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ON SOME GENERALIZED LOCAL DEGREES

N.M. Benkafadar* and B.D. Gel’'man

Abstract

This note is devoted to the construction of a local
degree for a new class of multi-valued mappings.
This new considered class of multi-valued
mappings satisfies the following condition: the
projection onto the domain of a multi-valued

mapping induces an epimorphism of the é‘ech
homology groups with compact supports and
coefficients in the field of rational numbers Q.
The main theorem states that if the generalized
local degree is different from 0, then the inclusion
0 € ®(x) has a solution.

1. Introduction

Topological degrees for various classes of multi-valued mappings
have been studied by many authors: [1], [2], [3], [4], [7], [8], [11],
[15], [17], [18] and others. The purpose of this paper is to build
a local degree for a large class of multi-valued mappings ¢ which
take an open subset U of a n-dimensional oriented manifold M™
onto a n-dimensional vector space R". This class of multi-valued
mappings satisfies the following condition: the projection onto
the domain of multi-valued mapping induces a right-invertible
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homomorphism of the é‘ech homology groups with compact sup-
ports and coefficients in the field of rational numbers ). The
generalized local degree satisfies the usual properties of topolog-
ical degree for multi-valued mappings, including the existence
theorem, which could be formulated as follows: if the general-
ized local degree is different from 0, then the set of the solutions
of the inclusion 6 € ®(z) is nonempty.

This paper is comprised of three sections. In the first and
second sections, we give notions, such as the concept of the
n-decomposing single-valued maps and the local degree for an
n-admissible pair of single-valued maps. In the last section
we define and study the generalized local degree for admissible
multi-valued vector fields.

2. Preliminaries on n-decomposing Maps

Let G; and G2 be two additive Abelian groups and let
7 : Gy — (G5 be a homomorphism.

Definition 2.1. A homomorphism 7 is called an -homomorph-
ism if 7 has a right inverse.

We denote by Q(7) the set of right-inverse homomorphisms
of 7. The following properties are satisfied.

Proposition 2.1. A homomorphism 7 : G; — Gy is an
r-homomorphism if and only if the following conditions are
satisfied:

1. 7 1s an epimorphism;
2.Gi=Kert®G , where G is a subgroup of G.

Proposition 2.2. If G; and Gy are two vector spaces over a
field K and if 7 : Gy — Go is an epimorphism then T is an
r-homomorphism.
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Proposition 2.3. Let 7y : G; — G and 7o : Go — G5 be
two r-homomorphisms. Then their composition T = T, 0 Ty :
G1 — Gy is also an r-homomorphism.

More properties of m-homomorphisms can be found in [5].

Let X and Y be two Hausdorff topological spaces, and A and
B two subsets of X and Y, respectively. Let f : (X, A) —
(Y, B) be a continuous, single-valued map of pairs of topological
spaces, i.e. f: X — Y and f(A) C B.

Let H(X, A) be the é‘ech homology groups with compact sup-
ports and coefficients in the field of rationals (). The properties
of this groups can be found in [15], [10], [19].

Definition 2.2. We say that the single-valued map f is right-
decomposing in the rank n > 0 on the pair of spaces (Y, B) if
the homomorphism f. : H,(X, A) — H,(Y, B) induced by f in
the homology groups is an r-homomorphism.

In this case we say that f is n-decomposing on (Y, B).
The set of the right-inverse homomorphisms of f, will be
denoted by Q(f.).

Let us consider some examples.

Proposition 2.4. Let f : (X,A) — (Y, B) be a continuous
single-valued map which has a continuous right-inverse. Then f
is n-decomposing on (Y, B) for every rank n > 0.

