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Abstract: In this article we consider positivity issues for the clamped plate
equation with high tension v > 0. This equation is given by A?u — yAu = f
under clamped boundary conditions. Here we show, that given a positive f,
i.e. upwards pushing, we find a 79 > 0 such that for all v > ~y the bending u
is indeed positive. This 7y only depends on the domain and the ratio of the
L' and L*> norm of f.

In contrast to a recent result by Cassani&Tarsia, our approach is valid in all
dimensions.
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1 Introduction

The Boggio-Hadamard conjecture states, that for a given convex, open, bounded set 2 C
R™ and a given f € L'(Q) with f > 0 and outer normal v of { a solution u to

A’y =f in Q,
u = d,u = 0 on ON.

(1.1)

is nonnegative, i.e. u > 0 (cf. [H1908a], [H1908b]). (TI) models the bending u of a
clamped plate 2 under a force f. Hence the problem can be restated as:

Does upward pushing yield upward bending?

The conjecture was substantiated by Boggios explicit formula [Bo05] (see also [GazGrSwl,
Lemma 2.27] or [Hil9]) for the Greens function of problem (L.I]) on the unit disc, because
this function is positive.

Several other domains than the disc have been found on which such a positivity preserving
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property holds. Hadamard himself emphasized in [H1908b] that such a property for certain
limagons is true (see also [GazGrSwl Fig. 1.2] and |AI1899]). Remarkable is that such
limagons are not convex. In [GrRol0] Grunau&Robert showed, that positivity preserving
is preserved under small regular perturbations of the domain. The conformal invariance
of the problem was also successfully used to construct domains with a postivity preserving
property by e.g. Dall’Acqua&Sweers in [DaSw04] (see also the references therein for more
informations on such domains).

On the other hand several counterexamples have been found by now. The first one was by
Duffin on an infinite strip [Du48] and shortly after Garabedian [Gar51] showed, that on
an elongated ellipse the Greens function changes sign. By now even for uniform forces, i.e.
f =1, counterexamples have been found by Grunau&Sweers in [GrSwi4a] and |GrSw14b].
We refer to [GazGrSwl, §1.2] for a comprehensive historical overview to this problem.
Instead of examining ([L1]) for positivity, Cassani&Tarsia in [CaTa20] examined positivity
issues for

A2y —yAu=f inQ,
u=0,u=0 on 0f).

(1.2)

with v > 0 big enough. The basic motivation is that for v big enough, the influence of Au
(—Au = f satisfies positivity preserving via the maximum principle) becomes stronger
than that of A%u. In more technical detail Cassani& Tarsia conjectured the existence of
a v = (f,Q) > 0, such that u > 0 for all v > 79 and provided a proof for dimensions
n = 2,3, smooth, bounded Q and positive f € L%(Q). In this article we provide a different
approach, which is valid for all dimensions, see Theorem [L11

In dimension n = 1 this positivity preserving property is true for all v > 0 independent
of f. This was shown by Grunau in [Gr02] Proposition 1.

The parameter v is usually called tension, if it is positive. Several results concerning
(L2) have been achieved, which are usually concerned with vibrations of the plate, i.e.
eigenvalue problems. Bickley gave some explicit caculations for the spectrum in the
unit disc in [Bil933] already in 1933. Hence the existing literature for these eigenvalue
problems is quite vast and is still developing, see e.g. [BuoKe21], [AnBuoFri9] and the
references therein.

Other modifications for (II) concerning positivity issues are e.g. changing the boundary
conditions to so called Steklov-conditions. This has been examined by e.g. Bucur&Gazzola
in [BucGazl11].

Different elliptic differential operators of higher order, their respective fundamental
solutions and their sign close to a singularity have also been examined by Grunau,
Romani& Sweers in [GrRomSw20)] in a more systematic approach to understand better
the loss of positivity preserving.

For technical reasons and to achieve a more general result we examine

e2A%u, — Au. = f.  in Q,
Ue = Oyus =0 on 0f2

(1.3)

instead of (L2). Here Q@ cC R", 90 € C4, f. € L>®() and € > 0, and the solution
u. € WHP(Q) forall 1 < p < oo .



