=0



is a left and right inverse of a. The exponential and logarithm maps are
defined by

+o00 1 +o00 (_1)’?71
exp(a) =Id+ > Eak and log(a) = ) 2 (a —Id)* when a € exp(£).
k=1 " k=1

(3)
In particular, a condition for existence of the logarithm is that ||a — Id|| < 1.
In this case, ||log(a)|| < |la—Id||/(1 — ||la—Id|).

Lemma 2. Fora,b e £,

| exp(a) — exp(b)| < [la — bl exp(flal| + [1b]).
2 b o1
o]+ b % T=Tlall =[]

l10g(a ~16) ~log(b — 1)) < |

for [lall +[b]l < 1,
[b — al
a—Id] — [[b—Id|

la=t = b7t < = for ||la—=Id||+ ||b —Id]| < 1.
Proof. All these inequalities stem from the following result easily shown by
recurrence |[a” — b"|| < |la — b||(||a]| + [|b]})*"! for any n > 1. O

There are several kind of associative algebras and Banach algebra we
consider in this article.

2.2.2 Space of operators

Let £ = L(V,V) be the space of linear bounded operators on V. The norm
Of £ s |A]| = sup,cy, ot A
An operator in L(V,V) will be seen as an operator acting on the right,
will an operator in L(V*, V*) is seen as an operator acting on the left.
Then V = K¢, we identify L(V,V) with the space of matrices M gxq(K).

2.2.3 Space of sequences

An element a of £ will be written a = (ag, ay, ..., ). Let m, : £ — £ and
T £47 — €77 be defined

mr(a) = a and m<x(a) = (ap, ..., ax,0,...).

We also set 1 := (Id,0,...). We also consider £ = {a € £2"; mo(a) = ald,a €

K} and we identify («, ay, ag,...) with (ald,aj, as,...) for a € £.
For a subspace X of £27 we set 7, X = {m<x(a);a € X}.



The space (£, +,X) is an algebra with the convolution product X defined
by

k
mr(a X b) :Zaibn_i for k=0,1,2,....

i=0
For a € £, set llallsum = 2i>0 [|7i(a) |-

Lemma 3. Equipped with addition + and product ¥, of & = {a € £; ||al|sum <
+oo} is a Banach algebra with unit 1.

2.2.4 Graded algebra

An associative algebra £ is a graded algebra if it may be decomposed as
£ =KoL &L & - where the £;’s are vector spaces and ab € £;;
when a € £; and b € £; for i,7 > 1. We call £; the subspace of elements
homogeneous of degree j.

When £ is a graded algebra, there exists a isomorphism ¢ between (£, +)
and (£, +) by setting mp¢(a) = ap for a = agld +a; + - -+ with a, € £;,. We
then define a norm || - ||sum on £ by setting ||al/sum := ||¢(a)|lsum- Note that
lla]l < ||allsum- We then extend naturally 7, and < to a graded algebra £.

On the graded algebra, we define

allhom = S;gg{\!m(a)\!”i}- (4)

2.2.5 Tensor algebra

Given a vector space U, we construct a tensor algebra by
TU)=KaeUs (UU)e(UlUcU)s---

with the tensor product ®. This is a graded algebra.

The tensor space (U)®* is endowed with a norm || such that |a®b| < |al-|b|
for any a € (U)®" and b € (U)2=) ¢/ =1,...,0—1 [24, Ex. 1.36 and 2.31].
This norm is then extended to T(U).

For the sake of notational simplicity, for £ = 1,..., 00, we write T (U)
for the subset of elements a of 7<% (U) with ||al|sum < “+oc.

With the tensor product ®j defined by a®@b = m<x(a®@b), (Tx(U), +, ®x)
is a Banach algebra with || - [|sum- The space Tx(U) is the quotient space
T (U)/ ~k with a ~; b when m<,(a —b) = 0. To simplify the notations,
when there is no ambiguity, we simply write || - || for || - ||sum and ® for ®j.
Remark 2. With ¢ : 2 € V= 1+2 € T{(V), we embed V into T (V). Since
exp(V) = {1l + = € T1(V);x € V} forms a group, (V,+) is isomorphic to
(exp(V), ®1). Besides, |z| < ||¢(2)]|sum and ||¢(z) — 1||sum = O implies that
x = 0.



2.2.6 Algebra of words

Fix d € N, let us consider the algebra of words 20 whose basis is
(D U{T = (i1, ..., i) with (iy,...,4) € {1,...,d}*, ke N}
The multiplication on 27 is defined by the concatenation
IJ = (i1, ik, 1,y ge) for I = (iy,...,0) and J = (j1, ..., k),

and O = I() = I. The word () is the null word. For I = (iy,... 1), we write
|I| = k, the length of I, and |()] = 0. The algebra of words is a graded algebra
K& 2, & --- where 20, = Span{[; |I| = k}.

When U is a finite dimensional vector space with basis {ei,...,eq},
then 20 is homomorphic to T(U) through ¢ by setting

¢(I):6[ =€ ® - Qe Whenli(il,...7ik).

More generally, for a finite family X := {a!,...,a?} of d elements, called
the alphabet, we write al := a®t -..a' for [ = (i1,...,4,). This way, to X is
associated T(X) = K® £, @ - -+ which is isomorphic to T(R?) through the
isomorphism defined by ¢(a’) = e; for any word I.

2.2.7 Free Lie algebra and groups

A Lie algebra lis a vector space over K with a bilinear mapping [-, -] satisfying
[a,b] = —[b, a] and the Jacobi identity [a, [b, c]] + [c, [a, b]] + [b, [c, a]] = 0 for
any a,b,c € [. For a,b € £, [a,b] = ab — ba defines a Lie bracket [33].

Let X = {a',...,a%} be a finite set of d elements. A free Lie algebra on
X is a Lie algebra Lie(X) and a map 1: X — Lie(X) such that for any Lie
algebra g and any j : X — g then there exists a unique Lie algebra morphism
k : Lie(X) — g such that ko1 = j (See e.g. [9,51]). In addition, the Lie algebra
Lie(X) is isomorphic to the Lie algebra Lie(R?) where for a d-dimensional
vector space V with basis {e;}iz1,. 4,

Lie(V) := P Liex(V), Liey(V):=V

k>1

and Lieyy1(V) := Span{[a,b];a € V,b € Liey(V)}

with [e;, ej] = e; ® e; —e; ® e;. Indeed, Lie(V) is the smallest Lie subalgebra
of T(V) containing V.

Basically, in the theory of rough paths, there are three kind of free Lie
algebra that are under considerations:



e Tensor algebra and tensor Lie algebra, which allows one to define rough
paths, following the work of K.T. Chen on iterated integrals [14].

e Lie group of matrices, in which lives the flows of some linear differential
equations [3].

e Left-invariant vector fields [8].

2.2.8 Baker-Campbell-Hausdorff-Dynkin formula

For a and b in a Banach algebra £, the Baker-Campbell-Hausdorff-Dynkin
(BCHD) formula states that under appropriate conditions, there exists ¢ such
that exp(a) expb = exp(c) with

+oo j 1
c=2 2 ) HIK!(hy + -+ hy + k1 4 -+ k)

j=1n=1 (H,K)eW,
[H|+|K|=j

Dy i(a,b)  (5)

with H! =yl - by,

h1 times k1 times hy times k., times

DH’K(a,b):[a,~~~[a,[b,‘--[b,~~-[a,--~[a,[b,[-~ ,bm}]]]]’

and
W = {(1,J) € (Z*)"; (i1,51), - (in, jn) # (0,0)} .

When this formula holds, we write a x b := c. If £ is a nilpotent matrix
group, then axb is always defined. Otherwise, for a simply connected group,
it holds for elements with norms small enough. A detailed discussion in given
in [9, Sect. 5.5]. The BCHD formula stems from combinatorial considerations,
so that (5) is formally valid in associative alegbras.

Theorem 1 (Convergence of the BCHD formula [9, Theorem 5.54, p. 341]).
For a,b € £ with max{|[al|,||b[|} < }log(2), then the series in (5) is abso-

lutely convergent. Besides, the series in (5) is totally convergent on any set
{(a,b), [lall + [[bl]] <0}, 0 < d < 3log2.

There exists several alternative representations for the series giving a * b.
We refer to [9] for a detailed account on this rich topic and various proofs.

2.2.9 Shuffle algebra and Lie elements

The shuffle algebra is the main tool to relate Lie elements and elements in
tensor algebras.



Definition 3 (Shuffle product and shuffle algebra). For words I = (iy,...,%s)

and J = (ji, ..., Jjy)), let Sh(Z, J) be the set of words of type K = (ky, ..., kjz44))

such that each letter of K corresponds exactly to one letter of I or J and

the order of the letters of I and the order of the letters in J is preserved.
Hence the shuffle product on two words is defined by linearity from I®.J =

Y kesn(r,y) K for words I and J in 20, and (2, +, ®) is the shuffle algebra.