Proof. Of course, if (f o g) = Id(y,p) then (f o g). = (Idy,p))«
from which we deduce that f, o g. = Idpy,(v,p). This equality is
true for every n > 0. O

Proposition 2.5. Let f: (X, A) — (Y, B) be a Vietoris map,
this means that:

1. f is continuous, proper, surjective;

2. f4(B)=A;

3. f~1(y) is Q-acyclic for every y € Y.
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Then the map f is n-decomposing on (Y, B) for every n > 0.
Proof. From the Vietoris map theorem [15], we know that
fe @ Ho(X,A) — H,(Y,B) is an isomorphism, so that f is
n-decomposing on (Y, B) for every n > 0. 0
Proposition 2.6. If f : (X,A) — (Y, B) is a single-valued
continuous map which has a right homotopic inverse
g: (Y,B) — (X,A) then f is n-decomposing on (Y, B) for
every n > 0.
Proof. This is a direct consequence of the fact that
fog ~ Idyp). In fact, (fog). = fiog = Idu,vsn),
hence g. € Q(f). a

Now we shall give some properties of decomposing maps.

Proposition 2.7. Let f : (X, A) — (Y, B) be a continuous
single-valued map. If there exists a continuous single-valued map
g:(Z,C) — (X, A) such that the single-valued map (f o g) is
n-decomposing on (Y, B) then f is also n-decomposing on (Y, B).
Proof. Let us consider the following commutative diagram:
(Z,C)
9./ N\ (fog)
x,4) L w.B)

This diagram induces the following commutative diagram in
homology:

Hn(Z, C)
g*/ \(fog)*:f*og*
H,(x,4) o H, (Y, B)

Let 7 € Q((f og)«), then we have the following commutative
diagram:
H,(Y,B) —~ H,(Z,C) **% H,(Y,B)
g« | II
Ho(X,A) L H,(v,B)
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From the above diagram we obtain the equalities
feolgeoT)=(fuog.)oT=(fogloT= Idy, v,
yielding (g« o 7) € Q(fs). O

Corollary 2.8. Let f : (X, A) — (Y, B) be a continuous single-
valued map and (Z,C) C (X, A). If the restriction of [ to
(Z,C) is n-decomposing on (Y, B) then f is also n-decomposing
on (Y, B).

Proof. The proof is a consequence of the above proposition and

the fact that fo i =f wherei: (Z,C) — (X, A) is the natural
injection. O

Proposition 2.9. Let f: (X, A) — (Y, B) be a single-valued
map which is n-decomposing on (Y, B) and g : (Y,B) — (Z,C)
be a single-valued map which is n-decomposing on (Z,C'). Then
the single-valued map (g o f) is n-decomposing on (Z,C').

The proof is obvious.

3. Generalized Local Degree for Pairs of Single-valued
Maps

We consider the following:

1. M™ is a n-dimensional oriented manifold with a fixed
orientation O € I'(M™, Q);

2. U is an open subset of M";

3. R" is a n-dimensional topological vector space with origin
f and a fixed orientation;

4. X is an arbitrary Hausdorff topological space.
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The basic properties of oriented manifolds and of fundamental
classes of compacta can be found in [§].

Let (f,g) be a pair of single-valued maps defined in the fol-
lowing way:

U x4, g

Then we say that the pair (f, g) is acting from U to R"™.
Let K be a compact subset of U which contains f o g=%(6),
then we can consider the following diagram:

(U, U\K) < (X, X\ f~1(K)) -% (R*, R"\0).  (3.1)

Definition 3.1. A pair of single-valued maps (f,g) from U to
R™ is called n-admissible on (U, U\ K) if f is n-decomposing on
(U, U\ K).

The set of all n-admissible pairs on (U, U\K) is denoted by
AP(U, U\ K).

We shall give a construction of a local degree for this class of
pairs of single-valued maps.

From diagram (3.1) we obtain the following diagram:

H,(U,U\K) <= H,(X, X\ Y(K)) %> H,(R", R"\0)

Let Q (f.,U, K) be the set of the right-inverse homomorphisms
of the r-homomorphism f,.
For o € Q(f.,U, K) we obtain the following diagram:

H,(UU\K) <~ H,(X,X\fYK)) %> H,(R", R"\0)

g\ |

Ho (X, X\ fH(K))

Let Ok and Oy be the fundamental classes of the compacta K
and {0} respectively. Then we have:

gx00(0k) =k - Oy
where k € ().
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Definition 3.2. The rational number k is called the local degree
of (f,g) associated to o € Q (f, U, K) and it will be denoted by

fya' [(-f? g)? U? K]

If there is no confusion about which spaces we are considering,
we will simply write v, (f, g).