Theorem 1.1 For connected Q2,7 >0, f- >0 with

[ 44" = 7 £ > 0 (1.4)
there exists €9 = eo(2,7) >0 such that

us >0 inQ for0<e<ep. (1.5)

Please note, that we do not have any restrictions on the dimension, i.e. n € N arbitrary.
The strategy of the proof is as follows: The limiting problem of (L3]) is

—Au=f>0,20 in Q,
u=20 on 0f),

which admints a maximum principle, and establishes positivity of w. on any Q' CC
Q) for £ small.

Then we examine a blow up of our solutions u., which is weighted by the supremum of
the modulus of the laplacian at the boundary, i.e. supgq e?|Au.|. After a careful analysis
(see sections §21 and §3]), we can show that this blow up converges in a suitable sense to
a solution of A?u — Au = 0 on the half-space with Dirichlet boundary conditions (see
section §4). With a uniqueness result shown in appendix [Al we explicitly calculate this
limit and obtain positivity of the laplacian of u. on the boundary for ¢ small. This is
crucial, as in the presence of Dirichlet boundary conditions in (L3]) the laplacian is the
second normal derivative of u. on the boundary, and therefore positivity of the laplacian
on the boundary gives positivity of wu. close to the boundary, see section 4l

Similar strategies of examining a blow up to the half space and using explicit formulas
have been employed by Grunau&Robert in [GrRol0] and Grunau, Robert&Sweers in
[GrRoSw11] to show lower bounds for the Greens function of a polyharmonic operator.
This method was later refined by Pulst in his phd-thesis [Pul5] to also obtain such
estimates, if non-constant lower order terms are present. If variable coefficients in the
principal part of the operator are given by a power of a second order elliptic linear
operator, such estimates were found by the same method by Grunau in [Gr21].

2 Preliminary estimates

As (3] is homogeneous of degree one, we may assume
Offagla /f5d£n27'>07 (2.1)
and after passing to subsequence f. — f weakly™ in L*°(Q2) with

0< f<1, /fdﬁ”27>0, (2.2)



in particular fZ0 .

The limiting problem of (L3)) is thought to be the second-order boundary-value prob-
lem

—Au=f in Q,
(2.3)
u=0 on 0f.
We also consider
—Aug . = in €,
0,e fs (2.4)

up,e =0 on 9.

Both problems admit by standard elliptic theory, see [GT] Theorem 9.15, unique solutions
u respectively ug. € W2P(Q) — CL¥(Q)foralll < p < ccand 1 — (n/p) > a > 0
with

[ w,uw0.e lwzr@)ncte@< C(Q,p,a) <oo VI<p<oo,0<a<l (2.5)

In particular the set of all w,uq. for any f, f- with (Z2) and () is compact in C1(Q) ,
and in particular
up. — u  strongly in CH*(Q),V0 < a < 1, (2.6)

and weakly in W?2P(Q) forall 1 < p < oo .

As f,f->0,f, f- #0 and Q is connected, we get by the strong maximum principle, see
[GT] Theorem 8.19, that

u, up,e > 0 in € (2.7)
and by Hopf’s maximum principle, see [GT] Lemma 3.4, that
— 0yu, —0yupe > cop >0 on I (2.8)
and
U, up,e > cod(.,00) on (2.9)

for some ¢y = cp(£2,7) >0 by compactness of the u,ug. in C1(Q) .

We put v 1= u. —up . € W3P(Q) N CH*(Q) with v. = 0 on 9Q . Subtracting in (L3, we
see
A(E*Au, —v.) =0 in Q, (2.10)

that is €2Au. — v, is harmonic in € .

([23)) is indeed the limiting problem of (I.3]) in the sense of the following proposition.
Proposition 2.1 For u.,u,v. =u. —uo. as in (L3), (21), (23), we have

Ue — u, ve — 0 strongly in W01’2(Q), (2.11)
eAu. — 0 strongly in L*(Q). ‘

Proof:
Multiplying (ZI0) by v. and integrating by parts, we get

0= /A(62Au€ — v )ve dL™ =
Q
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= /EQ(AZUE)UE dcr — /82(A2u5)u075 dL'"—i—/]VvE]Q dcr.
Q Q Q

Replacing €2A%u. by Av. in the second term with (ZI0), we continue

/EQ\A%P dcm + / Vo |? dL™ = /(Avg)uo,g e =
Q Q Q

_ / VeV AL <|| Vor |22 || Vioe ||z, (2.12)
Q
in particular || Ve ||z <[] Vuoe [12()< C(2) by ([2.5), hence

/62|Au5|2 dc" + / |Voe|? dL™ < / Vg |2 dL™ < C(Q).
Q Q Q

Passing to a subsequence, we get

ve — v weakly in Wol’z(Q),

g2 Aue — 0 strongly in L2(Q).