Definition 4 (Lie element). An element z = 3, erx! of T(R?) is called a
Lie element if xyp = 0 and for each k, the homogeneous term >y, erx! of
length k belongs to Liey,(R?).

Since T(RY) is a unital algebra, we define inverse, exponential and loga-
rithm by power series using formal series given by (2) and (3). We set

ge(R?Y) = exp(Lie(RY)) C T(RY).

Hence, if z is a Lie element, then exp(r) € gr(R?) and such an element is
called group like, and (gt(R?), ®) is a group, as exp(r) @ exp(y) = exp(x xy)
with x x y given formally by (5).

Remark 3. When [ is a matrix Lie algebra, then exp([) is a matrix Lie group
with respect to the product of matrices [3].

Following the work of K.T. Chen [15], R. Ree has proved the following
result.

Theorem 2 (R. Ree [50, Theorem 2.5]). For elements x € T(R?) of type

r=1+ Z eral, o €K,
GlI>1

then log(x) is a Lie element if and only if the linear map ¢ : W — K
defined by ¢(0) = 1 and ¢(I) = ol is an algebra homomorphism between
(T(RY), 4, ®) and (W, +,®), that is if and only if ' o’ =¥ ecqny o for
any words I and J.

Besides, if the coefficients satisfies the shuffle relation,

F
e =14+> Y (=Dfale;
k>0 I;|1|=k
%
with T = (ig,...,11) when I = (iy,..., ).



Example: The Heisenberg group. The Heisenberg group provides us
with a simple non trivial example of non-commutative matrix Lie group,
which is nilpotent of step 2. The Heisenberg algebra is

0 a c
h:=<10 0 b||(a,b,c) €R?
0 0O

The space b is the Lie algebra of the Heisenberg group

1 a c
$H:=310 1 b||(a,bc)€R®} =exp(h).
0 01

The product of 3 matrices in b is equal to 0. Indeed, b is a simply connected
00 1}

nilpotent Lie algebra of step 2. Let A = [g é §}, B = [§ } and C' = [8 00
Then [A, B] := AB — BA = C so that the Lie algebra § is generated by the
two matrices A and B, although b is a vector space of dimension 3.

The BCHD formula is always valid, with

S a
00
10
00

exp(A) exp(B) = exp(A* B) with Ax B=A+ B+ ;[A, B] for A, B € b.

2.3 Spaces of functions
2.3.1 Chen series and Chen-Strichartz formula

The notion of Chen series, initiated by K.T. Chen in the 50’s, provides us
with a way to transform a regular path x : [0,T] — R? into an algebraic
object taking its values in T(RY). This is one of the core ideas of the theory
of rough paths to extend this theory to paths of irregular variations.

In the next statement, formula (7) has been given by R. Strichartz in [53]
and relies on the Baker-Campbell-Hausdorff-Dynkin formula.

Theorem 3 (K.T. Chen [14-16], R. Strichartz [53]). Let x be a path of
bounded variation with values in RY. Then the solutions, called Chen series,
to

t t
xt:1+/0x5®dx5andyt:1—/0 dz, @y, (6)

are such that for any t € [0,T], x, = y; ',

— . t

. I i

xp =1+ ) erxt, andy, =1+ > erxy, with X = x! da’.
L|I1>1 LI>1 s

10



Besides log(xs;) and log(ys.) are Lie elements in T(RY) and for ey =

[€i17 [61’27 ey [eikfl,eik] .. ]]7

- : . =D o
log(xs:) = Y. > 7i(s,t)ey with (o) : > Q(k_l) xJ (7)

k>1I;|I|=k oc€Permy, k e(o)
where Permy, is the set of permutations of {1,...,k},

o(I):=(o(i1),...,0(ix)) for I = (i1, ..., i)
and e(o) :=#{je{l,....k—1};0(j) >o(j+1)}.

Let us consider a family A',..., A? of elements in B as well as a path
z : R, — R of bounded variation. Set A, = Y% | Aizi for t € [0,T]. The
linear equation

t t d
Yt:Id+/ YTdAr:Id+/ Y, 3 Alds (8)
0 0 =1

is easily solved by considering the algebra homomorphism ¢ : T(R?) — B
by 1 (e;) = Al with the conventions of Section 2.2.6. Indeed, for x solution
to (6) with 2, = 3% | e;2?, Yy = (%), t € [0,T].

The proof of eq. 7 relies on the Baker-Campbell-Hausdorff-Dynkin for-
mula, and contains it. For this, simply set x] = tlico1] + 11c1) and
x} = (t — 1)Liep g for ¢ € [0,2]. Then log(Ys) = log(exp(A') exp(A?)) with
Y, solution to (8) by applying the homomorphism ¢ to (7).

For an operators-valued path (A¢)co,77 of bounded variation and a par-
tition {tI'}7, of [0,T], we may consider solving

t n—1
Y;l — Id +A Y:L Z lTE[t?Jﬂ_l)At?’t?ﬁ»l' <9)
1=0

This means that (9) may be seen as a special case of (8) with
d = n’ 67* = Atzl:t?+1 and xi = (t - t?)lte[t’;z?t?+l) + (t?-i'l - t?)lte[t’;z?t?+l]'

With Theorem 2, Y; may be expressed as the exponential of operators defined
as series defined in the Lie algebra containing the A, t € [0,7]. This remains
true as n — oo [53].

The Magnus formula, and its variant, gives an explicit expression for
this formula, and could be thought as a “continuous analogue of the Baker-
Campbell-Hausdorff-Dynkin formula”. We refer to [7,47,48], ... on this topic.

11



2.4 Functions of finite p-variation

For p > 1, let RP(V) be the set of continuous paths with values in V such that
20| < 400 and x, < Cw'/P which means with our conventions of Section 2.1
and Remark 2, that

x|, == sup ‘%t’l/ < 400 with x4, = ¢ — 5.
(syeat(r) w(s, )P

Note that || - ||, is just a semi-norm, but x — ||z, + |zo| defines a norm. An
element in RP(V) is called a function of finite p-variation controlled by w.
Under the condition that w(s,t) =t — s, then paths in R?(V) are a-Holder
continuous with a = 1/p.

For a € V, we set RE(V) the subset of paths x € RP(V) with zy = a.

For 6 > 1, if || < Cw(s,t)? for (s,t) € AF(T), then x is constant since
for any partition {¢;}i—o,. . of [s,1],

n—1
|I8,t| S Z |xti7ti+1| S W(O,T) ) sup w<ti’ti+1)6_1'
i=0 1=0,...,n—1

2.5 Rough paths

Let us consider a control w : Ay(T) — R,

Definition 5 (p-rough path). A p-rough path x of order ¢ is a path taking
its values in Ty(V) with
(i) The order ¢ satisfies £ > |p|, where |a]| is the integer part of a.
(ii) For any ¢ € [0, T] mo(x;) = 1 and x; is invertible in T,(V).
(iii) With (4), ||Xe|lnom < Cw!/P.

We write

(k) (k) I
Xst = § :Xs,t with Xst = § : CrXs ¢t
k>0 words I, |I| =k

with ep = 1 and x?, = 1 for the null word 0.
We denote by RP(R?) the set of p-rough paths. This space is equipped
with the semi-norm

x| .3
X|lp = sup sup ——————
" ()T (T) k=Lt W(S, t)k/p

and the norm [|X||eop := sUpyejo 7y [Xe| + [1%][-

12



As we can see, a rough path is an extension of a function of finite p-
variation and RP?(RY) = RP(R?) for p € [1,2).

Let us present briefly some particular classes of rough paths (See [28,42]
for a detailed account on these notions).

e A smooth rough path is a rough path x € RP}(RY) whose projection on R?
is a smooth path from [0, 7] to R? and such that

I _ itk
Xgp = // dxs’tl dmsjsk
0<s1<-- <8<t

for any word I = iy - - iy, k < £. Such a path takes its values in m<,gr(R).
It is the projection onto T;(R?) of the Chen series of Theorem 3 above a
given path.

e A geometric rough path is the closure in RP}(R?) with respect || - ||oop Of
the set of smooth rough paths.

o A weak geometric rough path is a rough paths taking its values in &,(R%).
The set of such paths is denoted by WGRP?(R?).

Indeed, any path in WGRPY(R?) is the limit of a sequence of smooth
rough paths in RPJ(R?) for ¢ > p. Besides, for p € [2,3), non-geometric
rough paths may be interpreted as a geometric ones lying above a path with
values in RY & (R? @ RY) [40]. With the appropriate algebraic structure
involving trees, a similar result also holds for any value of p [32].

We refer to [28,35,37,42,43] among others for the properties of a rough
paths.

2.6 Young integrals

The theory of rough paths is an extension of the theory of Young integrals
(27,42, 54].