Definition 3.3. The set of rationals
VI, 9),UK]={y(f.9) |0 €Q(f.,U K)}
is called the generalized local degree of the pair
(f.9) € AP(U, U\ K).

We shall study some properties of the generalized local degree.
Suppose that:

1) U and V' are two open subsets of M";

2) K and K, are two compact subsets of M";
3 KCK,cVcVcU;

4) X, X; are Hausdorff topological spaces.

Suppose futher that we have two pairs (f,g) and (f1,¢91) of
single-valued maps defined in the following way:

(U, U\K) <L (X, X\ [ (K)) < (R", R"\0)
and
(V, V\EY) <2 (X0, X0\ f(Ky)) 2 (R, R™\6)

Proposition 3.1. Let a : (X1, X\ f{ (K1) — (X, X\fY(K))
be a single-valued map such that the following diagram is com-
mutative:

(V,V\KY) <L (X0, X\ i1 (Ky)) 25 (R, R™\6)

il |« |
(U, U\K) <= (X, X\f1(K)) - (R, R"\0)
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where i is the natural injection. If the pair (f1, g1) is n-admissible

on (V,V\Ky), then the pair (f,g) is n-admissible on the pair
(U,U\K) and we have the inclusion

\% [(f>g)>U> K] oV [(fl,gl)av;Kl]-

Proof. Consider the commutative diagram:

H,(V,V\Ky) L% H, (X0, X\ fi (K1) 25 H,(R", R"\0)
i | | a. |
H,(U,U\K) <L~ H,(X, X\f"N(K)) - H,(R",R"\0)

From the excision theorem [19] it follows that the homomor-
phism i, is an isomorphism. Therefore, i,(Ok,) = Ok. Let 0 €
Q(f1,,V, K1), in this case the homomorphism oy = a, oo o}
is a right-inverse of the homomorphism f,. This means that
(.f>g) € Q(f*>U>K) :

Now let us prove the inclusionV[(f, g), U, K]|D>V [(f1, 91), V, K1] .
Let 0 € Q(.fl»n‘/?Kl) 770(./:79) €V [(f1>gl)>‘/>K1] then we
know that

or=a.000i,' €Q(f.,UK),
and we have the equalities:
9:(01(0k)) =g(x(0(Ok,))) = 91.(0(Ok,)) =6 (f1,91) - Op. O

Consider the following diagram U 4 X 4 R Let K bea
compact subset of U containing f o ¢g7!(f) and let
h : (R",R"\0) — (R™, R"\#) be a continuous single-valued
map. For h we can define degh € @, where h’(Opy) = degh - Oy.
Notice that in this case fo (hog)~(0) C K.

Proposition 3.2. If (f,g) € AP(U,U\K) then (f,hog) €
AP(U, U\ K) and

V((fihog),U K)=degh-V((f,9),UK).
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Proof. We have the following diagram:

(U, U\K) <= (X, X\ [ (K)) % (R", R"\0) > (R", R™\),
from which we deduce:

H,(U,U\K) <~ H,(X,X\fY(K)) 2> H,(R", R"\0)
| h.

H,(R", R"\0)
Let 0 € Q(f.,U, K), then:
Yo(f,hog) Op=(hog)oo(Ok)=hiog.oo(Ok) =

= h((f,9) - Os) = V6(f,g) - degh - Op.
Hence v, (f,hog) = degh - 7,(f,g). This yields:

VI(fihog)UK]={v(fhog)loeQ(f,UK)}=
= {degh’yg(f,g) |U € Q(f*>U>K)}:degh' -V [(.f>g)>U>K] o
Proposition 3.3. Let (f, g) be an element of AP(U,U \ K) such
that fog=*(0) =0. Then V[(f,9),U, K] = {0}.

Proof. Under the above conditions we can consider the com-
mutative diagram:

(U, U\K) <= (X, X\f(K)) % (R", R"\0)
g\ 11
(R™\, R"\0)
where g = g. Then

VU(fmg) Oy = G« OU(OK) = 1y Oﬁ* OO’(OK).

Using the fact that g, is the trivial homomorphism, we obtain
that v,(f,g) = 0 for every o € Q(f., U, K). O
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Corollary 3.4. If (f,g) € AP(U,U\ K) such that

VI(f,9),U, K)] ~{0} then fog(0) A0.