Multiplying (ZI0) by some 7 € C§°(2) and passing to a subsequence, we get

0= / (e2A%u, — Av.)y AL = / e2Au, - An dL" + / Vou.Vn dL" — / VoVn dL™,
Q Q Q Q

and v € Wol’Z(Q) is harmonic in €2 , hence v = 0 and u. — u weakly in Wol’Z(Q) .
Returning to (2.12]), we improve now to

/82’Au5’2 dc" + / Vo2 dL™ = —/Wavuo,a dc" — 0,
Q Q Q
which is (ZIT)).
/1]

The following proposition shows that the laplacian cannot be bounded throughout
Q.

Proposition 2.2 For u.,7 asin (IL3), (21), (22), we have for any Q' CC Q that

e—0
Q-

lim inf / (Aug)y dL™ > 7 > 0.

Proof:
We see for any 1 € C§°(§2) with the previous Proposition 2.1]

/(Aue)n dc" = /UEAU dc" — /uAn dc" = /(Au)n dc" = —/fn dc"
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and the homogeneous boundary conditions in (L3]) that

/Aug(l —n) dL" = /Au8 dL" — /(Aug)n dL" =

= /(%u6 dareagn — /(Aue)n dc"” — /fn dc".
o0
Choosing n € C§°(Q) with 0 <np<landn=1in Q' , we get

[ @ueaerz [@uya-mact - [ facn

Q-

Letting 1  xq , we get from (2.2)) that

/fndﬁ"—)/fdﬁ"27'>0,
and the proposition follows.

/1]

3 The laplacian on the boundary
In this section, we investigate the values of the laplacian on the boundary and put
_ .9 2
A = mine Au, < maxe Au, =: AT, (3.1)

With subscripts = we denote the positive respectively negative part, i.e.

A§E7+ ‘= max (0, A;E) , Aj_ ‘= max (0, —Agc) . (3.2)
Furthermore we set
M, :=|| e*Au, | oo (90) = max(A;r,Jr,A;f). (3.3)

With the maximum principle, we get the following estimates.

Proposition 3.1 For wu., fe,,uoe, Ve = Ue —u075,A§C as in (I3), (21), (27), (31), we

have
A7 <EAu. —v. < AT inQ, (3.4)
— A;—,-l- — 82 ” fa HLOO(Q)S Ve S Ae_7— m Q, (35)
ue > AL | in Q. (3.6)
Proof:

As v =u. —up. =0 on 0Q by (L3) and [24]), we get (3.4) from (Z.I0).
Adding (24]), we see

e2Av, — v, = —eQAuoﬁ +e2Aug — v, < 2f. + AT in Q,



in particular

2Av, <0 in [v. < —€2f. — A:,Jr] =: Q.

Since ve > —ef. — A +ond, as ve =0ond by above, we get from the mean-
value estimate for Superharmonic functions or by Alexandroff’s maximum principle, as
ve € W2n(Q) | see [GT] Theorem 9.1, that v, > —e2f. — AF 4 in Qo , hence Q =0, and
the left estimate in (B.5]) follows. The right estimate is obtained by symmetry observing
that f. > 0.

Next for x € Q with u.(z) = ming u. and assuming that this minimum is negative, we
see r € Q,as u. = 0ondQ by ([L3), hence Au.(x) >0, as u. € WH(Q) —
C%(Q) for 2 — (n/p) > 0. Then we get with (3.4) and ([27) that

—ue(z) < 52Aus($) —ve(z) — UO,s(x) < A;‘,
which is (3.0]).
/1]

Using the fourth order equation, we get estimates for the laplacian.

Proposition 3.2 For wu., fe,,uoe, Ve = Ue —u075,A§C as in (I3), (21), (2F), (31), we

have

— A€_7_ — 52 H fa ”Loo(ﬂ)g EQAU,E < A;—,-l- in Q. (37)

Proof:
We have with (3] that
2A%u, —Au. = f. inQ
and get
EA(Au) <0 in [Aue < — || foq Iz —€ 2A7 _] =: Q.