Let X, Y and Z be Banach spaces with a product (x,y) € XxXY — xy € Z,
such that |zy| < |z| - |yl

Let z and y be two paths of finite p-variation controlled by w with p < 2
respectively with values in X and Y.

In the sequel, we make use of the following inequalities:

lzylly < llzllpi + llyllpzh and 2§ < [azo| +w (0, T)7[|z[l,.  (10)
For any (s,t) € AF(T), [y, dz, may be defined as a Young integral, that
is as limit of Riemann sums 7" (e, , — x4p) for partitions {¢'}}, whose

meshes decrease to 0.
Let us recall some standard results about Young integrals.

13



Proposition 1. With the above setting,
(i) If u € RP(Z) satisfies for C >0 and 0 > 1,

uy =0 and (uy — us — ysx&t)(S?t)eA;(T) < Cul,

then u; = [¢ ysdxy for t € [0,T).
(i) For any (s,t) € A3 (T),

/st yr diey =y — )| < C2p) ||z [pllyllpo (s, )* (11)

with C<Q) = anl 1/nq7 q> 1.
(iii) The following control holds:

H/ yr dz,
0

This construction is very general. We will either use X =Y =7 = £ for
an algebra £ defined as in Section 3.3, or X =Z =V and Y = L(V,V) for a
Banach space V.

We present only Young integrals. From the results in Proposition 1,
differential equations driven by finite p-variation paths with p < 2 are easy
to consider [38].

= (1ol + 11l (0, TYP) 1zl + ¢(2p) 2|, lly (0, T)1/7.
(12)

2.7 The Gamma function and the neo-classical inequal-
ity

Let ['(z) := ;7> e~**~1dt be the Gamma function [52, Chap. 6, p .76]. We

use a majoration as in [1].

Lemma 4. Let x be a positive real and p > 1. Then for £ > |p],
xk/p /1

<1+ exp(r) =————=
2 = T PO
Proof. For an integer i, the set of integers k such that |k/p| =i is included
in {[ip],..., |p(i+1)|}. This set contains at most (|p|+1) elements. Hence,

ak/p ri(x V1)
D TR SRR S v car 1y s

i>|4/p]+1 keN s.t. |k/p|]=1

(1Vuz).

The I' function is increasing, so that

D

k>¢

2k/p xi(w\/l)
ODE > (I} + ) =Fgy— < (lp) + DV ) >

i>[¢/p] i>[¢/p]

T(i)

14



Again with the properties of the Gamma function,

> " exp(o)
xp(z).
= L) — (k)
since I'(¢ + k) > I'(4)['(k) for i,k > 1 [52]. Hence the result. O

We give give now the so-called neo-classical inequality, proved first by
T. Lyons [43] and then improved by K. Hara and H. Masanori [34].

Proposition 2. [Neo-classical inequality, [42, Theorem 3.1.1, p.35], [34]]
Foranyp>1,neNanda,b >0,

n i/pb(n—i)/P (a + b)n/P
Z - % n—i S p n
=Sri)res) T )

3 Rough resolvent

(13)

Before introducing our main result, we present the features of linear RDE in
the case p < 2 which motivates our definition of a rough resolvent.

3.1 Linear RDE in the Young case

Let A : [0,7] — £ be a path of finite p-variation with 1 < p < 2, that is
A e RP(L).
Let us consider the equations

t
Yo=1d+ [ Y,d4, (14)
0
t
and Z, = Id —/ dA,Z, for t € [0, 7). (15)

Proposition 3. The follows properties hold:
(i) There exist unique solutions Y and Z to (14) and (15).
(ii) For some constant C and (s,t) € A3 (T),

1Ye = Yo = Yo Ag || < Cw(s, )P and ||Zy — Zs + AsiZs| < Cuw(s, t)¥P
(16)
and Y,Z € Riy(L).
(i) Any pathsY and Z in Ry (£) satisfying (16) are solutions to (14) and (15).
(iv) For anyt € [0,T], YiZy = Z;Y, = Id.
(v) For Agy == Y7, with (s,t) € [0,T)% (Ast) (syeak(r) satisfies the
right /left multiplicative property.

15



(vi) For (s,t) € AF(T),
|Ass — Id — Ag|| < Cuw(s, 1)/ (17)

Proof. Fix T1 < T and consider only ¢ € [0,T}]. Set Y = Id and YV =
Id + f; Y dA,. From the properties of the Young integral, since p < 2 and
Y(© ¢ R (£), an induction proves that Y*) € RI,(£). Besides, the Young
integral is linear, so that

Y EH = YO, < ¢@2p)IY® = YED ]| Al (0, Ty) . (18)

For Ty such that ¢(2p)|lA|,w (0, Ty)Y? < 1, (Y®),cy is a Cauchy sequence
in RP(£) which converges in g-variation for any ¢ > p to Y € RP(£) which
is solution to (14).

With an inequality similar to (18), the solution Y to (14) is unique, and
by linearity, the solution to y, = a+ [i y, d.A, is given by y, = aY,, t € [0, T}].

As the choice of the maximal time 7 depends only on w, ||Al[, and p,
it is possible to extend the solution to [T, Ty with ¢(2p)||All,w (T}, T2)Y? by
solving y; = Y7, + [y ysdAg, o, for t € [0,T, — T1] and then Y; = y;,_, for
t € [T1, T3], and so on... Since w is continuous close to its diagonal, it is
possible to find a finite family (7;);>0 such that w(7;, Tj11) < 0 for any 6 > 0
and T =T for some j > 1.

A similar reasoning apply to Z,.

Inequalities (16) in (ii) follows immediately from (11). It is then imme-
diate that Y and Z belongs to Rj,(£).

Conversely, that (16) characterizes uniquely (14) and (15) follows from
Proposition 1(i).

For (s,t) € A5 (T),

Ytzt - Yszs - (Yt - Ys - YsAs,t>Zt - Ys(zt - Zs + As,tzs) + YsAs,t(Zt - Zs)

Thus t — Y,Z, is a continuous path of p/2-finite variation and then constant
and equal to Id since Yq = Zy = Id.

The multiplicative properties in (iv) are immediate from the construction
of Ag+.

Finally, (17) in (vi) follows by multiplying Y, — Y5 — Y A, by Y, Y ! and
using the fact that Y, is bounded. O]

3.2 Rough resolvent

Based on the previous computations, we define using the vocabulary of dif-
ferential equations the notion of rough resolvent, which is a multiplicative
functional [42,43] taking its values in the Banach space £.
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Definition 6 (Rough resolvent). A family (Asy) e
satisfying the right/left multiplicative property (1) and

AE(T) of elements in £

A, —Id < Cw'/? (19)
for some constant C' is called a right/left p-rough resolvent.
Let us start with some simple properties.

Lemma 5 (Extension property). Assuming that on a partition 0 = Ty <

Ty < - <Tp =T of [0,T], we have a family of p-rough resolvent (Ai’t)(s’t)eAgt(ThTm).
Then ezists a right resolvent (As,t)(s,t)eAgt(T) such that Asy = AL, for (s,t) €

AF(T;, Tiy1), i =0,...,k—1.

Proof. For s,t € AT (T}, Ti4), set Ay = Ai,t' For s € [T;,T;4+1) and t €
[T, Tj41) with @ < j, set Agy = A7, -+ Ay, ;. Then (Asit) (s,yeng(r) Satisties
the multiplicative property (1) and

A, —1d = (Al

_ i+1
8, Lit1 Id)ATz’+1,T

Y i A
AL A A .

Tit1,Tit2

Iterating this procedure leads to (19). A similar construction holds for left
p-rough resolvent. O]

Lemma 6 (Existence of an Inverse). If (A&t)(s,t)eAgE(T) is a right/left p-rough
resolvent, then there exists a left/right p-rough resolvent (Ays) , yeat ) such
that AgiArs = ArsAse = Id, that is Aps = A;tl for (s,t) € AF(T).

Proof. Using the extension property of Lemma 5, it is sufficient to prove the
existence of an inverse of A, ; for w(s, t) small enough, whose existence follows
from (2) and (19). O

The next proposition is the converse of Lemma 1.

Proposition 4. A path (A;)icpo,r) € Riy(£) may be associated to to a right/left
p-rough resolvent A,.

Proof. For a right p-rough resolvent (As,t)(s,t)e AF(T) A; := Ay, is such that
Asi = A7IA, since Ag sAsy = Ao, for (s,t) € AF(T). Besides,

1A = Al = [IAAT (A — A < AL[A — Id]| < ALCw(s, )7

Thus, t — A; € R, (£). Similar results holds for left p-rough multiplicative
resolvent with A, = Ao, t € [0,T7. O
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Lemma 7 (Uniqueness of a p-rough resolvent). Let A, and B, be two left/right
p-rough resolvent such that Ay ~ B,. Then Ay = B,.