Definition 3.4. Two n-admissible pairs (f;,¢;) (i = 0,1) on
(U, U\K) with:
(U, U\K) <~ (X, X\K) 5 (R",R"\0)  (3.2)

are called homotopic if there exists a pair of continuous single-
valued maps (i, 1) such that:

(U, U\K) <& (X x [0,1], K x [0,1]) % (R", R"\0)
satisfying the equalities:
p(2,0) = fo(z),¥(z,0) = go(x); p(x, 1) = fi(2);¥(2,1) = g1 ().
We will denote this property by (fo,g0) ~ (f1,g1).

Proposition 3.5. If (fo, g0) X (f1,01) then V[(fo,90), U, K] =
V[(f1>gl)>U>K] .

Proof. This is a consequence of the equalities fp, = fi.and
Gox = G1x- 0

4. Generalized Local Degree for Multi-valued Mappings

Let X and Y be two topological spaces. A multi-valued mapping
taking X to Y is a relation F' which associates to each element
x € X a nonempty subset F'(z) C Y.

Let K(Y') be the collection of all nonempty compact subsets
of Y; the notation F' : X — K(Y) expresses the fact that F’
associates to each element of X a nonempty compact subset of
Y.

Theset I'x (F) = {(z,y) | xr € X,y € F(x)} C X xY iscalled
the graph of the multi-valued mapping ' on X. In this case we
can define two natural projections: tp : I'x(F) — X, t(x,y) =
x; rp I'x(F) —Y, r(x,y) =y for every (z,y) € I'x(F).
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For each element z € X we have the equality
F(x) = rp(tz'(z)). This means that a multi-valued mapping
is well defined by the quintuple (X, Y, 'x (F),tp,75).

Let M™ be a n-dimensional oriented manifold, U an open
subset of M"™ and R" a n-dimensional topological vector space
with origin 6 and a fixed orientation. Let F': U — K(R") be
an upper semi-continuous mapping.

Definition 4.1. A multi-valued mapping F' : U — K(R") is
called an admissible multi-valued vector field in a neighborhood
of a compactum K C U if the pair of projections (tp,rr):

U &E Ty(F) 15 R
satisfies the following conditions:

1. Ko{zeU|OeF(x)}
2. the pair (tp,rp) is n-admissible on (U, U\ K).

The set of all admissible multi-valued vector fields on a neigh-
borhood U of the compactum K will be denoted by Adm (U, K).

Let M™ be an oriented manifold with a fixed orientation O €
['(M"™, @), and U an open subset of M™. Let & : U — K(R")
be an admissible multi-valued mapping in a neighborhood U of
a compactum K.

Definition 4.2. The generalized local degree of an admissible
multi-valued mapping ¢ in the neighborhood U of K is defined
to be the following set of rationals:

Deg(fb,U,K) = V[(tq;,Tq;),U,K]
= {VU(tq),Tq)) | o€ Q((t<l>)*>U> K)}>

where tg and r¢ are the natural projections of ®:

(U, U\K) 2 (Ty(F); T (@) =2 (R", R™\6).
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Let us describe some properties of this generalized local
degree.

Theorem 4.1. If Deg(®,U, K) /={0} then the inclusion
0 € () admits at least one solution in K.

Proof. This is a consequence of the corresponding property of
the local degree for n-admissible pairs (see Corollary 3.4). O

Let Z be a Hausdorff topological space, f : Z — U a surjec-
tive, proper, continuous, single-valued map, and g : 7 — R" a
continuous single-valued map.

In the case when we have go f~!(z) = ®(z) for every z € U,
we say that the quintuple p = (U, R", Z, f, g) is a representation
of the multi-valued mapping ®.

We say that the representation p is admissible if (f,g) is a
n-admissible pair on (U, U\K).

Let Ky C U be a compact subset of U, K C K. Let (f,g) be
a n-admissible pair on (U, U\K;). Then, we can consider also
the diagram:

(U.U\K) <= (Z,2\J7/ (K1) > (B, R"\0)

Let Q(f.,U, K1) be the set of the right-inverse homomor-
phisms of f,,
for Ho(Z,Z\f (K1) — H,(U,U\K)).