Since Aue > — || for [lpeo(o) —e 2A7 _ on 09 , as Au. > e 2A7 > —e2A7 _ on 99
with (B, we get from the mean-value estimate for Superharmonlc functions or by
Alexandroff’s maximum principle, as  Au. € W2"(Q) , see [GT] Theorem 9.1, that
Aue > — || fer =) —6_2A€_7_ in Qp , hence Qy = (0 , and the left estimate in

B.1) follows. The right estimate is obtained by symmetry observing that f. >0 .

/1]

Here we can give a preliminary asymptotic estimate for M. . Actually we will improve
this asymptotic later in Proposition and (4I9). Anyway we present this estimate at
this stage to get more compact bounds already now.

Proposition 3.3 For u., M.,A¥ asin (I3), (21), (31), (33), we have
e 2M,. > 572A;r7+ — 0.
in particular M: > AT = AT | >0 for e small depending on Q and T .

Proof:
Combining Proposition 3.2 (377) and Proposition [Z2] we get for any Q' CC Q that

e—0 ) e—0
Q-

LM(Q— Q) liminf e 2AF 4 > liminf / (Aug)q dL™ > 1 >0,



hence, as L™(Q — Q') can be made arbitrarily small, that
5_2A;r7 4~ 00,

which yields the assertion.

/1]

With the above asymptotic, we can already bound wv. , and we can prove that wu is
positive on large parts of €2 .

Proposition 3.4 For wu., upe,ve = ue: —uoe, M: as in (1L3), (21), (22), (24), (33).

we have

limsup || M. v, o)< 1.
e—0

Proof:
Combining Proposition B (3.5) and Proposition B3] we get observing (Z1]) that

limsup || M. "0 || poe(ay< limsup M. (M + €2 || f2 [|poe(a)) < 1.
e—0 e—0

/1]
Proposition 3.5 For u.,AY asin (I3), (1), (31), we have

ue >0 in [d(.,00) > CATINQ (3.8)

for some C =C(Q,7) < oo and € small depending on Q and T .

Proof:
From (2.9]), we see for = € 2 with cod(z,0Q2) > Aj’++62 | fe [|oo (@) by (B.5]) that

Uel) = vez) +u(@) > —AF 4 — 2 | fu (o +Heod(z,00) > 0.
By Proposition B3] and (2.1]) clearly
20 > AY 47| fe o

for e small, and (@8] follows for C' = 2c5! < o0 .

/1]

4 Blow up

In this section, we consider a blow up of our solutions wu. by translating and rescaling
with z9. € R" and putting

G () := uc(xo. +ex) forx € Q= HQ —x0.). (4.1)

Then
Vi, = eVue(zoe +¢.), At = 52Au5(x075 +e.) (4.2)



and by (L3) that
A%, — At = 2 f(wo. +e.) = f. on (.,

N (4.3)
Ue, 8,,{.2 e =0 on 09,
and with (2.I)) and Proposition [B3.3] that
I e gy =l £ iy 2 = o(1)M.for e =0, (1.4

where o(1) — 0 depending on Qand 7. We extend wu. respectively 4. by putting
0 outside 2 respectively outside €2, . By the homogeneous boundary conditions in (L3
and [3), we see u., @ € W22(R™) .

loc

We also have to stretch . to get a nontrivial limit, and it turns out that reaching bounded
values of the laplacian of %, on the boundary is the right measure for stretching.

Proposition 4.1 For iy, f-,ue, f-, M. as in (41), 3), (273), (32.3), and =z € OQ ,

we get for any subsequence with after rotating e such that
va(zoe) — —en (4.5)

after passing to a subsequence

M. 7Y, — Gis  weakly in W22(Bg(0)) for all R > 0, (4.6)
M. Vi, — o weakly in W*P(Bg(0) N Q) for all R > 0,1 < p < o0 .

as € — 0 after flattening the boundary of Q. . Further

A2log — Aliw =0 in R?,
Too, Onlice = 0 on R*1 x {0},
Ui =0 inR"—R7,

oo > —1, |Alisg] <1 inR™

Proof:
We get from Proposition B1] (3.6) that

e > —M, in Qa (4'8)

and also outside €. , as 4. = 0 there. Next by Proposition B0, Proposition B3]
(1) and (£2) that

| At [[ 00 (6=l A || ooy < Me 4+ €% || fo || poo(@)< (1 + 0(1)) M. (4.9)