Proof. Let us consider that A, and B, are right p-rough resolvent. Then for
f(t) = Ao:Boy,
() = f(s) = Aos(AsB —1d)Co,
and then
() = f(s)] < ALBLYFIIALBL —Id].

Since

ABi —Id = (AuBy; —1d)B.B; = (Ass — Bii)B,.
it follows easily that f is a finite f-variation with # > 1 and then that
Ao+ = By, for any ¢ € [0,T]. This leads to A, = B,. O

3.3 From almost rough resolvent to rough resolvent:
the sewing lemma

As in this article, we focus on linear RDE, we introduce some vocabulary
which refers to the theory of linear differential equations. Thus, £ is though
as a space of operators. However, the proofs may be used for tensor algebras.

Following the construction proposed by T. Lyons, we construct a rough
resolvent from an almost rough resolvent. However, our proof borrows some
ideas to the elegant proof of Theorem 10 in [27] where w(s,t) = V(¢ — s)
provided that for some 6 > 2, 37,5, 0"V (t27") < 400 for any t > 0, as well
as the ones from [2] regarding the composition of flows.

Definition 7 (Almost rough resolvent). A family (Bs ), e az(r) of elements
of £ satisfying for some constants p > 1,6 > 1, C' > 0, B > 0 and for any
B. — Id < Bw'?, (20)
|Bs.t]| < Cw(s,t)? for (s,r,t) € AF(T) with By, := B,,B.; — B, (21)

is called an almost right/left p-rough resolvent.

The next lemma is similar to the extension Lemma 5.

Lemma 8. Let us consider n > 0 and a family (T})i—,.. N of times such
that Ty = 0, Ty = T and w(T;, Tiv1) < n. For each i, consider a family
(Bg')f)(s,t)eAJ(Ti,TiH) of almost right p-rough resolvents, each with the same
constant C and B in (20)-(21). Then

A, — B‘(gfi_l)B%)jTi“ e B%-),h:rj Br,t if i1 <s <T; <Tj <t < T,
B f T < s <t < T

18



Then Aq is an almost right p-rough resolvent with
A, —Id < BN(1+ Bp'/PYN10YP and ||A,...]| < C(1 + Bp'/P)YN"1w(r,t)?
for (s,r,t) € AT (T).

Proof. Fix (r,s,t) € A5 (T) and consider the indexes i, j, k such that r €
(15, Tis1], s € [T5,Tjpa], t € [Tk, Tis1], Then

ArsAsi = Are = Ar, (ATj,rAr,TjH - ATj,TjH)ATjH,t,
so that
Al < (14 B MY o1, Tya) < (1 By /7)1 Cuolr, 1)
In addition
Ay—Ild= (A, —Id)Ar 7., - Ans +Ang,, - A — Id

so that
1A = Id|| < Bw(r, T)?(1+ Bn* )N + [|Aq, 1, -+ Agye — Id]]

J
< B(1+ By'/7)! (wm )7 4 3 (T, Tosn) 7 + (T, t)l/p)
{=i

< BN(1+ Bn/")N=1u(r, t)'/7.
Hence the result. O

For an almost right/left p-rough resolvent (B&t)(s,t)e AE(T) and a family

(Cot)(s.peat(r) we write By ~ C, when there exists some constants C' and
¢ > 1 such that
B. — Co < Cu’.

Lemma 9. If B, is an almost p-rough resolvent and C, ~ B, for a family
C., then C, is an almost p-rough resolvent.

Proposition 5. Let B, be an almost right p-rough resolvent. Then there
exists a constant L such that for any partition m = {t;}i—o.._» of [0,T],

.....

Bs: = {BS’tiBmi+1 By By with s € (i tia], t € (t,814], 1<,
* Bs7t Zf t, <s<t< ti—i—l
(22)
satisfies BT — B, < Lw?, so that B™ is an almost right p-rough resolvent. A
similar result holds for almost left p-rough resolvents.
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Proof. Set f(n, L) := 14 Bn'/? 4 Ln? for n, L > 0 and consider L solution to
C(2°¢(0)f(n, L)* +1) = L,

where ( is the zeta function defined in Proposition 1. This is a second order
polynomial equation in L which has some solutions provided that

(1—2(1+ Bn'")n’C2°¢(0))* > 4(1 + 2°C(0)(1 + Bn'/?)*)C*2°¢(0)n*.

For n small enough, depending only on #, B and C| this is always possible.

Now, let us construct recursively a sequence (T)r>o such that Ty = 0
and w(Tg, Tp+1) < n. As w is continuous close to its diagonal, there exists a
choice of such a sequence which forms a finite partition of [0, 7).

Let us fix (s,t) € AJ(Ty, Trt1). Let us proceed by induction over the
number of points in the partition 7 that belongs to [s, t].

Our induction hypothesis is that

n—1 2060
. . f(n, L)*2
IBT, = Byyll < Lyew(s,t)’ with L, :== C (1 D

as soon as #(m N s, t]) = n for some n > 1.
For i = j, that is n = 1, then |B], — B,| < Cw(s,t)? and L; = C.
If the induction hypothesis is satisfied at step n, then

BT, || < 1+ Bw(Ty, Tor1)"? + Lyw(Th, Tusr)? < f(n, L)

for any partition 7 with #(m N [s,t]) = n.
Let us consider m be a partition of size n + 1. As soon as n > 1, it is
possible to choose t; € (¢;,t;) (where t; and t; are defined by (22)) such that

2w(o, T)

w(te-1,te1) < (23)

n

(see equation (1.4) page 11 of [44]). Set @ = 7\ {t,}. Then from the induction
hypothesis,

IBZ; — Buall < IIBT, = BI |l + Luw(s, 1)’
<NIBT et ll X 1Byt | X 1By, ol + Leo(s, 1)’
<29 ’ f(T7 77)2 C

<

0 + Ln> w(s, t>9 S LnJrlw(Sa t)e'
n

The induction hypothesis is then true at step n+ 1. Combined to Lemma 8§,
this leads to the conclusion. [
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Theorem 4 (The sewing lemma). Let (Bt,s)(s,t)eA;(T) be an almost right p-
rough resolvent as in Definition 7. Then there exists a unique right p-rough
resolvent (Asvt)(s,t)eA;(T) such that

A, — B, < Lu’ (24)

for some constant L that depends only on B and C' in (20)-(21) and T. Of
course, a similar result holds true for almost left p-rough resolvents.

Proof. The uniqueness follows from Lemma 7.

We consider only the proof for right p-rough resolvents. We use the trick
introduced in [26, Remark 2, p. 862] to reduce the analysis to the case of
w(s,t) =t — s. Let us consider ¢(t) = w(0,t) for t € [0,T] and

¢~ (u) == inf{t € [0,w(0,T)] | $(t) > u},

the generalized left-continuous inverse which is such that ¢(¢~1(¢)) = t.
As w is super-additive, it holds that w(s,t) < w(0,t) — w(0, s) and then

w(o™l(s),07' (1) <t —s.
Set Cyy 1= By-1(5)0-1(1) for (s,t) € A3 (4(T)) so that
|Corsll < CJt — 5|7 and ||Cy, — || < Bt — s|"/.

Define recursively

t
We prove by induction that for any n,
I, = Co Ml < Cr 2t — s (25)
with 5 .
K= —T and DT = T‘9 + BTl/p + 1’
90-1 -

provided that T is small enough so that x < 1. Here, B and C are the
constants in (20)-(21). The existence of such a choice for k < 1 is proved by
considering solving

ar , ~CT? 1+ BTY?
H:m—FﬁTWlthaT:. F andﬁT :T
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This equation has a solution k < 1 as soon as

1+ Br — /(1 + Br)? — dar < 2,

and then if 1+ BTYP < 29~1 which is possible since # > 1 and then 20~ > 1.
This choice implies that if (25) is true for up to order n, then

C
ICEN < IC2, = Coull + [ICo = 1d]| +1 < 1+ Bt — V7 + mlt—SIG < Dr.

Clearly, CZ, — C;, = C,.; so that the induction hypothesis is true at step
1. If it is true at step n,

Gt — QL =CL(C, — G ) — (G = oy
and then, because s —r =t —r = (t — 5)/2,

Dy .
HCZ}’;H -l < CFR” Wt —r® < Cr"t —r|°.

This means that our induction step is true at step n+ 1. Thus, (Cj}’t)neN is a
Cauchy sequence for any (r,t) € Ay(7T'). Let D, be its limit. To proof that
D, is a multiplicative functional is the same as in [27] so that we skip it.