We can define:
Degy(q>7 U7 Kl) =V [(f7 9)7 U7 Kl] = {70(f7 g) | o€ Q(f*v U7 Kl)}

Proposition 4.2. Deg, (®,U, K1) C Deg(®,U, K).
Proof. We have the commutative diagram:

(U, U\K,) <= (2, 2\f(K\)) —% (R",R"\0)
Li la |

(U, U\K) < (Ty(F);Ting(®)) —% (R", R"\0)

where a(z) = (f(2);9(z)) for each z € Z. We finish the proof
by applying proposition 3.1. 0
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Corollary 4.3. If ® : U — K(R") has up = (U,R", Z, f,g) as
an admissible representation on (U, U\K1) and if Deg,,(®,U, K1)
/~={0} then there exists xo € U such that 8 € ®(x).

Let ® : U — K(R") be a multi-valued vector field admissible
in a neighborhood of a compactum K. Let g : (R", R"\#) —
(R"™, R"\0) be a continuous single-valued map.

Let U : U — K(R") be the multi-valued mapping defined as
the composition go & = V.

Proposition 4.4. The multi-valued mapping ¥ : U — K(R")
is also admissible on (U, U\K) and we have the inclusion:

(degg) ' D€g((1>, U> K) - Deg(\lf, U> K)
Proof. Let us consider the following commutative diagram:

(Cu(®); Tk (@) —= (R™, R™\0)
te /
(U, U\K) la lg
ty "\
(Cu(¥); Tk (W) =5 (R", R™\0)

where a(z,y) = (x, g(y)) for every (z,y) € I'y(P).

It is obvious that the quintuple p = (U, R",T'y(®), te, gors), is
an admissible representation of the multi-valued vector
field ¥. So ¥ is an admissible multi-valued vector field and
Deg,(V,U,K) C Deg(¥,U, K). From the definition of the
generalized local degree Deg,(V,U, K) we obtain that
Deg,(¥,U, K) = (deg g) - Deg(®,U, K). Thus,

(degg)Deg(fb,U,K)CDeg(\If,U,K) U

Proposition 4.5. Let &y and ¢, : U — K(R"™) be two multi-
valued mappings, which satisfy the following conditions:
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1. ®y(x) C Dy(z) for every element x € U,

2. the set K = {x € U | 0 € ®y(x)} is compact in U and
(to,ro,) is a n-admissible pair on (U,U\K);

3. ®q is admissible on the pair of topological spaces (U, K).
Then, ®1 is also an admissible multi-valued vector fields and
Deg(®,,U, K) C Deg(®o, U, K).
Proof. We can consider the following commutative diagram:

(U, UNK) <2 (Ty(@1); T e (®1)) 225 (R, R™\0)

I Li I

tq>0

(U, U\K) <22 (Ty(Do); Ton i (®0)) —2 (R™, R™\0)

where ¢ is the natural injection. The statement then follows
from the proposition 3.1. 0

Theorem 4.6. Let & : U — K(R") be an upper semi-contin-
uwous multi-valued vector field admissible in a neighborhood of a
compactum K. Suppose that the following conditions are satis-

fied:

1. there exists an open subset V' of M™ such that K C V C
V cU;

2. for every element x € V, ®(x) is acyclic.
Then, Deg(®,U, K) = {k}, where k is defined by the equality:
T O t;i(OK) =k-Op

Proof. This is a consequence of the definition of the generalized
local degree and the Vietoris Maps Theorem, (see [15]). O
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In the case when ® : U — K(R") satisfies the conditions of
Theorem 4.6 we say that it is acyclic in the neighborhood of the
compactum K.

Corollary 4.7. Let &9, ® : U — K(R") be two multi-valued
mappings satisfying the following conditions:

1. ®(x) C Do(x) for every z € U,

2. the set K ={x € U | 0 € Oy(x)} is compact in U and the
pair (te, re) is n-admissible on (U, U\K);

3. @y is a multi-valued vector field acyclic in a neighborhood
of the compactum K.

Then Deg(®,U, K) = {k}, where k is defined by the equality:

Tdgx O t;ol*(OK) = k‘ . 09.
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