Then w. + M. > 0in R™ | and we can apply the Harnack-inequality, see [GT] Theorems
8.17 and 8.18, and get observing that @.(0) =0, as zp. € 0, that

BSU(P)(QE + Me) < Cn(ﬂe + Me)(o) + Cn,R || A(ﬂe + Me) HLOO(BQR(O))S Cn,RMea
r(0



hence
| e || oo (Br(0)) < Cn,rM: (4.10)

for ¢ small depending on  and 7 .

Next by Friedrich’s Theorem in the interior, see [GT] Theorem 8.8, [GT] Exercise 8.2,
(£9) and (4I0) that

| e [lw22Bg0)< Cn,R( | Atic [|2(Byg(0)) T+ || @e |22(Bor(0)) ) <CprM:  (411)
for & small depending on 2 and 7 , which yields the first convergence in (40l after
passing to a subsequence.
Proceeding from (4.3)), we get from fourth order LP—estimates, see [ADN59], [ADNG4]
§10, after flattening the boundary of 9€). , as 9Q € C* | with ([@4) and (EI0) that

| e ”WMJ(BR(O)ﬁQg)S

< C"’R’p< I £ HLOO(B2R(0)FWQe) + 1l G ”L°°(B2R(0)ﬁﬁs) > <
<ChrpM: VR>0,1<p<oo

and ¢ small depending on €2 and 7 . After passing to a subsequence, we obtain with
([A3) the second convergence in (Z0]).

Finally (£7) follows from (43), (£4), (48), (49), when recalling that @, = 0 in R"™ —
Q.

/1]

Actually by fourth order higher order LP—estimates, see [ADNS9], [ADNG64] §10, we get
that the blow up s is smooth on IRT}F .

Now we are able to give a lower bound for M. which improves the asymptotic in Propo-

sition 3.3
Proposition 4.2 For u., M. as in (L3), (21), (3.3), we have
M. > coe

for some ¢y = co(Q,7) >0 and ¢ small depending on Q and T .

Proof:
We see for z. € Q with |z, — 2| = d(x.,08)) = € for ¢ small by (2.9), Proposition [3.4]
and by the local boundedness of . in Proposition ] or more directly by (£I0), for

Te = (x. — x0.)/e € B1(0) that
cpe < uO,e(xe) = ue(xs) - Us(xs) = ﬂe(je) - ve(xe) <

< e (| zoe(By(0)) + I Ve lpoe(@)< (Cnyt + 0(1))Me,

hence
]\4€ > CoE

for € small depending on 2 and 7 .
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/1]

The blow up for u, is rather elementary by the strong convergence in C1¥(Q) in (2.
As in ([@I]), we put

Uoe(2) == upe(r0e +cx) forze Q. = 6_1(Q —Toe). (4.12)

Proposition 4.3 For g, us, uoe, fo, M as in ([{-12), (3), (21), (33), and with
(4-9), we have after passing to a subsequence such that

B |Vug(xoe)le/Me > coe/ Mz > 0 (4.13)
for some cy = co(Q,7) >0 for the linear function oo : (y,t) = Bt that
Mz_:_lﬂo,€ — Upoo  uniformly in Br(0) N Q. for all R >0
after flattening the boundary of 0. . Further
oo — Gigoe] <1 in R”, (4.14)

in particular s — lig,c0 € L(RY) .

Proof:
From (23 and, as wupe. = 0on 0Q by (24), we get by Taylor’s expansion for any
x € R} and any 0 < a <1 that

Ma_lﬁoﬁ(x) = M5_1u075(x075+5w) = M5_15Vu075(x075)-x—i—Ma_lOa(aHo‘\leo‘). (4.15)

As wuge = 0on 9Q by @4), we get with (Z6), (£5) and 9Q € C* after passing to a
subsequence with xp. — xg € 90 that

Vuo,z-:(%,s) = &/Quo,e(xo,s)m(%,s) — —&@U(xo)ena
in particular with (2.8)) that
|Vug e (x0c)| = —0uqu(zg) >0

and Vuge(zoe)/|Vuoe(zoe)| — en . Next with Proposition d.2] and (2.8]) after passing to
a further subsequence such that the second term in

B = |Vu0,€($075)|6/M€ > C()6/M€ >0

converges, which is (£13)), and
et /M, — 0.