Finally, we set A, := Dg4q) and A;; = D&é(S)DO7¢(t) for (s,t) € A (T).
As such, it holds that for some universal constant C’ and 6 > 0,

HAS,t - BT,t” < C/|w(07 t) - w<07 8)|97 (87 t) € A;(O, T)

Fix r € [0,T), and consider applying the same argument to (Bsy) e A (1)
leads to the existence of right p-rough resolvent (As(s)) ,»eat(a,r) sSuch that

||A8,t(r) - BSJH S C,|W(T, t) - w(r73)|67 (S7t) € A;—(T’, T)

From Lemma 7 on the uniqueness, A, () = A,; for any (s,t) € AJ(r,T).
In particular, for s = r,

1A () = Brell = [|Ase(r) = Brell < C'lw(r,t) — w(r,r)|’

for 0 <r <t<T. Then A, ~ B,.
As the choice of T depends only on w, B and C, the extension property
(Lemma 5) to prove the existence of A, on [0,7] for any time horizon 7. [

From the very construction of a p-rough resolvent from a resolvent, we
deduce the following results.
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Corollary 1. Let & be a close subgroup of £ for the multiplication and an
almost p-rough path Be which takes its values in &.

(i) The p-rough resolvent A, generated by B, also takes its values in &.
(i) Letp:® — Ry be a continuous function such that p(ab) < p(a)+p(b),
a,be &. If p(B,) < w, then p(A,) < w.

Remark 4. Using the group isomorphism between a vector space (V,+) and
the group (exp(V),®) of the Banach algebra (Ty(V),+,®) given in Re-
mark 2, Theorem 4 contains the additive sewing lemma which implies 1(i)
and from which rough integrals are constructed.

Corollary 2. Let B, be an almost p-rough resolvent and let Cy ~ B,. Then
C. generates the same p-rough resolvent as B,.

Proof. With Lemma 9, C, is an almost p-rough resolvent. The proof follows
then from the uniqueness in Theorem 4, which follows from Lemma 7. O

The proof of the next continuity result is similar to the one of Theorem 4
so we skip it. It is an extension of Theorem 3.2.2 in [42].

Corollary 3 (Continuity property). Let B, and B, be two almost p-rough
resolvents such that for some e > 0,

B. — B, < cw'? and ||By,y — B, .|| < ew(s,t)? for any (s,r,t) € AL(T).

ol
Then there exists a constant L such that

IAse = B = (AL, = BL) < eLw(s, t)” for any (s,t) € Ay(T),
where A (resp A') is the p-rough resolvent associated to B (resp. B').

Corollary 4. Let (A¢)icpor) and (By)icpm in Riy(£) such that (AB)s ~ Id
with (AB),, = A7'AB,B;! for (s,t) € A5 (T). Then B, = A; ! fort € [0,T).

Proof. For (s,t) € AF(T),
AB; — AB, = A AT (AB; — A,B,)B;'B, = A (A, ;B — Id)B,.

Thus,
|AB; — AB,| < AZBECw(s, t)’.

As @ > 1, this implies that A;B; is constant and equal to Id since Ag = By = Id.
Thus, A, = B; ! for ¢ € [0, T). O

23



Lemma 10. Let (B, ;) peaz(r) be an almost p-rough resolvent. Let § be such

that By is invertible when w(s,t) < § and (Bj )(S DEAE(T) w(s)<s 1S uniformly
bounded. Let (Cy ) (s yearmq(r) be a family in £ such that (C, B t) (s)enE(T)
Id. Then C, ~ B!

Proof. Set €5, = C; sBs; — Id, so that ¢, ~ 0 and es,tB;tl =Cs — B;tl when
w(s,t) < 6. Hence the result. O

Proposition 6. Let (Bs)(eat(r) be an almost right p-rough resolvent gen-
erating the right p-rough resolvent (A, )( HeAd (1) Then there exists 6 > 0
such that for w(s,t) < 0, By is invertible and (B}) is an al-

(s z)eA+(T> sw(s, t)<6
most left p-rough resolvent generating the left p-rough resolvent (A )(S nead(T):
A similar result holds for almost left p-rough resolvent.

Proof. For (s,r,t) € AF(T),
IBs,-Bry — Id|| < Cw(s, t)V/P(1 + BE).
Choose 0 such that
|1BsBry — Id]| + ||Bs; — Id|| < 1 for (s,r,¢) € AT(T), w(s,t) <.

For this choice of §, B,; is invertible when w(s,t) < § and B;' — Id <
C(1 — &)~ 'w!/r. Besides,

1Bs — BBl = 1Boy = (BusBrt) Il < 1By — (Bas + Bat) I
With Lemma 2 and the definition of By, ; in (21),

Cw(s,t)? C (s, 1)’
5(s:t)"

B,: — BB, =
|| s,t Tt ||_ 1—||Bst—|d||_||Bsrt+BSt_Id|| N 1_

Let (Cys)(s.)caq(r) be the p-rough resolvent associated to (B })(sneay). For
(5.1) € AF(T),

Astcts - Ast(cts - Bstl) _I' (As,t - Bs,t)B;tl + Id

from which we deduce that (AC), ~ Id and then that C; , = A;tl from Corol-
lary 4. [

Remark 5. If A € RP(L) with 1 < p < 2 is a path of finite p—variation and Y
and Z be the solutions to Y; = Id + 3 Y, dA, and Z; = Id — [§ d.A,Z, under-

stood in the Young sense, then Y, and Z, are paths of finite p-variation
in Rj,(L) associated respectively to the almost p-rough resolvents (Id +

AS,t)(s,t)eAQi(T) or eXP(iAs,t)(s,t)eag(T)'
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3.4 Using the Baker-Campbell-Hausdorff-Dynkin for-
mula

Unless £ is nilpotent where we set £(J) := £, we then consider a subset
£(6) :=={b e £|||b|| < with § < log(2)/4}.

This way, log(b) exists and (5) holds true for any a, b € £(§).
The next theorem is a direct consequence of Lemma 2.

Theorem 5. Let p € (0,+00] and let us consider a family () pensr)
such that for w(s,t) < p, Qs € £(0).
Let us assume that for some constants Cy, Cy and 0 > 1,
Q. < Cyw'/?,
Q0. % Qry — Q|| < Cow(s,t)? for (s,7,t) € Af(T).

Then there exists a family (Ogy)(s1)ens(T)wist)<p Such that Oy, + O, = Oy
and for some constants Ki and Ks, ©4 < Kiw'? and O, — Qy < Kow?.

Remark 6. Of course, one may also deduce the construction of the family
(@m)(ns)eA;(T%w(S’t)gp satisfying ©;, x ©,, = O, for (s,r,t) € AF(T) from
a family Q, satisfying [|Q;, * Qs — Q|| < Cow(s, t)°.

Remark 7. Using Theorem 1, if Q,, belongs to a free Lie algebra [, then O,
also belongs to [ for any (s,t) € AF(T).

Remark 8. Despite ©,; may be defined for (s, t) small enough, A, = exp(©,)
may be extended to a p-rough resolvent for any (s,t) € AF(T) thanks to
Lemma 5.

3.5 Linear differential equations in the Heisenberg group
We consider the simplest non-trivial example. The results of this section may
be extended to Carnot groups which are described for example in [8].

We now consider that £ = $, the Heisenberg group introduced in Sec-
tion 2. As § is a nilpotent group of step 2,

1 1
log(A —Id) = A — §A2 for A € $ and exp(B) =Id + B+ 582 for B € §.
It is then easily checked that for A, B € b,
1
A*B:A+B+§[A,B]. (26)
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Let z,y : [0,7] — R be two paths of finite p-variation, 1 < p < 2 and
consider the controlled linear differential equation

t t
U, = Id + / AU, daz, + / BU, dy,, U, € Mays(R) (27)
0 0

for A and B in b.

Proposition 7. The solution (Up)e,r) € Riy($) to (27) is defined by U U, =
exp(Os+) with

1 ¢ t
Ost = Axss + Bys: — 5[.,4, 5] (/S Tsr dy, — /S Ys.r dxr> . (28)

Proof. For a constant matrix F € Msy3(R), the linear equation U; = Id +
[y FU,ds is solved by U; = exp(tF) [3]. When F € b, then U; € § for any
t>0.

This suggests to use as an approximation of the flow exp (€2 ;) with Q, :=
Axst + Bys. Then

12060l < (ANl + 1By llp)e (s, 8)'7

and I
Qr,t * Qs,r - Qs,t - 5[-/4? B] (xr,tys,'r - Is,ryr,t)

so that
190 % Qe — Q| < [JANNBIN Nyl (s, £)*/7

and 2/p > 1. This gives the existence of =, for any (s,t) € AF(T) such
that =,; x Z,, = Z,; and ||Z,; — Qu]| < Kw(s,t)*?. On the other hand,
it is easily checked that ©, defined by (28) satisfies these conditions so that
Ee = O,. O

Remark 9. A slightly different construction of the flow may be given by the
Trotter-Kato formula, which is slightly different: For this, we would have
considered as an approximation of the flow

1
B, = exp(Ax,,) exp(Bys:) = exp (-Afs,t + By, + §[A, B]$s7tys,t) :

This would however has led to similar computations.
For a short proof of the Trotter-Kato formula in the context of p-rough
paths, p < 2, see [27].

Using approximations of weak geometric p-rough paths by smooth rough
paths and the results of [40] for non-weak geometric rough paths, we get the
following corollary.
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Corollary 5. Forx, € RP5(R?) withp € [2,3), write Xy := 143, o X, i+

iJ
Dij=1,2Xs6i @ €.

(i) If x € WGRPE(R?) and
1
Oy 1= Axit + Bxg’t — 5[.,4, B (X;Qt — xilt),
then exp(0©,) defines a left p-rough resolvent in 9.

(i) If x € RP3(R?) \ WGRP3(R?), then x,; may be decomposed as X,; =
Vst + Gsp for ¢ € R*(R? @ R?) which is symmetric, that is ¢s; =

1
Ose 1= Ayg, + Byl — 5lA Bl(ys: — vi)
+ (AB + BA)¢L; + A¢L + B2,

then exp(Os,) defines a left p-rough resolvent in $.

4 Series expansions

4.1 Extension theorem

Let usfix p>1and g > p. For a € £, set
va = (ag, ST'(1/p)ay, ST'(2/p)ag,...).

Recall that £ and & have been defined in Section 2.2.3.
Let us consider the following subspaces of £:

8= {3 €25 a0 1. [ralhan o= sup(A0(0 /) ) < 400
2= {2 T 200, falhum = supla < ).
i>1

The next lemma is immediate from the properties given Section 2.7.

Lemma 11. The spaces B is a close subset of S for || - ||sum and stable under
X. Besides,

1Y (@& b) [hom < (17allfom + 7B llEom)? < [7allhom + [7bllhom (29
fora,b e B.
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With Lemma 4, ||allsun < +00 when ||yallpom < +00. However, the
finitess of ||a||nom is not sufficient to ensure that ||a||sum is finite.

Lemma 12. [fa € D, [|allhom < 1, then a € & and ||a|lsum < ||a|lhom/ (1 —
lla|lhom)- In addition,

lallis
. (30)

= T allvom

Lemma 13. Let f(2) = X,,50 cmz™ be an analytic power series with ¢y = 0.
Assume that for some constant L,

1
or () i=
Then for a € £ with ag = 0 and ||va|lhem < 1/L, f(a) belongs to ® N & with

£ () lhom < Ll[vallhom and || f(a)|lsum < Ll[vallnom/(1 — L||7al|om)-
Proof. Let a € £ with ag = 0 and ||va||nom < +00. Then

me((@)%m) = > aj, -+ - a;,, and mg(f = > cmmi((

i1+‘~~~+im=k m>1

la = m<i(a)]

Z |ep|m®P < LF for all k € 7. (31)

Since ag = 0, any product a;, ---a;,, for which one the the ¢;’s is equal to 0
vanishes. This is necessarily the case as soon as 11 +---+1,, = k and m > k.
Using the neo-classical inequality (13),

k/p
m .
Iall i m < k.
> Ay A, S pr (;)
B yeeny imE{O ..... k)}

It follows that

1vallfom
Ime(f)I < =7, Z [em|m"? < [|7alliom L

EIOK:

The result follows then from Lemma 12. OJ

otherwise.

Corollary 6. There exists a constant p, depending only on p, such that
2+ 271 =1 and 2 — log(z) map B := {a € B;||yallhom < p} into DN S
with

a7 = Ulhom < Cil[7allhom and [ 10g(a)[lhom < Callvallnom-
In addition, if for a,b € B and some ¢ > 0,

[7(a = b)llhom < € then || f(a) — f(b)[lnom < €Cs
for f(z) =1log(z) and f(2) =271 —1.
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Proof. Remark first that ||a|lnom = ||a — 1||hom and ||vallnom = [|7(2a — 1)|lnom
since || + ||hom does not depend on the first term.
For f(z) =log(l+ z) = > 3>1(—1)*2"/k, it holds that

k
Z |cm|mk/p < kv,
m=1

On the other hand (See e.g. [52, 6.1.39, p. 78]),

p p

kE_1
1 1 E\7 2
21 k/py _ ~ 1\ /e k|2
- log(K/%) - - log (nﬁ me bl

hSaES
[NIES

1 1 log(k) 1/ 1 . )
=41 ~ (=21 —1 2
) + ) og(p) + —,— ¢ ( 5 log(p) — log(nf )
1L
o Y= o S les(p).

Hence, for some x > 0, the condition (31) is satisfied with L = e""

For f(z) = (1+2)"' =1, ¢ = 0 and ¢, = (—1)* for k > 0, the conclusions
are the same.

For the continuity, note first that when 7; + - -+ +14,, = k,

a, - -ay, — by by, = [Jana, (2, —bi)bi,, by,

—

1

J

[terating the neo-classical inequality,

m

mk/p
12, -+ ai, = biy -+ by [ < (@) IT Ivalliom ™ bl ™™
P

kk k/
or (%)

<€

(1V 17allom V 176 llom)"*-
Hence the result since p < 1. O
For ¢ € N, set

al¥yb:= ng(ab), a,bEE.
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Lemma 14. For { € N, n<,B is a close subset of the Banach algebra
(7<eS,+,Xy) stable under X, and ||v(a Xy b)|lnom < [|7a||lnom + || 7b]|nom Sfor
a,b € m</B. Besides, there exists p > 0 such that for any a € m<,B with
17allhom < p, then m<p(a™) € m<(B.

Proof. Of course, the properties of Lemma 11 are still true when 8 is replaced
by m<¢B. The existence of an inverse in a small ball follows from Corollary 6.
O

Proposition 8. For [p] < { < +00, let (bs)(en(r) be a p-rough resolvent

in (1<&,+,Ky) taking its values in 7<¢B with ||Ybe||lnom < w'/?.
(i) The family be is an almost p-rough resolvent in (S, +,X) generating a
p-rough resolvent a, that satisfies ||Yae||hom < w'/? and m<;(as) = b,.
(ii) Forp>1, k> { and (s,t) € AF(T),

w(s’ t)(L(k+1)/pJ+1

I'(lk/p] +1)

(iii) The p-rough resolvent ag' satisfies ||y(ag! — 1)|lnom < Cw'/P for some
constant C'.

150 =<k (as,e) oum < (14 [p])(1Vw(s,1)) exp(w(s, 1)).

Remark 10. This theorem is a variation of the extension theorem of T. Lyons
[42, Theorem 3.2.1] which allows one to pass from a p-rough path of finite
order to a p-rough path of infinite order. This theorem itself may be seen as
a generalization of the notion of Chen series (See Theorem 3).

Remark 11. Of course, the extension is continuous and the proof relies on
similar arguments so that we skip it. However, we could consider estimating
the distance between two extensions in (&, 4, X) with ||-||sum or with ||7:||nom-
In the later case, stronger constraint on /3 could lead to different bounds [46].

Proof. For (s,r,t) € AF(T),

bs,r X br,t - bs,t + Cs,rt

Sr o mi(bs)mhog(bry) i k=0+1,...,2C

where mpCs, 4 = .
0 otherwise.

As 0 > |p], it follows that b, is an almost p-rough resolvent in &. Hence, (i)
follows from Lemma 11 together with Corollary 1 used with p(a) = ||val|hom-
The control (ii) follows from Lemma 4.
When w(s, t) is small enough, by is invertible in &. With Lemma 14 and
(30)7
m<i(by;) € m<¢B and b, ~ m<,(b.").
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Then m<,(b,!) is an almost p-rough resolvent in (7<,&,+,X,) which gives
rises to a p-rough resolvent in (7<,&, +,X,) still taking its values in 7<,B
by Corollary 1. Then (i) may be applied to give rise to a p-rough resolvent
taking its values in & N B. Necessarily, this p-rough resolvent is b1 by the
uniqueness in the sewing Lemma so that (iii) is proved. O

4.2 Linear differential equations, 1 <p < 2

We may now consider linear differential equations in the Young sense in &.
Assume that 1 < p < 2 and let A € R (L).
Set a(t) = (Ild, A4, 0,...), which defines a path in RY(&) that takes its
values in m<1Byg.
Let us consider the linear differential equation in the Young sense

_1 +/ )& da(s), y(e) € RY(&). (32)

Proposition 9. Let A € RP(£) forp € [1,2). There exists a unique solution
y(®) of (32) in RY(G). This solution satisfies

[7Yellhom < BT(1/p) ”Aprl/p

and yi(e) = mp(y(e)) is given by the recursive relation

olt) =14 and i (1) = [ yels)dA, (33)

Proof. Let us set ag; := (Id, A4, 0,...) for (s,t) € AT (T).