Together, we get
Msilevuo,s(xo,e) — Ben,

and the proposed convergence follows from the Taylor expansion (ZI5]).
Further we get with Proposition [3:4] that

’ﬁoo - ﬁO,oo’ < ‘Ma_lﬁa - Ma_lﬁo,a’ < lims(l]lp H Ma_lva HLOO(Q)S 1,
e—

which is (@.14).
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/1]

By our investigation of half space solutions in Appendix [Al Proposition [A.3] applied to
lioo and Up oo with Proposition Il (£7) and Proposition 3] (A14) determines @oo
uniquely as the one dimensional solution and immediately yields the following Proposi-
tion.

Proposition 4.4 For . as in Proposition[{.1 and [ as in Proposition [{.3, we have

oo =0, ifB=0, (4.16)
Aliew = >0 in R x {0} (4.17)
and
Uoo >0 inRY, if 3>0. (4.18)
O

Now we are able to conclude the proof of Theorem [I.11

Proof of Theorem [1.1k

We consider ue,fg,uoﬁ,Agc,Mg as in (L3), 1), @4), BI), B3) and &a,fa,ﬂoﬁ as
in (A1), (£12) with their blow ups @, Uo,c0 and 5 obtained in the Propositions A1l and

3. We prove various claims.

Claim 1:
lim inf e/ M,
imin e/M. >0,

hence with Proposition that
co <M. Je <C (4.19)

for some ¢p = co(Q2,7) > 0,C =C(Q,7) < 0o and € small depending on 2 and 7 .
Proof:

If on contrary e/M. — 0 for a subsequence & — 0, then we get from Proposition E3]
and (2.3) that § =0, hence with Proposition 4] (4.16]) that e =0 .

On the other hand choosing zp. € 02 in such a way that
€% Aue(zo.c)| =] €2 Aue || oo o0)= M,
we get from the convergence in Proposition [4.1] (£.6]) that
1= M. A (w0, = M.~ A (0)] > |Ading (0)], (4.20)

hence At (0) # 0 and @, # 0 . This is a contradiction, and the claim follows.

//

Claim 2:

liminf M.~ 'AZ 4.21
iminf M7 A2 >0, (4.21)

12



M. At > ¢, >0 on 9. (4.22)
for some ¢; =¢1(2,7) > 0 and € small depending on 2 and 7 and
Uoo >0 in R7. (4.23)

Proof:
(Z19) implies with Proposition 3] (£13)) that

B > coliminfe/M, > 0,
e—0

which immediately gives (£.23]) by Proposition [4.4] (4.18]).

Next we choose zp. € 02 in such a way that

52Au5(x075) = Halsi)n 2Au. = A7

and get as in (£20) from the convergence in Proposition [£1] (4.6]) and Proposition 4.4l

([@IT7) that
M.7'AD = M. Aug(20e) = M At (0) — Afino (0) = 8> 0,

and ([@.21]) follows. Clearly ([@.21]) implies with (B.1]) that

M. Vinf Ad, = M, Vinf 2 Au, = M. 7AZ > ¢ >0
80, o0

for some ¢; > 0 and ¢ small, which is (4.22]).

//

Further (£2])) implies that AT > AZ > 0 and A7 _ =0 for ¢ small, hence with (3.3)
that
M. = max(AF A7 ) =AF (4.24)

€ ,+r"e €

for € small depending on 2 and 7 .
Claim 3:

ue >0 in [d(.,00) > Ce]NQ (4.25)

for some C =C(Q,7) < oo and ¢ small depending on Q and 7 .
Proof:
This follows directly from Proposition 3.5 (4.19) and (4.24).