With Proposition 3, there exists a unique solution y € RY(&) to (32) and
lye — ao|| < Cw2/P. This equation is easily solved recursively by (33).

On the other hand a, defines a p-rough resolvent in (7<;&,+, X)) that
takes its values in 7<;°B. Thanks to Proposition 8, it generates an almost
p-rough resolvent ¢, € & with m<1c, = a, and ||cy — a4/|sum < Cw??. This
proves that c, = y,. O

The next result is an immediate consequence of Proposition 9 and Corol-
lary 6.

Corollary 7. There exists C > 0 and & > 0 such that for (s,t) € A7 (T),
w(s,t) < 3, log(ys:) €D NG and || 10g(Ys)|lhom < Cw (s, t)/P.

When applying the algebra homomorphism ¢ : & — £ defined by ¢(a) =
> k>0 Tk(a), Proposition 9 yields a series representations of Dyson type [25]
for the solution to Y; = Id + fot Y, dA,, and the series is normally convergent
in [0,7].
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4.3 Magnus and Chen-Strichartz formula

Combining the previous results with Theorem 3 and using a continuity ar-
gument, we may extend the results on Chen series to weak geometric rough
paths, as well as the Chen-Strichartz formula (7).

Proposition 10. For x € WGRPY(R?) with £ > |p], and ||x||, < C, then x
may be extended to a rough path z in RPE (RY) such that for some § > 0 and
any (s,t) € AF(T) with w(s,t) < 8, zs, is a Lie element, log(zs,) belongs to
D N Too(RY) and (7) holds.

For B',...,B% € £, let us consider the algebra homomorphism 1 from
(L, +,®) to (&, +,-) defined by

BT it ¢ =|I|,

0 otherwise.

me((er)) = {

For x € WGRPY(R?), we then get that for some § > 0 and that for (s,t) €
AF(T) with w(s,t) < 4, there exists Q,,; € £ such that

Kot 1= Z leg,t = exp(Qs ) (34)
L|11>0
and Q.+ = ¢(log(zs:)). When x, lies above a smooth path z : [0,7] — R4,
then X, is nothing more than the solution to

d_ ot o
X =ld+3 [ X8 dat.
=1

Remark 12. When B’ are the entries of a matrix A, then one in recovers (7)
the Magnus formula [47], which is extensively presented in [7].

Other formulas, with various names, may be used to represent this loga-
rithm [7]. In any case, the Baker-Campbell-Hausdorff-Dynkin formula is the
main tool [9].

Remark 13. A large literature is devoted to the construction of numerical
procedures relying on this kind of computation for smooth paths [7,31], or
for Brownian paths (See [13,41] for example).

Remark 14. Clearly, our estimates for the existence of a logarithm are not
optimal. However, unless one consider nilpotent algebras, one cannot expect
in general that (34) converges for any time (s,¢). The radius of convergence
of the logarithms of Chen series of paths of bounded variations is finite in
general [45].

In the case of Magnus series, see for example [7,49]. For stochastic pro-
cesses, see [5] regarding the fractional Brownian motion and [6] for the Brow-
nian motion.
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5 Perturbed linear RDE when 1 <p <2
Throughout all this section, we consider two paths A and B in RP(£) with
p € [L,2).

Proposition 11 (Duhamel principle/Variation of constant formula). Fix
p € [1,2). LetY and Z be the solutions to (14) and (15). Let us consider
that either

(a) B*,B e RL).

(b) B* € RP(V*) and B € R*(V).

Then . .
S, — </ dB;:Y;l) Y, and T, = Z, </ z;lst) ,
0 0

are the unique solutions to
t t
S, — / S,dA, + BS, and T, = / dAT, + Boy, (35)
0 ’ 0

where S, T € RP(L) in case (a) and S € RP(V*), T € RP(V) in case (b).
Besides, there exists a constant C' depending only on w(0,T) and p such
that

IS, < A+ |l + [AIIB [l and [[Tll, < C(L+ [ All, + [AI)IBl,-

Proof. The existence and uniqueness of solutions to (35) follows from the
same arguments as in Proposition 3.

We only consider S, the computations being similar for T. Using the
characterization of the Young integral of Proposition 1(i), it is sufficient to
show that

(St - S, — SsAs,t - B:,t)(s,t)EA;'(T) ~ 0.

We have
t s
S,—S, — (/ dB;fY;l> Y, + (/ dzs’:v,tl) (Y, —Y,)
S 0
=B ([ B YA+ o)
b 0 b

= B, + BEYHY = Y) + YA, + el
= Bl + YA, + el

with () < Cw?? i =1,2. Hence the result with Proposition 3(vi).
The control on the p-variation follows from (10). O
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Corollary 8. For B* € RP(V*) and B € R?(V)), A € RP(£). Then the
solutions p € 1,2 and S%, T¢ (defined by linearity) to

t t
St=a+ [ STAA B, and Ti=a+ [ dATE+ By,
0 ’ 0

defined flows of homeomorphims a € V* +— S¢ and a € V +— T}.

Proof. By linearity for a,b € V*, C, = S¢ — S? is solution to C; = (b — a) +
f5 CsdA,. This proves that C; = (b —a)D; with D; = Id + J; D, d A, and D is
invertible by Lemma 6. This proves that C; is one-to-one for any t € [0, 7.
The proof is similar for T,. O

6 Perturbed linear RDE when 2 <p <3

6.1 A Duhamel principle

Let us consider now A € RP(£) with 2 <p < 3.
Let (A(2))(syt)€A2+(T) be a family in £ such that A® < Cw?? and for

st

Ag = 1d+ Ay + ASQ satisfies
||As,t - As,rAr,tH S ng/p(s7 t) for ('97 T, t) € A;(T)

This way, A, is an almost right p-rough resolvent, to which is associated
a right p-rough resolvent R, which satisfies

Re — A, < Cw??,

and so that R; := Ro; € Ri,(£) is formally the solution to

R, = Id+/0tdeAs.
Let us also consider
D, :=Id— A, — AY) + A, - A, for (s,t) € AF(T).
It is easily checked that D, is an almost left p-rough resolvent and that
1D Aol < Ceo(s, )P

Thus, D, ~ A, ' when w(s, t) is small enough and D, generates a left p-rough
resolvent L, which satisfies

Le — D, < Cw?/P.
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The path defined by L; := L, o € R}, (£) is formally the solution to
t
L, =Id +/ DL,
0

and L, = R;* for t € [0, 7.

Definition 8 (p-rough lift). For P = £ or P = V*, a right p-rough lift

(Bst)siyeasr of B € RP(P) with respect to A, is defined as B, := B,+B

where Bft) € B and for some 0 > 1,
B, < Cw'?, B < Cw??, (36)

B, — Bo, Al < Cw(s,t)? for (s,r,t) € AT(T).  (37)

HBst %sr__>

The smallest constant C' for which (36) holds is denoted by || §||p.
For P = LorP =V, a left p-rough lift (étvs)(s,t)eA;r(T) is defined similarly
with (37) replaced by
|ét,s — Brs— Brs— AniBoo|| < Cw(s,t)? for (s,r,t) € AT (T).

Proposition 12. Set P = £ or P = V. Assume that B € RP(P) admits a
right p-rough lift §>. with respect to As. Then there ezists a path S in RP(P)
with which satisfies So = 0 and

ISt = Sedy = Buall < ClIB (s, )77 and [Sll, < CIBl,.  (39)

This path is denoted by S; = fg dbgTRm, where the b stands for “backward
integration’”.
Proof. Set for 0 < s<t<u<T,

fsp(w) == BsiRpu so that pe(u) < R#Hl_%prl/p. (39)

With (39),

,Usr‘t< ) = :ust( ) — NS,T(U) - :ur,t(u)
(gs rth + Qr,t - gs,t)Rt,u = _(gs,r(Rr,t - ld) - Bs,rAr,t)Rt,u
= — (B, (Rep = 1d — Arp) = BO(Ry — Id))Ry.0.

Hence ||ps,rt(w)]] < C’||B||pw(s t)3/P for (s,t) € A (T). With the addi-
tive Sewing Lemma, there exists a path v4(u) such that (us+(u) — vi(u) —
Vs(4)) s yeagry < ClIlB /.
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The integral f; dP B,R,, is defined as vi(t).

For s <t <wv < w, puss(u) = pst(v)Ry, so that again by the uniqueness
in the sewing lemma, p;(u) = p:(v)R,,, for any t < v < u.

It remains to check the regularity of ¢ — p(¢) and (38). For (s,t) €
A3 (T),

:ut(t) - ,US(S) = “t(t) - ;us(t) + “8(8)(Rs,t - ld)

With (39), this proves that (v4(t) — vs(s)) s neagr = Cw'/?. In addition,
Re — A, =~ 0, hence (38). O

The proof of the next propositions follows the same lines so that we skip
them.