//

Claim 4:
ue >0 in [0 < d(.,00) < coe] NQ (4.26)
for some o = c2(2,7) > 0 and € small depending on 2 and 7 .
Proof:
By the homogeneous boundary conditions in (L3)), we have Au.(xoes) = Opuc(zoe) ,

13



hence with (Z22)), Proposition &1l (6] and the embedding WP < C3 for 1—(n/p) > 0

that
1 1
i (—tvg_(0)) > §t2Aﬂ€(O) — C, M.t? > §t2M€(cl —2C,t) >0

for 0<t<¢1/(2C,) <1ande small. As xp. € 02 can be chosen arbitrarily, we get

for co = c1/(4C,) that

@i >0 in[0<d(.,00:) < e NQ.,

and the claim follows by rescaling in (4.T]).

Claim 5:

ue >0 in [ce < d(.,00) < Ce]l NN

for € small depending on 2 and 7 .

Proof:

Here for any z. € Q with coe < d(z.,00) < Cefor e small, we select
00 with d(z.,00) = |z — 20| and get for 7. :=e Y(x. —x0.) € Q. that

co < d(Z.,00Q.) = || < C.
Passing to subsequence, we get . — I with = € @ and
d(Z,R" x {0}) > ¢p > 0,
hence Z € R"} . Then by Proposition .11 (4.6)) and (£.23]) that
1~

M. ug(x) = Mg (52) = oo (T) > 0,

and we conclude that wu.(xzc) > 0 for ¢ small, and the claim follows.

Combining (4.25]), (426 and ([A27)), we get
u: >0 in Q

for ¢ small depending on 2 and 7 , which proves Theorem [L.11

Appendix

//

(4.27)

Toe €

//

/1]

A Uniqueness of a bi-laplace equation on the half space

In this section we show the following uniqueness theorem.
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Theorem A.1 Letv: @ — R be a smooth solution to

A%y — Av =0 on R%,
v=0,v=0 on R"1 x {0},
v e L®(R).
Then v = 0. O

The proof is based on an energy type estimate and on the one-dimensional case. We start
with the one dimensional case and show the following lemma:

Lemma A.1 Let v € C} ([0,00[) satisfy

dv %
w—ﬁ :O OTL]0,00[,
dv
0)=—(0)=0
o(0) = 50) =0,
v € L*(]0, ool).
Then v = 0.
Proof:

Since the differential equation is ordinary and linear, the solution space of the equation
itself is of dimension 4. By inserting the following functions, we see that they constitute
a basis of the solution space

t — cosh(t), sinh(t), 1, ¢.

The following functions are therefore a basis of the solution space including the initial
conditions at t = 0:
v1(t) = cosh(t) — 1, va(t) = sinh(t) — ¢.

Hence v has to be of the form
v(t) = Avy(t) + Bve(t) = A(cosh(t) — 1) + B(sinh(t) — ¢).

Inserting the exponential function for cosh and sinh yields

el +et el —et
v(t)—A< > —1>+B< 5 —t)

:%(A + B)et + %(A _B)et— A— Bt

Since the solution is bounded, we have A = —B. Again the boundedness then yields
B =0, to rule out linear growth. Hence v = 0.

/1]

For our next step we introduce a bit of notation for half spaces
B}, := Br(0) NR CR™, R > 0.

Next we show an energy type estimate.
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Lemma A.2 Let v satisfy

A%y — Av =0 on R%,
v=30,v=0 on R" ! x {0}.

Then there ezists a constant C = C(n) > 0, such that for all R > 1 we have

n C n
/B+ (|Av|2 + |Vv|2) ac" < E/B;R (|Vv|2 —|—v2) acr.

R

Proof:
Let n € C§°(B2r(0)) with 0 <7 <1,n =1 on Br(0) and for any k > 1

C
|DFy| < R—ZXB2R(0)\BR(0), (A1)

i.e. n is a cutoff function for the ball Br(0). Then vn* and its first derivative are zero on
8B;R. Therefore partial integration and the differential equation itself yield

0 :/ vnt(Av — A%) dL™ = —/ A(vnh)AvdL™ — / V(") Vo dL"
Bin Bin Bin

= _ / (|Av|2774 + |Vv|2774) acr

Bir
- /+ 2 (VvV(n4)Av +vA(nh)Av + vVvV(n4)) acr

B2R

=— /+ (IAvf*n* + [Vo[*n*) dc”
2R

— /+ (8V1}V77773Av + dvAvAnn® + 120A0|Vn[*n? + 41)VUV77773) acr.
B

2R

Using Young’s inequality with an € > 0, we get

[, (et + Vot ac

BQR
< [ oyt + CAvoP Tl
2R
+ el AvfPyt + Cev?|An|Pn?
+ e|Av*nt + C?| Vit
+ e[ Vot + Co?|Vin|*n?) dL™.
Now choosing ¢ small enough, we can absorb the terms with € as a prefactor into the left

hand side 1

_/ (|AU|2?74+|VU|2?74) dcr
2 /gy

<C [ (ol IOnPa? + 0% AnPe? +o% Vgl + PV de”,
2R

16



Together with 0 < n < 1 the estimates on the derivatives of the cutoff function (A.T])
yield