Proposition 13. Set P = £ orP = V. Assume that B € RP(P) admits a
left p-rough lift é. with respect to Ao. Then there ezists a path T € RP(B)
which satisfies To = 0 and

ITi = Dy Ts = Busl < CllBllpw(s,t)*” and | T||, < C| B, (40)
This path is denoted by T, = f(f L¢r dbﬁr.

Proposition 14. Assume that in Propositions 12 and 13, B € RY(*B) with
¢ ' +p' > 1. Then one may take B*) =0 and

t
H | @BR,,
0

In addition, the “backward integrals” are indeed Young integrals.

t
< C||B|, and H/ L., d°B,
P 0

< CO||Bq-
p

Of course, an equivalent of Corollary 8 holds also true for 2 < p < 3.

6.2 Application to rough differential equations

Let U, V and W be Banach spaces. The space W is assumed to be finite-
dimensional.

Let x € RP5(U) be a p-rough path controlled by w with p € [2,3).

Let us consider a function g : V. — L(U,V) such that ¢ is bounded
whose first and second order derivatives Vg and V?¢g are bounded and V2g
is v-Holder continuous, 2 + v > p.

These conditions are sufficient [28,39] to ensure the existence of a unique
solution y* € RP(V) to

t
Y =a +/0 g(ys) dx; (41)
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which satisfies y§ = a and
i — s = g(u)x) — gVg(y)x| < Cwls, ) for (s,1) € AF(T).

In addition, there exists a family (yX@s:)(, et With values in V@ U for
which

YIXTsp = Y XDy + Y XDy + Y5, @ 1,y and |y xz,| < Cw?/? (42)

for all (s,r,t) € AJ(T).

The map .# : a € V — y € RP(V), called the [t6 map, is Lipschitz
continuous [28,39]. Set .#(a) := y. When x is a smooth rough path, then
y is solution to an ODE and ., : V — V defines a flow of diffeomorphisms
for any ¢ € [0,7]. Using an approximation argument, P. Friz and N. Victoir
proved in [28] that .#; is a flow of diffeomorphisms when x € WGRP5(R?).
The gradient of .# is solution to the Jacobi flow

VA(a) =l + [ VgtV A dx, (43)

which is a linear RDE.

In a forthcoming article [19], we provide an alternative proof of these
facts without relying on an regularization argument, which allows to consider
x € RPH(U). Moreover, we show that .# is Holder continuous. The core
idea is the following. For a,h in U, € > 0, set Af(a) = F(a + €h) — F(a),
write a first order Taylor expansion of g(.#(a)) as

9(Fila+eh)) — g(Fi(a)) = Vg(A(a))Aj(a) + G(Hi(a + €h), Fi(a))

and show that
t t
Ai(a) = eh+ | Vg(A(@)Ai(@) dx,+ | G(Fila+eh), Ala) dx,

Thus, Af(a) is solution to a perturbed linear RDE and the convergence of
e 'A¢(a) towards V.Z(a)h with V. (a) given by (43) is studied by giving
bounds on [j G(Z(a + €h), Z(a)) dx,.

In [19], we also study differentiability properties with respect to pertur-
bation of a parametrized family of vector fields f = V/(-, \) or of the driving
path x by a path in RY(U), ¢~ + p~! > 1. This leads to study

t t
yf:a—i—/ V(yg‘,)\)dstr/ V(e ) dhs, b€ RUV) with 1/p+1/g > 1
0 0

with respect to a, A and h. In this case, f(-) = VV(-;\). Again, Proposi-
tions 13 and 14 lead to the conclusion.
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Let us now consider a function f : V — L(W ® U, W) such that f is
bounded with a bounded derivative V f, which is y-Hoélder continuous, 1+v >
p. We also consider a path y € RP(V) for which a family (yX2s:),peatm)
satisfying (42) exists. Typically, f = Vg and y is the solution to (41) as
above.

Our first aim is to consider the solution to the differential equation

Zr=a+ /Ot f(ys)zs dXs~ (44)

If U=R? V=R"and W =R"™ and x is a smooth rough path living above
x, by an equation of type (44), we mean

. . to .
Z=d+ Y /Of,z’](ys)zgda:’;,izl,...,m.

k=1,...d

In the sense of Davie, a solution of (44) is sought as satisfying for some
constants C' > 0 and 6 > 1, with xgylt) = 1; —xs and xgt) = [z, — x5 @ da,,

3 4 i, 1 k afm 1 T,
Azt 3 ) x0T T ()2 (y )y

sup oy
i=1,...,m k=1,..d k=1,..d 9Y
Jj=1,...n Jj=1,...,n
r=1,...,n

— 3 () i () xR < Cuo(s, 1), V(s t) € A (T),

k=1,...,d
Jj=1,...,n
q=1,....d
p=1,...n

which we write under the more compact form
’zt — Zs — f(ys)zsxg,lt) - vf(ys)zsylxxs,t - F(ys)zsxgt)‘ S CW(S, t)ea (45)

with Fy o(ys) = fr(ys) fe(ys) is a matrix in R™ for k,¢ = 1,...,d, and then F
may be identified with a map from V to L(W ® U® U, W).

Proposition 15. Let A, = [5 f(y,)dx, be the path in RP(L(W, W)) defined
by the rough integral Az = mw (f(f fys)z dxs) € RP(W) for any z € W.
Then there exists a left p-rough lift A of A.

Proof. For (s,t) € A3 (T), let A, be the linear operator in L(W, W) defined
by

Aoz =2+ [y 2x) + V(g [elywas, + Flys)[2)x2, 2 e W, (46)
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Then

ArArsz =z + fys)[2x) + flyo) 2]
+ YV f(ys) [y s, + V F(y)[2lyxan, + Fys)[2x2 + Fy,)[2]x
+ ) F) X @ %1 + o (s, 1)z,

where o(s,,t)[z] contains all the terms which are smaller than C|z|w(s, t)*

for some constant C'. Since X;; = X, ®X,; and then xgt) =x? +x,€’2t) +Xg’12 ®

R
an’lt) and using standard computations, this proves that |A;, | < Cw(s,t)?
and then that A is an almost left p-rough resolvent. Then A, is the p-rough

resolvent associated to A, through Theorem 4. O

Proposition 16. Under the above hypotheses on f, x and y, the three no-
tions (linear RDE, in the sense of A.M. Davie [20] and in the sense of Lyons)
of solution to (44) are equivalent.

Proof. The equivalence between solutions in the sense of Davie and in the
sense of Lyons have been proved in [39]. The equivalence with solutions
of linear RDE follows from the sewing lemma and the definition of A, in

(46). O

Let us consider now bounded function g : V. — L(U, W) with a bounded
derivative which is y-Hoélder continuous and set

¢
b, ::/O 9(ys) dx.

which means that b, is the unique path in RP(W) satisfying

lbss — gy )X\ — Vg(y)yxae,| < Cuwl(s, t)?

for some 6 > 1.
Our second aim is to consider the solution to the differential equation

z=a-+ /Ot fys)zs dxs + /Ot g(ys) dx. (47)

Proposition 17. Under the above hypotheses on f, x and y, there exists a
unique solution to (47) and for any t € [0,T], a — 2, defines an homeomor-
phism from W to W. Besides,

I2ll, < Cllal + llglle + IVglleo + HA(V9)), (48)

where C' depends only on || f|l |V flle: Hy(Vf), x, w(0,T), p and ~, and
H.(Vg) is the y-Hélder norm of Vg.
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Proof. Let us set for (s,t) € A (T),

t t
sy =1+ / [(yr) dx, +/$ 9(yr) A%, + g(ys) ® flys)x".

Let us consider X := 1 ® L(W,W) & W & (W ® L(W,W))) which is a
Banach sub-algebra of (Ty(L(W, W)® W), +, ®) when equipped with a®b =
mx(a ® b). Thus, working only in X,

Hor — o ® fire = (9(ys) © F(ys) — 9(yr) © f(yr))x
(g )x(!) — g( dxu)®f(ys) Y

Using the regularity of f and ¢ and the properties of the rough integrals, it
follows that (4is) s e Af(r) is an almost right p-rough resolvent with values
in X. Let (1/5775)(5@e AF(T) be the corresponding p-rough resolvent with values
in X given by the sewing lemma. The multiplicative property vs; = v, @1,
implies that

t t
Towwyow (Vs) = / fys) dx, + / 9(ys) dx
and v, t) = 1/( ) + Vrt + b, ® .A with yﬁ? = TwaLw,w)) (Vst)-

Let us now introduce the linear map from (X, +) to (W, +) defined by
®(a) =a, (b) = (c) =0 and P(a®b) := bla] for a € W, b € L(W, W) and
ceR.

Then B, := ®(vsy) for (s,t) € AF(T) defines a left p-rough lift B.ofb.
The result follows then from Proposition 13 m
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