1 1 1
2 2 n o< 2 2 2 n
/B; (JAvf* + |Vol?) dL™ < C/B;R <|W| — + —4 +vP— +v —2> dc

Since we have choosen R > 1, we obtain

/+ (|Av|2 + |Vv|2) ac" < % (|Vv|2 —}—vz) acr.
B

R R

/1]

Now we can show our main result Theorem [A1l by iterating Lemma [A.2}

Proof of Theorem [A.1t
Since v is bounded and the differential equation is linear and elliptic, we can employ
Schauder-type estimates (see [ADN59, Thm. 6.2] and [DN55, Sec. 4]) to obtain

Let x = (y,t) € @, such that y € R* ! and ¢t > 0. By 851) we denote any partial
derivative of v of order k only after horizontal directions, i.e. indicees in {1,...,n — 1}.
Then for every k € N the function 351) : M — R still solves the differential equation,
satisfies the Dirichlet boundary conditions and by (A.2)) is again bounded. Now we can
iteratively apply Lemma for k > ¢ € N and obtain

/ \a’;v\?dcng/ VoL~ tu|?dL”
By By

C k—1_2 k—1_12 n
< —
< 2 /B;R <|vay o) + (05| ) dL

C

</, (\va’;—lv\z + \va’;—m?) acr

2R

c — — — — n
< R_/ (|V(9§ Lol? + |8’; Lo)? + |V8’; 20% + |(9Z’/C 21)|2> ac

4R
Cok O Ipl2 L 19 TpI2) dr
< _R%Z \vy of? 18 TP de”.
By choosing k = ¢, ([A.2]) yields

) < CkRn72k.

C
k. |12 n n +
/B+ oo e < ke (B,
R

If k£ > 2n, this yields for R — oo:
/ |OFv?dL™ = 0
n

17



Hence 351) = 0. This implies
By, 0o =0, fori=1,...,i—1

Therefore 85_1v(y, t) is independent of y € R~ and t 85_1v(y, t) satisfies the assump-
tions of Lemma [AJl Hence we also have

85711) =0.
Especially we have
k—2
0y, 0y v = 0.
for all i = 1,...,n — 1. Hence again 85*2v(y,t) is independent of y and therefore again

satisfies the assumptions of Lemma [A.Tl Iterating this final process yields

v =0,
which is the desired conclusion.
/1]
Remark:
We remark that Theorem [A.1]is not true for the equation A?v+ Av =0, as there is the
bounded solution (y,t) — 1 — cost . O

Proposition A.3 Letu: M — R be a smooth solution of the fourth order boundary-value

problem

A2y —Au=0 in R%,
(A.3)
u, Opu =0 onR"! x {0}.

Furthermore let u for some (8 € R and the corresponding linear function ug : (y,t) — St

Sat’L.SU/
u—ug € L R
0 ( +)-

Then w is one dimensional, that is

u(y,t) =Bet —1+1t) foryeR" 1 t>0, (A.4)
i particular
Au=p inR" 1 x {0} (A.5)
and
u>0 Ry, ifB>0. (A.6)
Proof:
We put

(y,t) == u(y,t) = Ble™ = 1+1t) fory eR" ¢ >0,
and see v € C;2(R%) and
A’ —Av=0 in R%,
v,0,v =0 on R" ! x {0},
v=u—ug— fBexp(—.) — 1) € L>®(R%}).

18



Then the uniqueness in Proposition [A1] gives v = 0 , which is (A.4), and by direct
calculation

Au(y,0) = Oy (Ble™t =14 1))|4=o = B for y € R* L,
which is (A.5]). For > 0, we get by the strict convexity of the exponential function

u(y,t) = plet —1+t) >0 foryec R ¢t>0,

which is (A.6]).
/1]
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